MAJORITY DYNAMICS ON SPARSE RANDOM GRAPHS

GOPAL GOEL AND ASHWIN SAH

ABSTRACT. Consider an undirected graph G on n nodes, with each node holding an opinion from
one of two options. We then run majority dynamics: at each discrete time step, each node updates
its opinion according to majority rule among its neighbors. A well-studied conjecture of Benjamini,
Chan, O’Donnell, Tamuz, and Tan states that if G is drawn from the random binomial model
G(n,p), and if the starting opinions are chosen uniformly at random, then as long as pn — oo the
network will converge to 99% consensus with high probability.

We confirm this conjecture as long as pn > n° for any £ > 0, showing that full unanimity
is reached with high probability in O(1/e) days. This result improves on a line of results by
Fountoulakis, Kang, and Makai, who achieve ¢ = 1/2; Chakraborti, Kim, Lee, and Tran, who
achieve ¢ = 2/5; and Jaffe, who achieves ¢ = 1/3.

The proof technique involves iteratively revealing the “opinion histories” for each node through
time, keeping track of the degrees between every node and each of 2° node clusters after step t.
Our analysis of this process requires intricate analysis of degree-constrained random graph models
using graph enumeration tools from the work of McKay and Wormald as well as Canfield, Greenhill,
and McKay. In doing so, we must bridge between our discrete process and the evolution of certain
idealized Gaussian parameter.

1. INTRODUCTION

The evolution of opinions held by a network of individuals has been studied greatly due to its key
role in social systems. This process is incredibly complex, and even the understanding of natural
mathematical models of opinion dynamics has seen much interest. The so-called majority dynamics
provide one central model which has been studied in fields such as biophysics [?] and psychology [?]
since the mid-1900s.

Explicitly, consider a graph G which captures a network structure between n individuals. Each
node i € {1,...,n} is given an initial opinion Al(-o) € {£1} which evolves over discrete time: at each
time step all nodes simultaneous adopt the majority opinion of their neighbors. Mathematically,

we have AZ(-H_I) = sign(}_;; A§t)) for integers t > 0 (if the sum is 0, we set AEH_I) = AZ(-t)). A
fundamental fact following from work of Goles and Olivos [?] is that on finite graphs, this process
will eventually result in a fixed point or a cycle of period 2.

Beyond this, we can see that localities within G affect the end result of majority dynamics in
nontrivial ways, and much work has studied different characteristics of this interaction. Notably, in
recent work Tran and Vu [?] demonstrated a surprising “power of few” phenomenon, demonstrating
that in dense random networks a constant-sized discrepancy in opinion share is likely to quickly
balloon to consensus. This result saw further work by Berkowitz and Devlin |?] and was sharpened
to a “power of one” [?].

The first systematic study of the behavior of majority dynamics in the natural setting of the
Erdgs-Rényi random network G(n,p) was performed by Benjamini, Chan, O’Donnell, Tamuz, and
Tan [?]. Amid their many striking results, they posed the following provocative conjecture.

Conjecture 1.1 (From [?, Conjecture 1.5]). Let pn — oo, and fix any constant n > 0. We consider

magjority dynamics run on G(n,p) with uniformly random starting opinions AEO) € {£1} fori €
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V(G). Then with probability tending towards 1 as n — oo, we have near consensus | ZieV(G) AZ(.t)| >

(1 = 2n)n for all sufficiently large times t.

Benjamini, Chan, O’Donnell, Tamuz, and Tan [?| show that there is a constant C' > 0 such that
if p > Cn~12 then with probability at least 0.4 at time ¢ = 4 all vertices in fact unanimously hold
the initial majority opinion.

Much of the intervening work on majority dynamics in the random network setting has been
towards the aim of demonstrating this conjecture, or exploring variations where one side is given
a large lead to start with. (Note that with high probability, a uniformly random starting opinion
ensemble will result in a lead of size ©(y/n).)

Fountoulakis, Kang, and Makai |?| improved the unanimity probability for p > Cn~ 2 to1—¢,
where ¢ = ¢(C) — 0 as C — oo. The range of p for which unanimity occurs with probability at
least 1 — & was extended to p > Cn~3/51logn by Chakraborti, Kim, Lee, and Tran [?], and then
very recently to p > Cn~2/3 by Jaffe [?].

We extend the range to the optimal exponent range, namely, p > n~'*¢ for any ¢ > 0.

Theorem 1.2. Fiz a constant 6 € (1/2,1) and let k = 2|15 | + 3. Sample a random graph G ~

G(n,n~%) and run majority dynamics on G with uniformly random starting opinions ASO) € {1}
fori € V(G). Then with probability tending towards 1 as n — oo, we have unanimity after k steps:

> Al

€V (Q)

=n for all t > k.

Remark. Combined with the prior work dealing with p > n~/2, this resolves Conjecture 1.1 for
p ranging down to the optimal exponent. Although our proof is structured to take in a constant
parameter # and handle values p = ©(n~?), if care is taken to ensure uniform dependence on
parameters then our methods can prove a uniform result over all p > n~ o),

A major innovation in our proof is the ability to control the evolution of the majority dynamics
process out to many time-steps into the future. Prior works [?,7,?

Merge body bibliographic references into BibTex, and also add in new citations such as 2503.14401
and SS24, GOS80, Jaf25, TV23 (sparse power of few), and also update all references including
CKLT21

1.1. Proof techniques. Unclean bullet points:

e As before, we consider the case where p = n~? for some fixed constant § € (0, 1).

e We are able to give a quantitative estimate on how the lead size grows every day. Concretely,
we start the process with a lead of size 74/n for some constant 7 > 0, and we are able to show
that after k steps of evolution, the lead concentrates around 7cy \/ﬁ\/ﬁk for some explicit
universal constant ¢, > 0 (we don’t compute the exact value but we give an algorithm for
computing it), as long as \/ﬁ\/ﬁk = o(n).

e For completing the process, we cite the results of [5] and complete the process from a lead
of Q(n/ v/Pn) to full consensus.

2. SETUP

2.1. Definition of Majority Dynamics. Let

> ifs=00
> < ifs=01
> ifs=10
< ifs=11.



View strings in {0, 1}* as being 0-indexed, so if s € {0,1}*, then s = sgs1 - - - sx_1, where s; € {0, 1}.
For any z € RIO1" and s € {0,1}*, let Z,(x) denote the assertion that

Z (_1)t7‘71$t ZL‘;T'flu""r O

te{0,1}k

forall 1 <r <k—1. For any = € RO and s € {0,1}**1 let J,(x) denote the assertion that
Z (71)%“*12% 231’—157* O
te{0,1}F

foralll <r <k.

Call a graph G politicized if it is endowed with a vertex partition V(G) = Vp(G) U V1(G), which
we also refer to as the day-1 partition. For any politicized graph G and for every positive integer
k, we define its day-k partition as V(G) = U cgo 13+ Vs(G), where the parts are defined recursively

through
Va(G) = {x €Vi(G): Ty ((deg%((}) x)te{o 1}k> } ’

where s € { ; } { 71}' It follows is ¢ cti << git(G)x> {0 1}k) i
0 I and b € 0 te0,
true for alle Ls(G)

2.2. Degree Vectors. For any partitioned set V = Ucgg 13x Vs, define

\%4
Vbt = {d e (200) " af € [0,V Lew] WA Do df = Yl vs £t A Y al) €2z VS}

z€Vs €V, z€eVs

and

MVhewr = {m e ZON 0N g A € 22 Amgy € [0, [Val(IVi] = 1ay)] vs,t} .

For any d € D{VS}se{Oil}’“, let m(d) € MVshseonr pe given by m(d)s: = >,y dgx). For any
graph G on partitioned vertex set V' = Uyco 131 Vs, let dqyy (GQ) € DV Dhicronyr e given

by 6{Vs}se{o,1}k (G)Ex) = degy, v. Note that m <5{Vs}se{o,1}k

parts of the partition. For politicized graphs G, we further define 6;(G) = Ova(G)}

s€{0,1}F

(G)) gives the edge counts between the

L (G).
s€{0,1}
Consider a partitioned set V' = Ucqo13#Vs, and a degree vector d € pVeleetonst | Let Z(d)

denote the collective inequality conditions Z,(d®) for all s € {0,1}* and z € V,. For a probability
p € (0,1), let k,(d) denote the conditions

™ = plVill < (V)T
for all t € {0,1}* and = € V. For any probability p € (0,1) and constant C > 0, let I'c,,(d) denote

the conditions
1 @ m(d)sy 2
d;” — : <
plV]? 2 ( ! V. =¢

eV ‘ s’

for all s,t € {0,1}*. Define
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{Vs}, {Vs}, o
and define Dy, OB and Dr,, €U gimilarly. Furthermore, for any m € MWetieto1k define
P

For any collection of symbols II, define
Vs Vs
Dl{'[ }se{o,l}k _ m D;{r }SE{O,l}k.

mell

2.3. Probability Distributions on Degree Vectors. Let IP’{ Feetonk

distribution on D!V*}seronyk given by sampling G ~ G(V, p), and then outputting dsy,)

denote the probability

se{0,1}F (G)

{S}se{()l}kd ote]P’{ }96{01}

For any collection of symbols I1, let P conditioned on the output being

. {Vs}, k }S {Vs}, k
in D €{0,1} €{0,1}k €{0,1}

. We usually view Pi I as a probability distribution on D , but we

may also view it as a probability distribution on DI{T,S}SE{O’” , where IT" C II, and Pi S}SE{O’l}k [d] =0
lf d ¢ ID{VS}SE{O71}I€.
{V.

For any set of weights ¢ € (0, 1){0’1}kx{0’1}k, let Py
15—¢,qs¢) independently for all s,¢ € {0,1}*, x € V,. Again, for any collection of symbols I, let
{ s}se{o 1}k

(z)

qs}se{o’l}k be given by sampling d;™” ~ Bin(n; —

Py 41 denote Py, conditioned on the output being in Dy If m € II for some m €

M{VS}SE{OJ}]“ , then the distribution doesn’t depend on the value of ¢, so we drop ¢ from the subscript.

2.4. Technical Size Conditions. Fix a constant T > 1 and a probability p € (0,1). Call a
partitioned set V = Ugego 134 Vs (T, p)-tolerant if [Vy| > T~1[V| for all s € {0, 1}* and

Y o <Y

te{0,1}k p!V|

For a (T, p)-tolerant partitioned set V' = Uscrg 136 Vs, call an element m € MVhseroayr (T, p)-
tolerant if

V2
S ()t 2, (—)rT 1 2

te{0,1}* VIVip

for all s € {0,1}¥ and 1 <r < k — 1, and

VI°p
VIVl

for all 5,t € {0,1}*. Let M{ p}SE{O W denote the subset of (T, p)-tolerant elements of M *}seto1t
Finally, we introduce the notion of solvability for a T-tolerant partitioned set V' = U,co 13+ Vs and

[mse = plVsl[Vill < T——=

{Vs},
an associated m € M, » SOUE particular, we say m is solvable with respect to the partitioned

set with solution ¢ € (0, 1){0U">OB* if g, — p| < Tp/\/p[V] and E[Aq,|T(Ass)] = mss/|Val,
where we sample A, ~ Bin(|V;| — 15=¢, ¢s+) independently.
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3. TRANSFERENCE

The key result of this section is as follows.

Theorem 3.1. Fiz a real parameter 6 € (1/2,1), a constant T > 1, and a decreasing function f :
Z~o — R satisfying limy_,o0 f(N) = 0. For all sufficiently large N € Z and p € (T"'N~=9, TN~Y),
the following is true.

Consider a (T',p)-tolerant partitioned set V. = Ugcgoq3xVs with V| = N, and an associated

Vs Vs
solvable m € M{Tp}se{o’l}k, For any event € C pVeliconyr satisfying P; m}f{o’l}k €] < f(N), we
Vs
have P‘l{m}fgl}k [E] =1-0(1).

The key tool in this proof is the graph enumeration theorems of Wormald. We elect to state the
key lemmas we need, and defer the main content of the proofs to Section C.

Lemma 3.2. Fiz a real parameter 6§ € (1/2,1), and constants T > 1, C > 0. There exists a
constant C' > 1 such that for all sufficiently large N € Z and p € (T"*N—9 TN=9), the following
1S true.

Consider a (T, p)-tolerant partitioned set V = Useqo,13x Vs with V| = N and an associated m €

{VS}5 k
Mr, SOUT Then,
1 {VS}se{O,l}k
@ 2,m

{VS}se{0,1}k
m,kp,Lop

Vs Vs
[d] < ]P){ }SE{O,I}k [d] S C/]P);m}se{o,l}k [d]

— - 1m

foralld € D

Proof. Adopt the definitions Definition C.1 and Definition C.2. Label all the vertices of the graph
as

VS = {x571) R Is,‘Vg‘}'

There is a natural isomorphism

Vakseqo,1yw h bigraph
s grap H igrap
Dm = I PRtz % CIANAE
s€{0,1}k 5,t€{0,1}F
s#t

given by

d= <<(d§s’i)ie[vsl)se{o,l}k (@) iy (@) jenvtn»s,tes%l}k) :

The various probability distributions relate under this isomorphism through the relations

{Vs}s , k
PO = I Peqvigmes2 x I Poqvalvilames)

s€{0,1}k 5,t€{0,1}F
s#t
{VS}se{()l}k
Pom = 1I Psoviimes2x 11 Poqviviime.:
s€{0,1}k 5,t€{0,1}F
s#t

{VS}se{o,l}k
m’”P»FC,p

Note that for d € D , the induced degree sequence (d?“) € Dyv,|,m,,, /2 satisfies the

)‘ = O(p). Therefore,

e[| Vs]]

conditions of Theorem C.3 with a = 7/12, and furthermore ‘”yg ((dis’i)ieﬂv I
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by Theorem C.3, we see that

Pavilme,s/2) [(d?‘i)ienvsn]

Pa(valmass | (45 icquy

We can similarly show using Theorem C.4 that

PGVl |Vilima ) [((dfs’i)ienvsn 3 gtyj)je[lvt\]ﬂ
Poqvatvionee | (940 iepvag - (45 eguep)

Adding together all these estimates completes the proof. O

log =0(1).

= 0(1).

Lemma 3.3. Fiz a real parameter 0 € (1/2,1), and a constant T > 1. For all sufficiently large
NecZandp e (TN, TNY), the following is true.
Consider a (T, p)-tolerant partitioned set V. = Uscro 13+ Vs with [V = N and an associated m €

./\/l{VS}SE{O’l}]c Then
Tp : ’
P{VS}SG{O,l}k [d]

log |—Lm T — O((pN)¥T

g P g ((pPN)™)
Vs

for all d € Doy

Proof. The proof is the exact same as the proof of Lemma 3.2, except that our 72 bound (and
z‘e[\VsH)‘ = O(p(pN)¥7), which we
derive directly from kp(d). In this weaker setting, Theorem C.3 and Theorem C.4 give

the corresponding o2 bigraph bound) is weakened to "'}/2 ((d?“)

PG(|VS|7ms,S/2) |:(d5“)1€[|V9|]:| _ O((pN)2/7)

Ts,i

P(Valmae/ | (45 i

and
log Poavatvibmen |[((@)icqvan (65 epvay) ] = O((pN)?/7)
PB(valvelme.) [((dts’l)ienvsu ) (dst’])jenw]ﬂ
respectively. Adding these all together gives the desired bound. O

Lemma 3.4. Fiz a real parameter 6 € (1/2,1), and a constant T > 1. There exists a constant

C > 0 such that for all sufficiently large N € Z and p € (T"'N—9, TN~Y), the following is true.
Consider a (T, p)-tolerant partitioned set V. = Uscro 13+ Vs with [V = N and an associated m €
{Vs}s {0,1}F

My, € . Then,

IP){Vs}se{o,l}’“ [D{VS}SG{OJ}"} >1-—e N,

1,m,7,kp Tep

Proof. Drop all superscripts with the vertex partition for ease of notation, and let ny = |V;| for all
s € {0,1}*. The proof follows that of Lemma 5.3 of [4].
We begin by lower bounding Py [D,,]. Indeed, we find that

Pi[Dp] = [ PBin(ns(ns—1)/2,p) =mss/2] [[ PBin(nsne,p) = msyl.
s€{0,1}* s5,t€{0,1}*
s#t



Fixing s,t € {0,1}* and letting R = ns(n; — 15—¢)/(1 + 15—;) and r = ms; — | Rp|, we find that
there are constants Cy,Cy > 0 such that

r 1= _r=j
PIBin(R.p) = |Rp] + 1] = B[Bin(R.p) = [Rp)] [[ ="
j=1 [Rp]

> exp(—C17?/Rp)
> exp(—CaN),
so by multiplying all these estimates together, we find that there is a constant C3 > 0 such that
P1[Dm] > exp(—=C3N).

Next, we provide a similar lower bound on Pl,m[Dm,I,np,Fc,p]- Note that the event

- q@) o [mse  0.01 mss | 0.01 N
5._{deDm.dt €l —ﬁ\/ﬁp, o +—T2k\/@ for all s,t € {0,1}", z € V

is a subset of Dy, 7., ¢, 50 it suffices to lower bound Py 4, [E]. Choose ¢ € (0, 1){()’1]’]€X‘{()’1]’IC to be
¢s = p for all s,t € {0, 1}*. There is a constant Cy > 0 such that for d € &,

Pauld] 2 Bygfd] > (Ca/v/pN)

Thus, by Lemma 3.2, we find that there is a constant Cs > 0 such that

—2kN
Py [d] > v/pN exp(—C5N).
By Lemma C.6, we find that there is some constant Cg > 0 such that

1= (VaN)" " exp(-Ca),

Pl,m [Dm,Z,np,Fc’p] > Pl,m [5] > exp(—(C5 + CG)N)
Combining these two estimates, we find that

Py [Dm,I,/ip,Fc,p] > eXp(_(C3 + CS + CG)N) = eXp(_C7N)'

2k N

SO

Thus,
Pl |:Dm7l—7’€7fc,p:|

Pl [Dm,I,ﬁp]
Note that Lemma C.5 directly implies that there exists a constant C' > 0 such that

Py [Py, | < exp(-(2C; +1)N),

Pl,m,I,rip [ch,p:| = < eXp(C'yN)Pl [ch,p:| .

SO
]P)17m7I,I§p |:ch :| S exp(_N)7

P

as desired. O

Lemma 3.5. Fiz a real parameter 0 € (1/2,1), and a constant T > 1. For all sufficiently large
N€EeZandp € (Tle*H,TN*Q), the following is true.
Consider a (T, p)-tolerant partitioned set V = U 13+ Vs with [V = N and an associated solvable

Vi .
m e M;p}sem‘l}k with solution q € (0,1){0:B"><{0.1* ey,

P

Vs Vs
Pi’q;se{o,uk |:D,£ }se{o,l}k] —1_ O(wa(l))
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and
Pg,vnf%e{o’l}k [DEZS}SE{O’l}k} =1- O(wa(l)).

Proof. We begin by showing the first equality. Since there are a polynomial number of (¢, z) pairs,
it suffices to show that

P [|As,t — Vil > (pN)¥7 IS(AS,)} — O(N—~()y,

where we sample A, ~ Bin(|V;| — 15—, ¢s.) all independently. We have P[Z (As.)] = (1) by
Theorem A.2, so it suffices to prove

B [[Aes — plVill > 0N)¥7| Zu(4,0)] = OO,

which is true by a trivial Chernoff bound.
In order to show the second equality, note that by Theorem A.3, we have that

Vs Vs _
Piqése{o,l}k |:Din }56{0,1}"7:| o) ((N2p)722’“ 1>_

Therefore,
]P){VS}SG{O,I}k D‘L‘/S}se{o,l}k N D{VS}se{0,1}k
{VS}se{o,l}k {VS}se{o,1}k Zal i " —w(1)
Pz’m’z [D@ I= Vstseqo1yk Vskseqoyk =0\ ):
sTsefo, sTseqo,
P2,ql {Dm ]
as desired. (]

We now prove the main result of this section.

Proof of Theorem 3.1. We drop all superscripts of the partitioned set for legibility.
Let C be the constant in Lemma 3.4, and let C’ be the associated constant from Lemma 3.2.
Note that

IP)l,m,Z,Hp [g] =

< QC/QIPZmIﬁpvrc,p [?} + 0(1),
where the first inequality follows from Lemma 3.4 and the second inequality follows from Lemma 3.2.
Thus, it suffices to show that Pg 7 4,10, [€] =1 — o(1).
Begin by noting that
> Panld]

m,L,kp ,fc

P2, 2,0, Pr,) =
Y. Pyuld]
dGDml’ﬁp
8

deD,




> Piyld

m,I,np,fC

> Prmld]

dE'Dmﬂz,,@p
= exp(O((pN)*"))P1m 2.1, [Dr,.]
= 0(1)7

where the second equality follows from Lemma 3.3, and the final equality follows from Lemma 3.4.

We now see that
Yoo Panld Y Bold- Y Pald- > Pold]

d€Dm,2,5p,T ¢, deD,, z d€Dy, 175 deD

deD

= exp(O((pN)*/T))

deg deg mLwpLo
Pom syl [E] = >
e S Panld S Pomld]
deDm,I,mp,Fc’p dEDm Z,kp
> Pom z[€] — Pom z[Pry] — Pomz,k, [Dr ]
=1- 0(1)7

where the final equality follows from Lemma 3.5 and the result above. This completes the proof. [

4. PART S1ZE EVOLUTION
Adopt the notation from Definition B.7, Definition B.8, Theorem B.11, and Theorem B.12. For
any T > 1, p € (0,1), and 6,7 > 0, a pair (V = I_Ise{o’l}kVS,m) is said to be (T, p, 0, T7)-faithful if
m € M{%}Se{ovl}k, and

‘|VS| _Hs(N) — VNN e, < TVN N N

and
mgs —Mst(N) [1+7—1— | — 4+ — <T-———N"°N-*p,
‘ s,t S,t( ) \/N Vs v = \/N p
where N = |V].

The following main result tracks the part size evolution.

Theorem 4.1. Fiz a real parameter § € (1/2,1) and constants T,T > 1. There ezists constants
T' > 1 and § > 0 such that for all sufficiently large N € Z and p € (T"'N=9, TN~%) and v €
[T, T], the following is true.

Consider a partitioned set V = VoUVy with |V| = N and |Vo| = |[N/2] + |7V N|. Sample a graph
G ~ G(V,p), and politicize it according to Vo(G) = Vo and V1(G) = V1. With probability 1—o(1), for
all positive integers k € [1, [ﬁﬂ, the pair <V = Useqo13+Vs(G),m (6k(G))) is (T',p, 8, T)-faithful,

Vs(G
and 6 (G) € Dip ( )}SE{O’l}k.

Additionally, if k = 1%9—1—1 € Z, then for all s € {0,1}*, we have |Vs| >5—s5,_, N (Vs + (=1)**1(p1.7).
We begin by proving the induction step of this theorem with the following lemmas.
For any partitioned set V' = U 13+ Vs and d € DV lseronyk , let Pq denote the uniform probabil-

ity distribution on graphs G on vertex set V' constrained to satisfy d;y,y (G) = d. Furthermore,

se{0,1}k

Vs
ford € D; Foetoyk and sb € {0, 1}*+1, define

Wa(d) = {z € Vi: Tup(d®)).
9



Lemma 4.2. Fiz a real parameter 8 € (1/2,1) and constants T,T > 1, § > 0, and integer k €
[1,115). For all sufficiently large N € Z and p € (T"'N~%, TN~ and 7 € [T, T}, the following
18 true.

Consider a (T, p, d, T)-faithful pair <V = us€{071}ng,m) with |V| = N. Then, m is solvable with

respect to the partitioned set V = Use{071}’€V87 and there exists a solution q € (0, 1){0’1}kx{0’1}k such
that the following is true. Let

Vi = !
Edegrees 1= {d ’D{ Feon : ‘dg )—p|V}|‘ > \/p N1 gO{ngN for some x € V, t € {0,1} }

Vs
€ artsive = {d e D0t 1 (d)] — VaIBL T (Ase) [Ts (Asa)]| > VNlog N for some sb € {0, 1}k+1}

2

{VS}S xT N
Entgoconss = {depz oS ) - Ve At ()] > Ll
mest(d)

for some sb € {0,1}**1 ¢ € {0, l}k},

where we sample Agy ~ Bin(|V;| — 1s—¢, ¢s¢) all independently. Then,

Vatictoyk
Pl,m,Z,n{py ’ [5dcgroes \% gpartsize \ gcdgocount] = 0(1)

Proof. Note that Theorem B.12 implies that there is some constant 7" such that V = L 0,134 Vs

Vs
is (T',p)-tolerant, and m € M;/ Seeopt

Useqoyx Vs Let g € (0, 1){0, AYEx{0, 1}k be the solution specified by Theorem B.12.

By an analogous argument to the proof of Lemma 3.5, we find that Ps ; 7[Edegrees] = O(N—M),
If we sample d ~ Py , 7, we see that

[Wap(d)| ~ Bin (|Vs[, P[ Tt (As,e)[Z5(As.0)])

where we sample Ag; ~ Bin(|V;| — 15—, ¢s) independently. By Theorem B.12, there exists a
constant ¢ € (0,1/2) such that

is solvable with respect to the partitioned set V =

P[Lﬁb(As,oNIs(As,o)] € ((;5’ 1-— ¢)

for all N, so by a trivial Chernoff bound, we have that P2 ; 7[Epartsize] = O(N_‘*’(l)).
Fixing s,t € {0,1}* and b € {0, 1}, if we sample d ~ Py, 7, then we find that

Sooa” =Y a1, 40 = Y A

€W (d) z€Vs €V

which is the sum of the |Vs| independent random variables X,. Let /'EB denote X, conditioned to lie
in the interval [0.5p|V;|, 2p|Vi|]. Since P24 7[Edegrees) = O(N M), we find that

E[X,] = E [Asil g, 04, ) Zs(Asa)] + O(N W),

By Hoeffding’s inequality, we find that

P [ (Z ix) - |VS“E [Asvtljsb(As,o)|ZS(A57.)]

zeVs

N2
> —plogN

_ —w(1)
N — O(N—~),

10



Thus, since Pa ¢ 7[Edegrees) = O(IN _“’(1)), this directly implies that

|

50 ]P)zyq,l[gedgecounts] = O(N—w(l))-
By Theorem A.3, we have that

Vs Vs _
]P)iqu;se{O,l}k |:fon }SE{O,l}k:| — Q <(N2p)_22k 1) .

Np

VN

>

(Z X»f) — VAE [As i1 7, (4,.0)|Ts(As)] log N] = O(N—«(),

QJEVS

Therefore,
]P){Vs}se{o’l}k [5 ﬂ D;{nVs}Se{o,l}k]
Bl scont g - 21 — O(N-=),
Y Pg;i;se{o,l}k [Djn%}se{o,l}k}

so by Theorem 3.1, we have
IP)1,m,I,f-cp [5] = 0(1)7

where £ = gdegrees \ gpartsize \ gedgecount' 0

Lemma 4.3. Adopt all the notation and setup from Lemma 4.2. There exists constants T' > 1 and

Vs
0" > 0 such that for all d € Din Ve \ (Edegrees V Epartsize V Eedgecount ), the following is true.

Sample G ~ Pq. With probability 1 — o(1), the pair

(V= Sacoape War@).m (5@ 000 (D)

{st(d)}sbe{o,l}lvfl

is (T, p, &', T)-faithful, and dpw,, (4} € Dy,

sbe{0,1}k+1 ( )

Proof. Note that Wg,(d) doesn’t depend on the choice of G, and the faithfulness size condition on
Vs
it follows trivially from d € D;{n Foetonys \ &

partsize and Theorem B.12.
By Lemma C.7, we have that

(Secwai &) (Syew 4”) (pN)I/T
P m(5{st<d)}s,,€{o,1}k+l(G)> - > N*p\[F=—log N | = o(1),

sb,tc Mgt

since d € Egegrees: Combining this with d € Eedgecounts; We have

VA IVAE [As1 7, (4, 0) | Zs(Ase) | E [Arsl g, (4,0 T (Are)]
P [ m (5{st(d)}sbe{0’1}k+1( )Sb’tc - b - te(At
17
> N?p Wj\;log]\f] =o(1),

which combined with Theorem B.12, shows the faithfulness edgecount condition.

Vs
Since d € D,El Fetonh \ Edegrees and the partsizes |[Wg(d)| are linear in N by the faithfulness

we showed above, Theorem C.8 directly implies that with probability 1 — O(N _"J(l)), we have

W (d
O(W,p(d)} (G) € Dip ool )}SbE{O’l}kH, as desired. ]

sbe{0,1}k+1
11



Lemma 4.4. Fiz a real parameter 6 € (1/2,1) such that k = ﬁ € Z and constants T, T > 1,6 > 0.
For all sufficiently large N € Z and p € (T7'N=0 TN=%) and v € [T~1,T], the following is true.

Consider a (T, p, d, T)-faithful pair (V = Useqo,13+ Vs m) with |V| = N. Then, m is solvable with
respect to the partitioned set V = uSE{O,l}k‘/;7 and there exists a solution q € (0, 1){071}kx{071}k such
that the following is true. Let

Vs
Epartsize = {d € D; }86{071}16 : ||st(d)| - |V:9|P[t7sb(As,0)|IS(AS7°)” > \/NlogN fOT some Sb € {Oa 1}k+1}

where we sample Agy ~ Bin(|Vi| — Ls=¢,¢s+) all independently. Then,

{Vs}, K
P17m71§£§,1} [Epartsize] = 0(1).

Proof. Note that Theorem B.14 implies that there is some constant 7" > 1 such that V' = Useqo,13+ Vs

Vs
is (1", p)-tolerant, and m € M;,J;}SE{O’I}IC

Useqo,13xVs- Let g € (0, 1){0.13*x{0.* 16 the solution specified by Theorem B.14.
If we sample d ~ P , 7, we see that

[Wap(d)| ~ Bin (|Vs], P[ T (As,e)[Z5(As.e)])

is solvable with respect to the partitioned set V =

where we sample Ag; ~ Bin(|V;| — 15—, ¢s) independently. By Theorem B.14, there exists a
constant ¢ € (0,1/2) such that

]P’[jsb(A&.)]Is(A&.)] € (¢7 1- d’)

for all N, so by a trivial Chernoff bound, we have that P  7[Epartsize] = O(N*“(l)).
The finish is identical to that of Lemma 4.2, so we omit it for brevity. This completes the

proof. O
. {Vs}se{o,uk

Lemma 4.5. Adopt all the notation and setup from Lemma 4.4. For alld € D, \ Epartsize;

we have

[Wep(d)| >3, N (Vsb + (—1)bCk,T)
for all sb € {0,1}F+1,
Proof. This is a trivial corollary of Theorem B.14. O

Proof of Theorem 4.1. We prove the modified result where we have potentially different values of
T’,0 for each k. The stated result can be recovered by taking the maximum over all 7" values, and
minimum over all § values.

We proceed by induction on k, and begin by proving the base case k = 1. The part size condition
of faithfulness is true by definition (say with 7/ =1 and 6 = 1/2). Note that

Vel (IVel = 1s=t) p>
1 + ]-s:t ’
for s,t € {0,1}, so by a trivial Chernoff bound, with probability 1 — o(1), we have

|mas — p|Vi||Vil| < v/ N2plog N,
so the faithfulness condition on m(31(G)) is true with § = 0.49 and 7" = 1. Thus, (V = Useo13Vs(G), m (31(G)))

is (1,p, 0.49, 7)-faithful. Finally, note that for s,¢ € {0,1} and = € Vj, 51(G)§$) ~ Bin(|V;| — 1=, p),
so the condition on §1(G) follows trivially by a Chernoff bound.
12
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’ 160
show the result for k + 1, with constants 7", " given by Lemma 4.3, where we plug in max{7T"’, T}
for the T-value in the setup, and § for the §-value in the setup.
Indeed, let F denote the event containing politicized graphs G with vertex set V and V(G) = V)
and V1(G) = Vi such that the pair (V = us€{071}k+1Vs(G),m(5k+1(G))> is (T",p,d', 7)-faithful,

Vs(G
and 0;11(G) € D,Ep ( )}SE{O’”HI. Concretely, we will show that Pg g v, [G € F] = 1—o0(1), which

would complete the inductive step.
For any (1", p, 0, 7)-faithful pair I := (V = U56{071}k‘/3,m>, let &1 denote the associated event

Vs
D;Eq Focoyh \ (Edegrees V Epartsize V Eedgecount) from the setup of Lemma 4.2, and let £ be the union

of all of these over all such pairs II. We see that
Pagp)lon(G) € €] >
> PVi(G) = Vs A m(6k(G)) = m N rp(0x(G))]P

M= (V=U, (g1 Vo)
I is (T7,p,0,7)—faithful

Now, suppose the result is true for some k € [1 1 ) with constants 77 > 1 and § > 0. We will

{VS}se{oJ}k

1m,I,kp

[En).

By the inductive hypothesis, we have that
> P[Va(G) = Va A m(8(G)) = m A rp(0x(G))] = 1 = o(1),

= (V:use{m}k Vs,m)
11 is (T7,p,6,7)—faithful

so combining with Lemma 4.2, we have Pg.g(v,)[0x(G) € €] = 1 — o(1). Now, we see that

PGNG(V,;D) [G S ./—"] > ZPGNG(V,;D) [5k(G) = dHPGN]P’d [G S .F] =1- 0(1),
de&

based on our previous result Pg gy, [0x(G) € €] =1 —0o(1) and Lemma 4.3. This completes the

1
129 )

Now, suppose the result is true for k = fla with constants 77 > 1 and § > 0. Let H denote
the event containing politicized graphs G with vertex set V' and Vy(G) = V and Vi (G) = Vi such
that |Vy| >55, N (vs 4+ (—1)%(1,7) for all s € {0, 1}¥T1. We will show that Pgg(v,)[G € H] =
1 —o(1), which would complete the inductive step.

For any (1", p, 0, 7)-faithful pair I := <V = Llse{(),l}k%,m), let & denote the associated event

inductive step in the case k € [1

Vs
Dfn Feop \ Epartsize from the setup of Lemma 4.4, and let £ be the union of all of these over all

such pairs II. We see that
Pagvp)l0k(G) € E] >
> PIVi(G) = Vi A m(31(G)) = m A rip(85(G))]P

11=(V=lye g1y Vo)
I is (T7,p,0,7)—faithful

{VS}se{0,1}k

17m717H’P

[2np

By the inductive hypothesis, we have that
> PVi(G) = Vs A m(6k(G)) =m A rp(0k(G))] =1 = o(1),

M= (v:use{m}k Vs,m)
11 is (T7,p,6,7)—faithful
13



so combining with Lemma 4.4, we have P g(v,)[0x(G) € €] = 1 — o(1). Now, we see that

Ponvp)G € H 2 D Pouspl0k(G) = dlPaup[G € H] =) Pogry)[0s(G) = d] = 1-o(1),
de& def

based on our previous result Pg g, [0k(G) € €] =1 —o(1) and Lemma 4.5. This completes the

inductive step in the case k = 1%9.

This completes the proof. O

We now package Theorem 4.1 into a result that allows us to bootstrap using the techniques of
[5].

Theorem 4.6. Fiz a real parameter 6 € (1/2,1) and constants T, T > 1. For all sufficiently large
NeZandp e (T'N= TN and v € [T~1,T], the following is true.

Consider a partitioned set V = VoUVy with |V| = N and |Vo| = |N/2] 4+ |7V N|. Sample a graph
G ~ G(V,p), and politicize it according to Vo(G) = Vo and V1(G) = V1. Letting k = |15 + 1, we
have

Yo (FY)H(G)] > log N

N
s€{0,1}* pN
with probability 1 — o(1).

Proof. Choose T" > 1 and > 0 as per Theorem 4.1. First consider the case where ﬁ ¢ 7. In
that case, Theorem 4.1 tells us that

IVA(@)] = 7is(N) = 7N VN e, | < TVN VN NS

for all s € {0,1}*, with probability 1 — o(1). Therefore, by the bit-flip symmetry of 75(N) given in
Theorem B.11 and Lemma B.10, we see that

S UG = VNVENT S (m) s 4o (VNN

se{0,1}+ s€{0,1}k

= (VNVpN')

logN) ,

_q ( N
vVpN
which completes the proof in this case.
Now consider the case where 1719 € 7Z. In that case, Theorem 4.1 tells us that

Vsl 25— N (vs + (=1)* 1 Ceo1,7)

with probability 1 — o(1). Therefore by the bit-flip symmetry present in v, we have

N
o (FD)FVAG)| > 2 NG 7 > = log N,
s€{0,1}* pN

as desired. (]

5. FINISHING

We have the following result that shows that the process ends with all vertices the same color in
2| 115] + 2 steps.
14



Theorem 5.1. Fiz a real parameter 6 € (1/2,1) and constants T, T > 1. For all sufficiently large
NeZandp e (TIN= TN and 7 € [T~1,T], the following is true.

Consider a partitioned set V = VoUVy with |V| = N and |Vo| = |N/2| + |7V N|. Sample a graph
G ~ G(V,p), and politicize it according to Vo(G) = Vy and Vi(G) = Vi. Letting k = 2| 125] +3 ,
we have Vi(G) =0 for all s € {0,1}* with sp_1 = 1 with probability 1 — o(1).

To prove this, we borrow the results of section 4 of [5]. We say a graph G is (p, 5)-jumbled if for
any vertex subsets U,V C V(G), we have

e (U, V) = plU[|V]] < BVIU[IV].
The following result is a direct corollary of Lemmas 2.2 and 4.1 of [5].

Lemma 5.2 ([5], Lemma 2.2 and Lemma 4.1). Fiz a real parameter 6 € (1/2,1) and a constant
T > 1. For all sufficiently large N € Z and p € (T7'N=0 TN=?), the following is true.

Fiz a vertex set V with |V| = N and sample G ~ G(V,p). With probability 1 —o(1), the minimum
degree of G is at least 0.9np, and G is (p, vNplog N) -jumbled.

We are now ready to prove the main result.
Proof of Theorem 5.1. For any positive integer &/, define
Ap = > (=1)W1|V(G)|.
s€{0,1}*

By Theorem 4.6, Lemma 5.2, and Lemma 4.2(i) of [5] with 6 = 0.1 and 8 = /pNlog N, we have
with probability 1 — o(1) that
A1 > 0.95N.
li=gl+2

An easy induction with Lemma 4.2(ii) of [5] tells us that

16001log N\ *
N <1 —0.05 <Np> ) N

for all nonnegative integers ¢. Thus, for ¢ > 1%9, we have

Thus,

which completes the proof. ]

APPENDIX A. RESULTS ON BINOMIAL RANDOM VARIABLES
We have the following two-tiered estimate for the PDF of a binomial random variable.

Lemma A.1. Fiz a real parameter 8 € (1/2,1) and a real constant T' > 1. For all sufficiently large
n€Z and p € (T~ =0 Tn=?), the following is true.

Select n’ € Z and p' € (0,1) such that |n’ —n| < T\/% and |p’ — p| < T\/%. There exists real
numbers N1 and Na such that uniformly for x € [—,/pnlogn, /pnlogn] N (Z — pn), we have

p(n — pn))w (pn)!(pn)®
(1=phpn ) (pn+2)!

P[Bin(n/,p') = pn + z] = (1 + O(plog® n))M; (

and
P[Bin(n',p') = pn + z] = (1 + O(log® n/\/pn)) Noye(@—ay/mm)?/2pn

/

where o = /pnlog (721@1;)22 )

—

15



Proof. Uniformly for = € [—,/pnlogn, ,/pnlogn], we have

n'l

P[Bi ') = = otz ] ol n'—pn—z
[Bin(n',p") = pn + 7] RS —TL (1-p)
_ n'l p/pn(l _ p/)n/—pn (n/ — p?’L)' (pn)' p/ ¢
(pn)!(n” — pn)! (' —pn—a)! (pn+2)! \1—p/

— n'l mnq . \n'—pn n — pn)® (pn)' p/ ‘
= (14 O(plog? ) s M (1l gy P ()

!(on! z x
p'(n" —pn)\" (pn)!(pn)
= (14 O(plog?n))N; ( > ,
( (plog”n)) M (1—=p)pn ) (pn+z)!
for some normalization A7 independent of x. This proves the first equality.
For the second equality, we use the fact that

n! =+v2mn(n/e)"(1+ 0(1/n))
as n — o0o. Indeed, uniformly for = € [—,/pnlogn, \/pnlogn| N (Z — pn), we have

1
(pn + x)! _ < x )pnﬂH?
———— =(1+01/pn))e 14+ —
rtpmy T OU/) pn
=(1+0(1/pn))e “ex n—|—:n—{—1 L v +0 log’ n
- b PV 2) lpn 2(pn)? (pn)?/2
log®n x?
- (1 i
( o ( VP >> P <2pn> ’
which combined with the previous equality implies the second equality. ]

Theorem A.2. Fix a real parameter 0 € (1/2,1), a positive integer d > 1, an integer matric
M € 7" with pairwise orthogonal rows, an r-dimensional vector inequality relation >'€ {=, >},
a monomial p € Rlz1,...,xq], and a real constant T > 1. For all sufficiently large n € 7 and
p € (T~'n=9,Tn%), the following is true.

Select n € ((T~1n,Tn) NZ)? such that |[Mn||, < T2, and select « € (=T, T)%. Then,

Vpn
Elp(A ~ p)Lrazro] = Blp(X) Larxa parg] + OB loghHesrs )
. 1%eo‘t/\/W ‘
where Ay ~ Bin [ n, m are all independently sampled, and X ~ N(mat,pnt) are all
—-p

independently sampled.

Proof. Call a convex region C region (each boundary can be either open or closed) in R? good if it
is bounded by pairwise orthogonal planes with integer normal vectors whose entries are bounded
by [|M]|,, and distance to the origin bounded by /pnlogn. For such a region, define

Pi(C) = U [T e + 1),

€] e (Z—pne)N[—/P1e log ne,/Phe log ne] tE[d]

zeC
and
Po(C) := q x € [ [~vpmelogm, plogn] :x€C
te(d]
and

P3(C) = {:peRd:xeC}.
16



Note that P[|As—pn| > /pi¢ log n:] = O(n=*()) by a standard Chernoff bound, so by Lemma A.1,

we have

> p(@)f(x)
2€]Tye(a)(Z—pne) N[ — /Pt log 1t /DTt Log 1]
Maz>"—pMn

+ O(yprteer gt 8o ),

Elp(A — 1y4>0] =
[p(A = pn)1prasio] Z @

€] [yt (Z—pne)N[—+/PTt log 1t,/PNz 1og 1]
where
(-Tt — P77t)2
@) 1= exp [ - 30 L /S

teld] 2pmy

The first step is to turn the summations into integrals over P;.
Note that for @ € [];c(4[—+/P11og ne, /Pii log me], we have

f(x +¢) = f(x) + O(logn//pn)

for any ¢ € [0, 1)d. In particular, this implies that

fa) = / de f( + ) + Olog n/ /o)
[0,1)¢

and
p(x)f(x) = / de p(x + &) f(z + &) + O(\/pn8  log!+deer )
[0,1)4

for all z € Hte[d}[—\/pnt log nt, /7 log ). Thus, letting Cpy = {x € R?: Mz >’ —pMn}, we have
Jpia) @ p(2) f(2) + O /pndeeprd=l]ggltdegptd )

Jp, ey dz f(z) + O /pr® ! og! T n)

There is a constant C' such that for any good C, P;\ Py and P2\ Py are both contained in B(9Pq, C),
and vol B(dP, C) = O(,/pn? 1 log¢~1 n). Therefore,

Ip, (Car) 4% p(x) f(x) + O(yprieertd1loghtdegrtd )
Jpyray dx f(2) + O(y/pn® og! ¥ n)
Note that Py C P3 and P3\ Po C {z € R?: 2], > C/prlogn} for some constant C, and

_'_O(\/p—ndegp—l 10g3+degp TL)

Elp(A—pn)1arazr0] =

E[P(A—Pn)lMAgfo] = _i_O(\/ﬁdegp—l log3+degpn).

/ da f(z) = O(n~=)
el >Cy/Prlogn

/ dz [|p(z)|l, £(z) = O@n—=),
|z]| o >C/Pnlogn

Therefore,

fpg(cM) dz p(z) f () + O(\/ngdeg ptd—1 log1+deg ptd n)
ng(Rd) dz f(z) + O(\/md—l log' ™ n)

fxECM dx p(x)f(:c)

_ 0 degp—ll 1+deg p+d
fxeRd d:]jf(x) + (Vpn Og n)’

as desired. (]

E[p(A - pn)lMAZ/(]] = + O(\/]Tndegp—l 10g3+degp TL)

We have the following result that allows us to lower bound edge count probabilities.
17



Theorem A.3. Fiz a real parameter 6 € (1/2,1), a positive integer d > 1, an integer matriz
M € 774 with pairwise orthogonal rows, an r-dimensional vector inequality relation >'€ {>,>}",
and a real constant T > 1. For all sufficiently large n € 7 and p € (T~'n=%,Tn=9), the following
18 true.

Select n € (T~ 'n,Tn) N Z)¢ such that |[Mn|,, < T\/% and select m € (T~In,Tn). Select

d
qE@—Tj%m+Tj%)swhmmeMMAEWﬂGWUW%uwmeAyw&M%%)M
independently.

Let p be the probability distribution on Z% given by sampling Ay ~ Bin(nz, q;) all independently,
and then conditioning on M A >' 0.
Sample m independent copies AV, ... A ~ p and let S = AV + ... 4+ A Then,
PS = mEa~,[A]] = Q((n%p)~%?).
Proof. Let B be the random variable distributed as A—E . ,[A] where A is sampled from p. Sample
m independent copies BY, ..., B(™ and let
S =pBW 4 ...4 gm),

It suffices to lower bound the probability P[S” = 0]. Note that S’ is supported on a subset of Z¢, so
we have

1 .S
PlS = 0] = / B[],
(2W)d [—m,m]¢
We now estimate the characteristic function E[e?*S'] for various regimes of ¢.

To do this, we first need to prove regularity conditions on the covariance matrix CovB. Indeed,

let oy = /pn; log (ﬂ—iﬁ%) and sampling independent Xy ~ N (\/prra, pn) for all t € [d], we see
by Theorem A.2 that

CovB = Cov[X|MX > —pMn] + O(/pnlog®tin).

It is easy to see that Cov[X|M X > —pMmn] is positive definite, as if it wasn’t, some linear combina-
tion of the X;s would be identically zero post conditioning on M X > —pMn, which can’t happen
since the inequalities are pairwise orthogonal and the support of the conditioned X therefore has full
dimension. Note that pinCov[X|MX > —pMrm)] is a continuous function of (1:/n)ieiq) and (o) e(q)
that is independent of choice of n or p. Thus, since the domains of (1¢/n).cq) and (au)elq are
supported in a region bounded by constants independent of n and p, we see that there is some
constant C' such that the entries of Z%COV[X |[MX > —pMn| and its inverse are bounded by C
in absolute value. This implies that the entries of Z%COVB and its inverse are bounded by 2C' in
absolute value.

Using this, the multidimensional Berry-Essen theorem tells us that for all convex sets U C R,
we have

Cy

[P[S € U] = PIZ € Ull < =551

n0:01/d

\/n2p

for some other constant Cj, where Z ~ N(0,mCovB). Fix any t € [—m, 7] with [|¢]| <
For all £ € Z, let

Uy={zeR: 210/ |n'/0| <t -z <2x(L+1)/|n/]},
which is a convex set. Furthermore, we have ¢ - S’ < [|t||_ /n2pn®0/4 < n%02/d with probability
1 — O(n~*M). Thus, we have

B =0n™W)+ > (27" +0(1/k)PIS € U
LEL
|£|<7’L0‘02/d
18



_ O(n—l/G) + Z eQm’ﬁ/k (P[Z c UE] + O(n—1/2+0-01/d)>

LEZ
w<n0.02/d

= O0(n~'/%) + E[¢"7],

P[S' = 0] = O(n="! (n’p)~%/?)+ @ny vefenmt  UEETI]E @n) veforma  AE[ET].

”t”oogno.m/d/ /n2p ||tHoo>n0.01/d/ /n2p

There is a constant C5 such that

[E[e7]] < exp(=Can’p |It]|2,),
which implies that
dtE[e™?] = O(n~*W).

teRr?
[#llo0 >n®01/¢//n2p
Thus,
1 it 1 it-S’ -
PIS' = 0] = 5.5 /tERd B + i | et BT+ ol(0%) )
||t||00>n0A01/d/ /n2p
1 5" _

= ]P[Z = O] + (27r)d te[—mm]d th[eltS ] + O((TLQP) d/2)

[l >n®01/4//n2p
_ 1 it
=UE'D ) b v | et HEET)

||t||oo>nOA01/d/ /n2p

In order to estimate this error term, we use the following trick.
Let pi1, ..., pur € Z¢ be the rows of M. Denote y € Hte[d] (Z — pny) as good if

d
Y 1
——c[T+2\p+-+ [T+ 2\ + [O,} .
N o\
It is easy to see that M (pn +y) >’ 0 for all good y.
Let f(x) be defined as in the proof of Theorem A.2. Following the proof of Theorem A.2,
uniformly for good y, we have

PIA = p+ ] = (1+ Olog" n/ /) <L — ((pn)~2),
zER? dx f(x)
Mz>'—pMn
Armed with this result, we are now ready to provide the relevant estimate of |E[eit'sl]| = |E[eit'(5—mm)” =

|E[e?*(A=Pm]|™ The above analysis implies that we can decompose A — pn into
A—pn =11 + 1515

where &£ is an event of probability C5 € (0,1), where C3 is a constant independent of n,p, and
T7 is given by the uniform distribution on all good elements, and T7,1g¢ and 75, 1¢ are pairs of
independent random variables. Thus, we have

B[ A-PD)| = [C5E[e 7] + (1 — C3)E[e" ]| < 1 — C3 + C3[E[e*T1]|.
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Note that the set of good elements forms a discrete rectangular prism. Let its width in the jth
dimension be Wj,/pn € Z (note that W; = ©(1)). Then, we see that

. n (415
¢ 1 ’_HW\/W sin(ti)

2

If

; \/Fn < |tj] < 7 for some j, this quantity is at most 4/5, so
B[] < (1 - C5/5)™ = O(n~W).
If n0.0I/d/m <tj< 7Wji)/ﬁ for some j, then this quantity is at most
(1 - 0.012W2pn)
W, /pn tj/2+O(t?)

<1-— n0.0l/d/n’

SO
‘E[eit-S’” < (1 o n0.0l/d/n)m _ O(n_w(l)).
Thus, we have

P[S' = 0] = Q((n?p)~?) +

1 .S _
(27T)d te[—m,m)? th[elt ° ] = Q((?’LQp) d/2)7

[[#]] oo >n0-C1/4 /1 /n2p
as desired. O

Theorem A.4. Fix a real parameter 0 € (1/2,1), a positive integer d > 1, an integer matric
M € 77 with pairwise orthogonal rows, an r-dimensional vector inequality relation >'€ {=, >},
a monomial p € Rlx1,...,24], and a real constant T > 1. For all sufficiently large n € 7 and
€ (T7'n=% Tn=?), the following is true.
Select 7,m € (T7 n,Tn) NZ)? such that M7 =0 and ||n — 7|, < T\/%, and q,q € (0,1)? such

that ||[¢ = pll, llg — pll < T and [|5]|, < TW where

4 (n—
B :=log (M) .
151 — )
Then,

E[p(A —pn)1lrpaso] =E [,0(1Z - pmlM,szo]
+ " BE (A = pit)p(A = pi) Ly 7| = D BELAL = piR]E | p(A = pi) 1y, 7200
teld] teld]
+ O(max{p, || 8], pnlog® n}y/pn?*” log”*4€# n)
where Ay ~ Bin(n, qt) and Et ~ Bin(nt, ¢:) are all sampled independently.
Proof. Note that by a standard Chernoff bound,

P[|A; — pie| > \/pnelogm, for some t] = O(n~ w(1 )),

SO
Elp(A — pil) Lnazro] = E | p(A — pii) Lrazrol
Thus, by Lemma A.1, we have
E[p(A — pi)1araso)

[Ar—pnt|< pﬁtbgﬁtVt].
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z o MG

]\/}66;\0 te(d]
_ Mz _ _ _ 19 p /fpndegplo 2+degpn
Z H [(Qt e — PTIt)) ' (pm)!(pm)“] ( & )
ey Gt — q)pt (P + 1)
Ge(me —pme) \ ™ (07) (7)™
p(x) exp Bix [( — ) r~
% (=) ;M o tgl] (1 —qt)pme (p7e + x4¢)!
:M:rz 0 O(p\/ﬁdegp 10g2+degpn)
Gt (e — pe) \ ™ (1) (e )
Soexp | 3 s | I | (22 ) "
=~ e wid (1 — G )pm (P71t + x¢)!
Qe (e —pn) ™ (o) (p7e) ™
Z p(x) 1+Z/3txt H[( = ~> =
zeh teld] teld] (1= @)pin (i + 20!
_ Mz=270 + O(max{p, ||BHZO pnlog? n}\/]Tndegp log?tdesr
Qe —pne) \ ™ (p7e) ! (p7) ™
S 14 3 g | T | (2= ) " e
= b g L\ (1 — Q)P (p7e + x4)!

E p(ﬁ —pn) + >, Bt(gt — Pﬁt)ﬂ(j =) ) Lz
=l e o )iz + O(max{p, | 8]% prlog? n} /" ” log % )
1+E [Zte[d] 5tAt}

—E | p(A = i) Ly o) + D B (A = it p(A = D)Ly o) = D BELA: = DIHIE |p(A = D)Ly 700

teld] te(d]
+ O(maX{p, 1813, pnlog? n}/pr®e P log* 487 n),
where A := Hte (Z — pne) O [—+/pie Log e, /P log 7). This completes the proof. O

APPENDIX B. IDEALIZED PROCESS
B.1. Specialized Inverse Function Theorems. We begin with a strong notion of bijectivity.

Definition B.1. Fix two convex sets A, B C R%. Call a bijection f: A — B strongly bijective if f
and f~! are smooth and for all compact C C B, we have

[f ) — (=)

infC | | >0
Y,z€ y—z
y#2
and . .
sup [ (y) — (=) < o,
y,zeC ‘y - z|
y#z

As an example, note that any linear map with nonzero determinant is a strong bijection.
Theorem B.2. Fiz a positive definite matriz ¥ € R¥%. Define
d d
f:RY = RS,
o= Exon(us [ XX > 0]

Then, f is a strong bijection.
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Proof. We begin by transforming the problem to a standard Gaussian setting, at the cost of a more
complex constraint condition. In particular, write ¥ = AAT for some invertible matrix A € R¥*4,
Note that f(u) = Ag(A~1u) where
g: RT 5 Q

v Exonvidg) [X]X € Q]
where

Q:={zrcR?: Az > 0}.
It suffices to show that ¢ is a strong bijection from R% to €.

Note that ,
B fmeQ dx e~ 1z—VI*/24

- —|z—v|2/2
fzegd;pe | 12/

9(v)

which shows that g € C°(RY).

We first show that g is a surjection, which is the most difficult part and which will form the bulk
of the proof. Note that ( is an infinite open polytope, and consider its boundary 9 = Q\ 2, where
Q is the closure of . Additionally, let w; = A~ te; for 1 < i < d, where e; are the elementary vectors.
Thus, Q = spang_ {w1,...,wq} (i-e., the span where all coordinates must be strictly positive). For
1 <1 <d, let w; be the unit vector orthogonal to all w; for j # ¢ such that o; := w} - w; > 0. Note
that

Q= ﬂ{yeRd: v-w; >0 forall j € [d]}.
Jj€ld]
We have the following estimate for g evaluated at points outside (2.

Lemma B.3. For all ¢ > 0, there exists C1(g) > 0 such that for all v € R? satisfying d(v, Q) >
Ci(e), there exists j € [d] such that v-wj <0 and g(v) - w} <e.

Proof. Find the unique z € R? such that z - wji =1for all j € [d]. For any v € R%, let

A, := —mi cwi .
migly )

Note that A, > 0 is equivalent to v ¢ Q. If A, > 0, then note that (v + 2A,2) ~wi > 0 for all
jeld],sov+2A,z €Q, sodv,Q) <2z|A,.

We have the following estimate for the distance of g(v) to one of the bounding hyperplanes of 2.
Claim. There ezists a constant A > 0 depending only on Q such that for any v € R® with A, > 0,
there exists an index j € [d] such that v-w} = —A, and

g() - wj < Ap(Ay)
where p: Rsg = Ry is defined as
f()oo dh e—(h+t)2/2h
p(t) = fooo dh e— (0272

Proof. Consider an index j € [d] such that v - wj = —A,, which exists by definition. For every
h >0, let

Vi, i= {y € R%: y-w; = h}.
Let dpx be the (d—1)-dimensional Euclidean measure on V3, and let v, be the orthogonal projection
of v onto V},, so that v, = vy + hw;. We see that

fe'e) _ 2
)y = Jo AT,
9 i = < dn o—(hFA,)2)2
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The key observation is that Vj, N Q is a translated copy of Vg := spang_ {wi,...,wq} \ {w;}.
Quantitatively, since o;j = w? - w; > 0 we have

J
Vi Q= (VoNQ) + haj 'wj.

Thus, with the substitution z = y + haj_le we have

—|pr— 2 |y —1n— *__ 471 12
o(h) ::/ dyw e= o=l /2:/ doy 190 h(e; o5 )2,
zeV,NQ yeVpHNQ

where we remark that w;-* — aj_le e W.
Now, we have o(h) < (v/27)9~! for all h and

o(h) >1/B

for all h € [0,1], where B is a positive absolute constant depending only on Q. The former estimate
derives from extending the Gaussian integral to infinity. The latter estimate is derived as follows.
Given h € [0,1], let 7 = vg + h(w;f - aj_le) € Vo. We have d(7,Vy N Q) < C, for appropriately
chosen constant C'. Then

o(h) > inf {/ doy67|y77‘2/2: TE VY, dr,VhnQ) < C},
yeVpnN2

This is the minimum of a positive continuous function (which only depends on 2 and the choice of
one of d values for index j) over a compact region, which must be positive.
Now,

) ot = Jo© dhe= WA g (h)  (V2m)? 5 dhem (A2, < Ap(A)
I = S e G A g(h) = [Tane Gidizyp O

for appropriate constant A. The last inequality uses that
fOl dh 6—(h+t)2/2
fooo dh e—(h+t)2/2

is bounded from below by an absolute constant for ¢ > 0. O

t—

Thus, if A, > 0, choose the index j as above. Since p is a strictly decreasing function, we thus
find that for all v ¢ Q (i.e. v € R? with A, > 0),

g(v) wj < Ap <d<y’ Q)) :

2|z|
This completes the proof, as lim;_,~ p(t) = 0. ]

We have the following estimate for g evaluated at points close to €.

Lemma B.4. For all C > 0, there exists Ko(C) such that for all v € R? satisfying d(v,Q) < C, we
have |g(v) — v| < K2(C).
Proof. Let 0 be the fractional dihedral angle spanned by €2 at the origin. Formally, define

- VOld_l(Sd_l N Q)

N VOldfl(Sd_l)

By definition, for any 2 € Q, we have z 4+ Q C Q. For any v € R%, letting v be the closest point in
Q2 to v, the ball B(v,2d(v,2)) contains the ball B(v,d(v,{?)). Thus

volg(2 N B(v,2d(v,Q))) > volg((v+ Q) N B(y,d(v,Q))) = %vold(B(O, 2d(v,Q))).
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Thus, for all v € R? with d(v,Q) < C we must have
/ dp e [#7vP/2 > =247 gvold(B(O, d(v,Q))) > Ae2C%
e

for some constant A depending only on d,€) (and in particular independent of v, C').
Thus, for any r > 0, we have

Jreq d emlTv 2| — |

—|z—v|?2/2
fmeﬂdxe | 12/

lg(v) —v| < <r4ATleed AeRd dyeWEPy),

ly[>r

where we have used the substitution y = x — v. Note that the function o: Ryy — R<( given by

2
7(r) = [y, il 2y

y€eR?
tends to 0 as r — oo. Select R(C) > 0 such that ¢(R) < 52213’ so that taking r = R(C') we have
lg(v) —v| < R(C) + 1.
Letting K»(C') = R(C) + 1 completes the proof. O

The surjection will now follow from the continuity of g combined with the estimates Lemmas B.3
and B.4. Assume for the sake of contradiction that there is some y € Q such that y & g(R%).
Define

Q=9 (A—l[—1, 1]d) ,
which is the surface of some paralleletope that has faces parallel to those of Q. The structure
of the proof is to construct a homotopy between the constant map ) — point and the scaling
map @ — a@ for some large v that never crosses over y, which is a contradiction, since for large
enough «, the second map encloses y, whereas the first map doesn’t (formally we can look at the

fundamental group of space punctured by y).
The main technical estimate we require is the following.

Lemma B.5. For sufficiently large o > 0 (in terms of y and Q0), the following is true. For all
x € aQ), the line segment joining g(x) and x does not contain y.

Proof. Take C' = Cy(d(y,09)/2).

If d(z,Q) > C, then by Lemma B.3, there exists j € [d] such that z - wi < 0 and g(x) RS
d(y,09)/2. Therefore, for all t € [0, 1], we have

(1 =t)z +tg(z)) - w; < d(y,00)/2.

However, note that y - w> > d(y,00), since otherwise the intersection of the line segment joining y
and the projection of y onto the hyperplane with normal vector wj (which is outside 2) intersects
0 at a point which is closer than d(y,02) away from y, contradiction. Therefore, y is not on the
line segment joining g(x) and x.

Now suppose that d(z,Q) < C. Select « large enough such that d(y,aQ) > 2K5(C) (which is
possible since d(y, aQ)) — o0 as @ — o0). By Lemma B.4, we have

lg(z) — 2| < K2(0),
and by construction we have |z — y| > 2K5(C). Thus, for all ¢ € [0, 1], we have
(1 =tz +tg(x) —yl > [z —y| - tlz — g(x)| > K>(C),

so the line segment joining g(x) and z does not contain y. U
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We now construct the problematic homotopy through a sequence of intermediate homotopies.
Select o large according to Lemma B.5, and sufficiently large so that y is in the interior of aQ.
First, note that the maps @ — point and @ — g(aQ®) are homotopic through the homotopy

H:[0,1] x Q — R?
(t,q) — g(tq),

which doesn’t cross y since y was assumed to not be in the image of g. Second, the maps @ — g(aQ)
and (Q — a() are homotopic through the homotopy

H:0,1] xQ —R?
(t,q) = (1 —t)g(agq) + tag,

which doesn’t cross y due to Lemma B.5.

Putting these two homotopies together, we have a homotopy from the constant map ) — point
to the map @@ — a) that never crosses y. However, it is standard that the latter is nontrivial in
the homotopy group of R?\ y. This is the desired contradiction, so y must have been in the image
of g, as desired.

We now show that ¢ is an injection, and that it has an invertible Jacobian everywhere. Direct
computation on the integral formula for g tells us that the Jacobian is given by

99(v)a

Tg(V)ap = "o Ex A (vidg) [XaXp| X € Q] = Exn(viay) [Xal X € QEx n(iay)[Xpl X € Q.

For any direction 7 € R%, we have
nTjg(V)n = Vary. n(,id - X|X € Q] >0,

where the variance is positive since - X is not constant almost everywhere (since 2 contains a cube
where the pdf of X is bounded below by a positive constant everywhere). This shows that J,(v) is
invertible, and furthermore, that
t=mn-g(v+tn)

is a strictly increasing function, which directly implies that g is injective.

We now show that g~! is smooth. Fix x € R% Since J,() is invertible, by the inverse function
theorem there exists an open neighborhood U, of z such that ¢~ ': g(U,) — U, is smooth. This
shows that ¢~! is smooth at x, as desired.

Finally, the last remaining condition of a strong bijection is equivalent to showing that for every
N > 0, there exists C(N) > 0 such that for all y,z € [N, N|¢, we have

STl =21 <lo(w) —2)] < CVly 31
Consider the map
j: 8471 x [-N,N]? = R,
(u, ) = [Tg(2)ul.

This is a continuous map on a compact set, so there exists J(N) > 0 such that j(u,z) < J(N) for
all u € S9! and z € [-N, N]. Therefore,

1
l9(y) —9(z)| = /0 dt Jy(z + 1y — 2))(y — 2)| < J(N)|y — 2|

by the fundamental theorem of calculus and the triangle inequality. For the lower bound, we can
perform an analogous argument on g~!. This completes the proof of the theorem. ([l
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Theorem B.6. Fiz a positive integer d > 1 and an integer matriz M € 7" with pairwise orthog-
onal rows. Let D = {x € RY: Mz > 0} and fix a strong bijection f : R — D.

Consider a family of smooth maps f. : R® — D parameterized by € € (0,emax) for some fized
Emax > 0 such that the following is true. For all T > 0, there exists C(T') > 0 such that for all
£ € (0,emax) and |z| < T we have |f-(z) — f(x)| < C(T)e.

Fix a constant T > 1. There exists €9,C > 0 such that for all ¢ < €g, the following is true.
For all y € D with |My||, > T~ and ||yl < T, there exists * € R? such that f.(x) =y and
o — fL () < Ce.

Proof. For any constant 7" > 1, define
Drr={y€D:|yllo <T, Myl =T""}.
Define

1
= — inf d D
=g it (y,0D),

which is some positive constant by compactness. For any y € D, let
vy 2 87— RY

be a sphere centered at y with radius r. There exists a constant 7" such that for all y € Dy, 7, lies
fully inside Dpr.

Define
-1 -1
o= mr WG]
Y,2€Drps \y—z]
y#z

which by strong bijectivity is some positive constant. Note that all the points in the image of
[t ony, are at least ar away from f~1(y), for all y € Dr.
For all € € (0,emax) and y € Dy, consider the homotopy

F.y:[0,1] x 81 — RY
(tw) = (L=t f +tf)o f oy (w)

between v, and f-o f~tony,.
Note that
Fey(t,w) = (1= t)yy(w) +tfz 0 f 7 oy (w).
We see that |f- o f71 oy, (w) — v (w)| < C(ar)e, so in fact

|Fey(t,w) —y(w)| < Car)e.

r

Therefore, for e < Clary We have that F, ,(t,w) # y, since |y, (w) —y| =7.
Now, consider a homotopy

Gey:[0,1] x S971 5 R?
(t,w) = fo(1 =) f " oy (w))

which contracts f. o f~! 0, to the point f(0).

Thus, the composition of the homotopies F;, and G., produce a homotopy between v, and a
point. Since the homotopy F , never crosses y, we must have that the second homotopy crosses
y. Thus, there is some point z.(y) = (1 —¢)f ! oy, (w) such that f-(z-(y)) = y. Note that by
compactness, there is some constant T} such that |z.(y)| < Ty for all y € Dy and € < Clary- Thus,

there is some constant T such that f(z.(y)) € Dp, for all y € Dy and € < Clar)
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Define

—1(,\ _ -1
P O R ]
yvzelDTQ |y - Z|
y#z
which is finite by strong bijectivity. We now find that
[f 7 () — 2| < Blfe(2=(y)) — f(z(y)] < BC(Tr)e.

and C' = C(T») completes the proof. O

)

Thus, selecting ¢ = %

B.2. Universal Real Processes. We will define a sequence of real numbers parameterized by
binary strings and pairs of binary strings. These sequences give universal estimates for the part
sizes at various orders of approximation.

Definition B.7. Define a pair of coupled real-number sequences (VS)Uk>1{O,1}k, (/Ls,t)s7teuk>1{07l}k.
The definition is inductive in & with initial conditions are vy = 11 = 1/2, and po0 = po1 = p1,0 =
p1,1 = 0. The evolution rule £ — k + 1 is as follows.

Pick the unique v € R0 guch that

EW;t|Zs(Ws.e)] = vipis

where W ~ N (s, 14) are all sampled independently. Then, for all s,t € {0,1}* and b, c € {0,1},
let

Vgp = VS]P[jsb(Ws,o) |Is(Ws,o)]
and

1 1
Hsbite = ZE[WS,HJSb(Ws,O)] + ;E[Wt,slnytc(wt,o)] — Mst-

Proof that Definition B.7 makes sense. Assuming the sequences exist till day k, it suffices to show
that existence of a unique v € REOHA0Y guch that

E[Ws,t‘zs(ws,o)] = Vtlsit
where Wy ¢ ~ N (s, 1) are all sampled independently. By Theorem B.2, it suffices to show that
D (D) s >3, 0
te{0,1}k
for all 5,2 € {0,1}* and 1 <7 <k — 1.

We show this inductively in k, so it suffices to show

Z (=)' (vgopsba0 + Verfisbi1) 505, 0 forall 1 <r <k—1
te{0,1}k

Z (=)™ (o ptsh0 + Vet fishe1) =5 0
te{0,1}*

for all s,¢ € {0,1}* and b € {0,1}. Indeed, we compute

1%
VtO,usb,tO + th,ufsb,tl - E[Ws,t|jsb(ws,o)] + ;t Z ]P)[«jtc(Wt,s)‘It(Wt,o)]E[Wt,s’%C(Wt,o)] - Vtﬂs,t
s ce{0,1}

v,
= E[W, 4| Tp(Ws)] + y—tIE[Wt,3|It(Wt,.)] — Utlhst
= E[W57t|jsb(WS,')]7

where we have used ji5+ = fit,s in the last step (this result follows trivially by induction on k). This
directly implies the result with the strict inequality replaced with a weak inequality. However, the
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inequality is strict since W, o conditioned on Js(Ws.e) has support of full dimension, so the mean
is strictly inside the region bounded by the Jg, inequalities. This completes the proof. O

Definition B.8. Use the sequences v, u from Definition B.7 as well as the auxiliary sequences ~, W.
Define a real number sequence (£5)scq013- The definition is inductive in & with initial conditions
€o = 1 and £1 = —1. The evolution rule k — k + 1 is as follows.

Pick the unique S € R0 guch that

E[BsW;t|Zs(Wse)] — E[Bs|Zs(Ws.o)|JE[W i |Zs (W) = &
for all s,¢ € {0,1}*, where By := Ztle{oyl}k Bs#Ws . Then, for s € {0,1}%, b € {0,1}, let
€sb = Vsb (E[BS|jsb(W8,-)] - E[BS|IS(WS,0)]) .

Proof that Definition B.8 makes sense. The only nontrivial part is existence and uniqueness of .
To show this, it suffices to show that for fixed s € {0,1}*, the matrix

(E[WS,th,t’ IS(W&-)] - E[WS,t‘IS(WS,-)]E[Ws,t’ |IS(W8,0)])

t,t'e{0,1}k

is invertible. Indeed, if it wasn’t, then some nontrivial linear combination of W, , would be identi-
cally 0 when conditioned on Zs(W; o). This however is impossible since W o conditioned on Zs(W o)
has support of full dimension, which completes the proof. O

We have the following series of lemmas about the sequence (£5) (0,1}

Lemma B.9. For all positive integers k and s € {0, 1}’“, we have €59 + €51 = 0.
Proof. Note that
€50 + €51 = V50 (E[Bs|Ts0(Ws,e)] — E[Bs|Zs(Wie)) + vs1 (E[Bs|Ts1(Wse)] — E[Bs|Zs(Wse)])
= Vs0B[Bs|Ts0(Ws,e)] + Vs1 E[Bs|Ts1(Wis,e)] — VsE[Bs|Zs(Wss,e )]
= VUsP [Ts0(Ws,0) |[Z( W) E[Bs| Ts0(Ws,e)] + VslP [Ts1(Wss 0 )| Z(Ws o) E[Bs| Ts1(Wse )]
— UsE[Bs|Zs(Ws.e)]

=0,
as desired. (]
Lemma B.10. For all positive integers k and s € {0,1}*, we have 59 > 0 and £5 < 0.

Proof. We proceed by induction on k£ with the k = 1 case given by definition. Suppose the result is
true for k, we will show concretely given fixed s € {0, 1}* that 49 > 0, which finishes by Lemma B.9.
Fix s € {0,1}*. Consider the finite dimensional mean-translated Gaussian vector space

G = span{ Wit }ic 0,134+

where we recall that Wy ~ N (vs¢, 1) are all sampled independently. Equip this vector space with
inner product given by covariance, making it a Hilbert space.
For1<r<k-—1,let

Zop= (-1 | > (1) Wy,

te{0,1}F
and let
sk = Z (=1)" 1 Wy
te{0,1}F
Note that Z1,...,Zs ) form a linearly independent set (because they are orthogonal with respect

to the skewed inner product where all Wy o have variance 1).
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Up to an event of measure 0, the conditions Z,(W; o) are equivalent to Z, , > Oforall 1 <r < k-1,
and Js0(Ws.e) is equivalent to Zg, > 0 for all 1 <r < k.
The definition of B, found in Definition B.8 combined with Lemma B.9 implies that

COV(BS, Zs,r|Zs,1a ey Zs,lc—l > 0) =0
forall 1 <r <k —1. Decompose By by its orthogonal projection onto span{Z 1, ..., Zsx—1} (with
respect to G). Concretely, decompose

k—1
By=)» oZey+X

r=1
for some o, ...,a5_1 € R and X € G where Cov(X, Zs,) =0forall 1 <r <k —1. We see that X
as a random variable is independent from the random variables Zs1,..., Z; 11, so
COV(Xv Zs,r|Zs,1a LR Zs,k—l > 0) =0
for all 1 <r < k — 1. Therefore,

k—1
Z Oz,«/COV(ZSJ/, 57T|Z571, ceey Zs,k—l > O) =0
=1

for all 1 <r < k. The covariance matrix

(Cov(Zsyr, Zsy|Zsn,. ..\ Zs o1 > 0))T,,T€[k_”

is invertible since Zs1,...,Z; ;-1 are linearly independent, so this implies that a;, = 0 for all
1<r<k-1,s0 Bs=X.
The definition of By found in Definition B.8 combined with the inductive hypothesis implies that

Cov(X, Zsr| Zars .-, D1 > 0) > 0.

Decompose Z; ) by its orthogonal projection onto span{Zs1,..., Zs,—1}. Concretely, decompose
k—1
Zs,k = Z 57‘Zs,r +Y
r=1
where Cov(Y, Zs ) = 0forall 1 <r < k—1. Plugging this back in, we find Cov(X,Y|Z,1,..., Zsp—1 >
0) = 0, but since both X and Y are independent from Zy 1, ..., Z, ;1 as random variables, we have

Cov(X,Y) > 0. Decompose X = aY + X’ where o > 0 and Cov(X',Y) = 0.
Given the definition of €4y in Definition B.8, it suffices to show that

EX|Zs1,..., Zsp, > 0] > E[X|Zs1,...,Zs -1 > 0].
We see that
EX|Zs1,..., Zsp, > 0] —E[X|Zs1,...,Zs -1 > 0]

=a(EY|Zs1,..., Zsj >0 —E[Y|Zs1,...,Zs -1 > 0])

=a(EY|Zs1,..., Zs—1 >0,Y > —(61Zs1 + -+ - 0p—1Zs —1)] — E[Y])

=a (E[Y|Y > U] - E[Y))
where U is the random variable —(01Z;1+- - 6y—1Z5 y—1) conditioned on Zy 1, ..., Zs -1 > 0. Note
that Y and U are independent as random variables, so clearly E[Y'|Y > U] > E[Y], so

EX|Zs1,..., Zs), > 0] —E[X|Zs1,...,Zs -1 > 0] >0,

which completes the proof. ([l
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B.3. Idealized Process. We now describe an idealized part size evolution that gives a really precise
estimate of the true part size evolution.

Theorem B.11. Fiz a real parameter 0 € (1/2,1), a positive integer D > 1, and a constant T > 1.
There exists a constant £ > 1 such that for all sufficiently large N € Z and p € (T7'N~9, TNY),
the following sequence of numbers (ns(N) € Z)seu, ;- poayrs (Mst(N) € R)geu, o opioays, and
(gs (V) € (0, 1))S¢€U1<k<D{O’1}k all exist satisfying the following properties (suppressing the depen-
dence on N ).

e We have base case conditions ng = n1 = |N/2] and msy = p|N/2|? for all s,t € {0,1}.

e foralll <k<D-—1, we have

ﬁsE[Avs,t ’Is (gs,o)] - TAﬁs,t

where Avs,t ~ Bin(ng, gs+) are all sampled independently and g = (Yg,i and

Vs,
_ Eenir g
Qs,t = 77— + O(log" N/N).
1+ {Eoeveid

e The evolution rule is as follows. For1 <k < D—1, and for all s,t € {0,1}* and b, c € {0,1},
we have

Nsh = msp[jsb(gsw) |IS(IZS,-)U
and

A [ Aol (A B[ A, g,

| Zi(Are)

Mspte = ~
Mgt

e Foralll <k <D ands,t € {0,1}*, we have the symmetry relation ns = Nz and Mg, = My

and estimates ng = Nus—l—O(% log® N) and sy = piisig(1+ pis1/v/pN +O(log’ N/pN)).

Proof. We proceed by induction on D, with the base case D = 1 being immediate. Suppose the
result is true with D replaced by D’ for all 1 < D' < D, with log exponent parameter £.

We begin by showing the second bullet point for £ = D — 1. From the inductive hypothesis,
we know that ns = nz and ms; = mg; for all s,t € {0, 1}, and 71, = Nv, + O(—2< log? N) and

vpN
st = piisiie(1+ psi/v/pN + O(log? N/pN)). For all s € {0,1}*, let

D, = { z e ROV Z (—1)fr—tmy >5, 0 VI<r<k-—1
te{0,1}k
and define the functions

fon : RO Dy

E[A,|Z,(A)] - piy
"~ ( VN >te{o,1}k

D L\/W

_P_oviVp

where we sample A; ~ Bin | ng, 1*”67% for all ¢ € {0,1}* all independently, and
1+%e”im

fo ROUY
o B[W|Z,(W))

where we sample W; ~ N (o, ;) for all t € {0,1}* all independently.
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Theorem A.2 implies that for all 77 > 0, there exists C(T”) > 0 independent of N such that

24-2F
(o) = flo)] < 2E

for all |o| < T and all sufficiently large N. Furthermore, Theorem B.2 implies that fs is a strong
bijection.

Let y®) € RO be defined by yfs) = Ti/p;;nt. We have yg o) = Vthls,t + O(I(j}g%v) which by the

proof of Definition B.7 implies that there is a constant 7" such that Hy(s HOO < T and y©® € D,

and Hzte{o 1}k(—1)t“1y§s)H > T'"!forall 1 <r < k-1 Thus, by Theorem B.6, there is
’ 00

some constant C such that there exists o5 € RO with fsn(os) = y®) and Has — fs_l(y(s))Hoo <

Clog
N
Note that due to the bit flip symmetry present in the inductive hypothesis, we can select o4 such

that (04); = (05)7 for all s,t € {0,1}*. Now, select

st =

The second bullet point now follows since H%,. - fs_l(y(s))Hoo =0 (%) (as Ys.o = f5 H(Velis,e),
Vs,t

k
_ logmax{£,2+2 }N
=0 <\/W , SO
p e”t\/PTV

(Ts,t - kp—%,t + O(logmax{ﬁ,2+2k} N/N)
14 Ly

and f~! has bounded gradient in a compact set), so [|os — Vs.e

This shows that we can select ¢ for k = D — 1 in accordance to the conditions of the second bullet
point.

We now show that the fourth bullet point holds for £ = D, assuming the evolution rule given
by the third bullet point, which we can use given that we’ve shown the second bullet point. The
symmetry relations are obvious by the symmetry of the inductive hypothesis and the symmetries
in ¢ from the second bullet point we just showed. It suffices to prove the first order estimates in
terms of the universal real number sequences constructed in Definition B.7.

By Theorem A.2, we have that there is some constant ¢ such that

P[ T (As )| Zs(As0)] = BTt (We) | Zs(Wie)] + O(log? N/v/pN) = 4ﬂ+0®¥NA@N%

recalling that Wy, ~ N (754, 14), which implies that ng = Nvg + O(F logmax{“ ¥ N).
Furthermore, Theorem A.2 also implies that for some potentially different constant ¢,

E A1y, . |Is(ﬁs.)}
=piiP[Top(As )| Zs(Ase)] + VPNE [Wiil g, v, )| Zs(Wi)] + O(log” N)
:pﬁtﬁ—s: + W%E[Ws,mb(wg,.)} +0(log" N).
Thus, we find

nsNn

~ - TgpTl NepTl ’
Mgpte = —— | PTigpiie + P—otS\/PNE[Wy | Tre(Wie)] + p—2=< \/pNE[Wy 1| Tsp(Wae)] + O(Nplog? N)
m n nt

s,t s
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=—= sblte |1+ ——== | = E[Wi s|Tie(Wi,e —E[W | Tsp(Ws,e O(log™ N/pN
S i | 14— | SOV Wi)] + 2BV 1TV -+ Ollog” N/p)

1 N N ,
=pn ~c 1 T | Hs —E s|Jtc . —E[W; s s,® 1 max{t 7£}N N
piaie 1 | e+ 2 BIWial T Wil + 3 BV, Tl | + Oog™ ) N/p)

-~ 1 /
= PNspTic |:1 + ——=Hsbtc + O(logmax{f £ N/pN) »

N/

as desired. This completes the proof. ]

B.4. Perturbed Part Size Evolution. We now describe estimates for the part size evolution with
part sizes perturbed off of the idealized values.

Theorem B.12. Fiz a real parameter 6 € (1/2,1), a positive integer k € [1, 15) and constants
T>1,0 >0 and T > 1. There exists constants T' > 1,8 > 0 such that for all sufficiently large
NecZandpe (T-' N9, TN7Y) and 7 € [T, T], the following statement is true.

For all n € ZOB" and m e RO x{0.1}F satisfying

k- k-
ng — fis(N) — TV N/PN' 5| < TVN/pN' ' N3

and
- VpN*! (83 Et) VoNET
Mot —Met(N) |1 + 17— v | = + — <YL N-INZ
ot [0 (G )|« 2B
there exists q € (0, 1){071}”{0,1}’C satisfying
T (e~ Lot —p(N)) | /pN*! VN
log gs,t(N) [~ ~ _TTﬁs,t STTN
v ((N) — pne(N)) N N

such that
nsE[As,t’Is(As,o)] = Mt

where Agy ~ Bin(ns — 1s—,qst) are all sampled independently, and for all s,t € {0,1}* and
b,c € {0,1}, we have

~ k k /
nsb—nsb(N)—T\/N\/pN el <T'VN+/PN N7°

and
k k
~ VpN™ (€ € VoN©
|msb,tc_msb,tc(N) 1+7 \Z/)N (VSZ—FVT) ST/ 5N N 6N2p,
S C
where
Nsp = nsp[jsb(As,o”Is(As,o)]

and

. nsiBE [As 117, (A, Zs(Ase) E[Ars1 g, (4,0 Zi(Are)]
sb,tc — .
ms,t

Proof. Define the function
fon : RIOODT {01

[ EAUT(A)] - B
g ka+1
VN te{0,1}*
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—1
_ _ - _rat\/ka
ng—png (Is_lt VN
ng—lg—¢—pny 1—qgs ¢

where we sample A; ~ Bin | ny — 14—,

—— all independently, and define
ng—pn G T S{k : P ¥
t— t S, N

1+”t*15:t*1"7t 1*(75,156

the function

£y RODY RO}

g | Y ow (BWey Wt Za(We)] — E[W o |Zo(We o) JE[Wit |Zo (Wo)])
t'e{0,1}F te{0,1}F

where Wy ~ N(vs4,14) are all sampled independently. We have the following relation between
fs,N and fs-

Lemma B.13. There exists > 0 such that for all R > 0, there exists C(R) > 0 independent of N
such that

[fsn(o) = fs(o)| < C(R)N™"
for all |o| < R and all sufficiently large N.

Proof. Fix R > 0 and |o| < R. By Theorem A.4, we have
E[A¢|Zs(A)] = E[/L7t\25(g57.)]

k—1
’ N e ~ N oy
+ _ovVpN [E [(As,t’ — piy ) (Aq —pnt)lfs(As,-)}
t'€{0,1}F

2

B [Auy — gl Tu(Ase)| B [ A~ plZ(450)]

(pN)k:-i-l/Q 10g5 N
ro (Y

~ k+1 k+1
Mt vVpN vVpN B

= ==+ s +0 | ——=—N""],
Ng ’ v N Js(o)e ( vIN >

for some constant x > 0 independent of IV, where the second equality follows from Theorem A.2.
This immediately implies the desired result. O

The proof of Definition B.8 implies that f; is a bijective linear map, so in particular it is a strong
bijection.
Let y®®) R{01}* he defined by

W = e = e+ O(N)
VN
for some constant x' > 0 independent of N. By Theorem B.6, there is some constant C' > 0
such that there exists oy € RIO" with fsn(os) =y and l|os — fgl(y(s))Hoo < CN~". Note that
£ @) — e, = O(N—"') since f~* has bounded gradient in a compact set. Remembering
that f;1() = Bs.e, we find that there is some potentially different constant C' > 0 such that

||Us N BS,'HOO < CN_min{H’H/}'
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Now, let

=~ = I~ T(Us)tVPNk71
ng—pnt _ QS~,t e VN
nt—ls=t—pnt 1—qs,

dst = k-1
~ s I CII

L+ nt—nlts:ﬁitpﬁt 1E§Z,te VN

so the existence of ¢ satisfying the desired inequality and expectation equality is established. Now,

letting As; ~ Bin(n; — 15—, ¢s¢) all be sampled independently, our goal is to provide the right

estimates for ng, and mgp .

By Theorem A.4, we have
P[jsb(AS,-)|IS(AS,-)] = P[jsb(;{&-)’IS(ZS,-)]

k—1
+ Y wag [E [@s,t—Pﬁt)ljsb(zs,.ﬂls(gs")]

te{0,1}F

B [(Ag — )T )| P [ Z(As0) ()]

VoN*
+O(WN>

k
2 LN Bot EIWadl Tap(Woa)] = EIWea| Zo(Wi.o))

= P[Tub(As,0)|Zs(Ase)] + 7
VN s te{0,1}k

N
+o(mN )

= P[\qu(g57.)’1.5(gs’.)] + T

\/ka@ 40 \/kaN_H/
VN vs VN

for some potentially different constants «, x’. This establishes the desired estimate for ng.
We now prove the desired estimate for mg, .. We can rewrite
nsbntcE [As,t’jsb(As,o)] E [At,slnjtc(At,o)]

Mspte = m .
s,t

By Theorem A.4, we have

k+1
E [Asl Ta(Ase)) = E [ Al Ta(As0)] +0 (\/fi/wﬁ) ,

so in fact
I ) el | I A
sbitc = My + ( p\/ﬁ> .
Plugging in the estimate for ng and ny., and the given estimate for m,; implies the desired result.

O

The following result allows us to analyze the part size evolution in the edge case where ﬁ €.

Theorem B.14. Fiz a real parameter § € (1/2,1) such that k = 145 € Z, and constants T > 1,6 >
0 and T > 1. There exists constants T' > 1,8" > 0,7 > 0 (where (7 depends only on k,T )
such that for all sufficiently large N € Z and p € (T"'"N=0 TN~ and 7 € [T, T], the following
statement s true.
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For all n € ZIOY" and m e RO {01} satisfying

< TLN_é

- N
ns —ns(N) — 1 N

VPN

and

~ T € € 1 _
‘ms,t - ms,t(N) |:]- + \/]W <VS + I/Z):| ' S T\/WN 6N2p,
S
there exists q € (0, 1){()’1}kx{()’1}]C satisfying
Vs,
1%3@””1%

qS,t - Vs, t S
Lt oemim | VPN

such that
nsE[As,t’Is(As,o)] = Mst

where Agy ~ Bin(ng — 15—, qs¢) are all sampled independently, and for all s,t € {O,l}k and
b,c € {0,1}, we have

Nsh Zgb N (Vsb + <_1)bCk7T)
where

Nsp = ns]P)[\jsb(As,O) |IS (AS,O)] .

Proof. This proof closely follows that of Theorem B.11, with most arguments copied with very minor
modifications.
For all s € {0,1}* let

D,i={we ROV 3 (c1)fiay 25,0 ¥1<r<k-1
te{0,1}*

and define the functions

fs,N : R{071}k — Dy

E[AIZ.(A)] - p (fu(N) + 7 Fyer)

g
vVpN
te{0,1}F
iR
_P_eviVp
where we sample A; ~ Bin | ny, 1*1”67% for all t € {0,1}* all independently, and
14 eve Vel

fo ROUY
o — E[W|Zs(W)]
where we sample W; ~ N (o¢,14) for all t € {0, 1}* all independently. Note that fs x is well defined
due to Lemma B.9. By Theorem A.2, there exists 8 > 0 such that for all 7" > 0, there exists
C(T") > 0 independent of N such that
[fon(0) = filo)] < N7 C(T')

for all |o| < T" and all sufficiently large N. Furthermore, Theorem B.2 implies that fs is a strong
bijection.
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Let y®®) € RO be defined by

M.t ~ N
y(s) o D (nt(N) +7 pN€5> |
t N

We find that y,gs) = vpst + O <N*5/> (the €5 and &; terms cancel out), which by the proof of

Definition B.7 implies that there is a constant 7’ such that Hy(s)HOO < T’ and y® € D, and
HZtE{O l}k(—l)t“lygs) > T’ for all 1 <r <k — 1. Thus, by Theorem B.6, there is a constant
’ 00

C > 0 such that there exists o, € RO with fsn(os) = y®) and HUS — fs_l(y(s))Hoo < CON-Y,
Now select

qs’t = (COE
P v N
1+ T—5¢""

Note that since H’Ys,- —fsﬂ(y(s))Hoo =0 <N76’> (as Yse = f{l(Vo,UJs,o), and f~! has bounded
gradient in a compact set), so |los — Vsl = O (Nﬂ;/)’ ©

Vs,t

e ,
st = L=p +O< P N_6>.

Vst \/]OW

1+ & envid
By Theorem A.2, we have that there is some constant §” > 0 such that

T, (W) | + O(N™)

Pl An) Ee(Ane)] = P | T (p (ﬁ.(N) T T\/];We.> n JFNW)

= P[Jp(Wae + 7€0)|Zs(Wyo)] + O(N )

=P| Y (D) WetT Y (1) ey >, 0|Zi(Wee) | + O(NT),

L te{0,1}F te{0,1}k

where recall that Ws; ~ N(vys4,14) are all sampled independently. By Lemma B.10 we have
Zte{o’l}k(—l)tk—lat > 0, so there exists some constant (j - > 0 such that

Pl > (D)Wt > (1) ey >p, 0|Z(Ws)

te{0,1}k te{0,1}k

> P LD (D) Wy >3 0[Zi(Wee) | + (—1)°Chr

te{0,1}F

Vsh
=+ (-1)'Gr

s

for all s € {0,1}*, which directly implies the result. O

APPENDIX C. GRAPH ENUMERATION RESULTS

C.1. Transference. We have the following definitions of degree sequences in graphs and bigraphs

respectively.
36



Definition C.1. Let D%rf,fh be the set of all sequences d € [0,n — 1]" such that ), d; = 2m. Let
PG (n,m) be the probability distribution on Dy aph given by sampling the degrees of the random graph
G(n,m). Let Py, ) be the probability distribution on Dy " given by sampling d; ~ Bin(n—1, )
and conditioning on ). d; = 2m

Definition C.2. Let DZETSLph be the set of all sequences d = (s,t) € [0,n]¢ x [0,£]" such that
>oi8i =2 ;tj =m. Let Pg(gp,m) be the probability distribution on Dblgraph given by sampling the

n,m

m) be the probablhty distribution on Dblgmph

ln,m

degrees of the random bigraph G(¢,n,m). Let Py,
given by sampling s; ~ Bin(n, 3) and ¢; ~ Bin(¢, 3), and conditioning on }_, s; = Yt =

We have the following imported results.

Theorem C.3 ([1] Theorem 1.4). Let g > 0 be a sufficiently small constant, and let 1/2 < o < 3/5.
Let n and m be fized integers, and let d = 2m/n. Assume that p = % satisfies i < pg, and for all

fized K > 0, log® n/n = o(u). Uniformly over all d € DI™ with |d; — d| < d* for all i, we have

1 d)? log?n e
Pe(n.m)(d) = Pp(nm)(d) exp (4 — ”()W) <1 +0 < &1 P 3>> ,

Ap?(1 — vn
where vo(d) = ﬁ Si(di — d)?.

Theorem C.4 ([2] Theorem 1.1). Let pg > 0 be a sufficiently small constant, and let 1/2 < o < 3/5.
Let £,n,m be fixed integers such that

W= % < po and (€4 n)>75% = o(fnm375%),
n

and for all fived K > 0, £log" n + nlog® £ = o(m). Let s =m/l and t = n/L.
Uniformly over all (s,t) € pliravh i |si — s| < s for alli and |t; —t| <t for all j, we have

Ln,m

O, 2 O n
PG (e.nm)((8,£)) = Ppnm((s,8)) H(s,t) (1 +0 (1 \g/zg n 1\gr + min{s, t}°%~ 5M id ))

where
s =eo (- (1755 ) (1 5))
where 0%(s) = 1 50,(si — )2 and 0%(t) = 1 Y, (t; — D)2,

C.2. Second Moment Bound. We have the following lemma that is analogous to Lemma 5.2 of
[4].

Lemma C.5. Fiz a real parameter § € (1/2,1) and constants T > 1 and K > 0. There exists a
constant C' > 0 such that for all sufficiently large n € Z and p € (T~'n=% Tn=?), the following are
true.

e Sample G ~ G(n,p) and let (dy,...,dy,) be the resulting degree sequence, with mean d. Then,

P [Zn:(di —d)? > Cpn?

i=1
e Consider £ € Z with ¢ € [T~'n,Tn]. Sample G ~ G(¢,n,p) and let (s1,...,50), (t1, ... tn)
be the resulting degree sequence, with means s and t respectively. Then,

< exp(—Kn).

L n
P Z:(sZ —5)2> Cpln or Z(tj —1)2> Cpln| < exp(—Kn).
i=1 j=1
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Proof. We only prove the graph case, as the proof in the bigraph case is extremely similar.
Fix C' > 0. Let € be the event that Y"1 | (d; — pn)? > Cpn?.
Indeed, suppose that

n

> (di —pn)* > Cpn®.

i=1
Let T be a uniformly random set subset of [n], and let U = [n] \ T. Let Er denote the result
of averaging only over the randomness of 7. Note that for fixed v € [n], 1,er and deg(v,T) are
independent random variables, so we have

Er [Loew (deg(v, T) — p|T)? + Luer(deg(v, U) — p|U])?]
=S Ex [(des(v, T) — pIT))? + (deg(v, ) ~ plU)?]
> Er(deg v — pn)?]

1
:Z(dv —pn)2.

Summing over all v, we have

Er | Y (Loev(deg(v,T) = p|T|)? + Loer(deg(v, U) — p|U|)*) | = Cpn?/4,

vE[n|

so there is some T' C [n] with

> (deg(v,T) — p|T|)* > Cpn?/8.
veR\T
Let & denote the event where the above inequality holds. Thus, we see that if £ holds, then &r
holds for some T', so we have
PlE] < ) Pler).
TCIn]

We now upper bound P[€r]. The main tool is the Bernstein inequality as stated in Theorem 5.1 of
4]

Indeed, we see that over the randomness of G, (deg(v,T) — p|T|)? is distributed as X2, where
X ~ Bin(|T|, p)—p|T|. Furthermore, all the (deg(v, T)—p|T|)? are independent as we vary v € [n]\T.
It is easy to check that HX 2” " < 100p|T|, so by the Bernstein inequality, there is an absolute
constant ¢ such that

t2 t
P deg(v,T) — p|T|)? > t| < 2ex (—cmin{ , })
ve[;]\T( o) =it P (n — |T']) - (100p|T[)?" 100p|T'|

Thus, there is some other absolute constant ¢’ such that

P Z (deg(v, T) — p|T|)? > Cpn?/8| < exp(—c'Cn).
ve[n\T
Putting everything together, we have that
P[&] < 2" exp(—c'Cn).
Choosing C' sufficiently large compared to K finishes the proof. O

We have the following basic counting lemma that we use in our second moment bound analysis.
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Lemma C.6. Fiz a real parameter 6 € (1/2,1) and constants T > 1 and C > 0. There exists a
constant C' > 0 such that for alln € Z and p € (T~ =%, Tn=?), the number of integer sequences

{1, yn) € ((=CV/np, Cynpl N Z)" s y1 + -+ + yn = O}
is at least exp(—C'n)(\/np)".
Proof. Note that at least half of all sequences

(yl’ T 7yn—n2/3) € [_C\/TTg C\/TTp]n_n2/3

have sum bounded above by some constant times y/n,/np by Chebyshev, and there is clearly at
least one continuation of the rest of the n2/3 elements of the sequence that make the overall sum 0.

Therefore, the number of such sequences is at least

1

5 (V)" = exp(=C'n) (VD)

for some constant C’ > 0, as desired. ]

C.3. Edge Enumeration. We have the following result, which is a corollary of Theorem 1.6 of [1]
and Theorem 1.5 of [2].

Lemma C.7. Fiz a real parameter 6 € (1/2,1) and a constant T > 1. For all sufficiently large
n€Z andp e (T =0 Tn=?), the following are true.
e Select m € Z satisfying |m — pn(n — 1)/2| < Tn?p/\/pn, and select d € D,g@%’h such that
|d; — pn| < (pn)*7 for all i € [n]. Pick a subset U C [n] satisfying |U|,n — |U| > T~ 'n.
Sample G uniformly at random from all graphs with degree sequence d, and let E = |E(G[U])|
(the number of edges in the induced subgraph on vertex set U). Then,

2
ollp S| o o7
4dm n

e Select m € Z satisfying |m—pn(n—1)/2| < Tn?p/,/pn, and select d € Dgf%’h such that |d; —
pn| < (pn)*7 for alli € [n]. Pick a subset U C [n)] satisfying |U|,n—|U| > T~ 'n. Sample G
uniformly at random from all graphs with degree sequence d, and let E = |E(G[U, [n] \ U))|
(the number of edges in the induced bipartite subgraph with vertex sets U and [n]\U ). Then,

(e ds) (Zyeno o) > n2py @ 1

P||E— > .
2m n logn

o Select £ € ZN[T~n,Tn]. Select m € Z satisfying |m—ptn| < Tn’p/\/pn, and select (s, t) €
Dgfgj;?fh such that |s; — pn| < (pn)¥/7 for all i € [€] and |t; — pt| < (pn)*'7 for all j € [n].
Pick subsets U C [f] and V C [n] satisfying |U|,£ — |U|,|V],£ — |V| > T In. Sample G
uniformly at random from all bigraphs with degree sequence (s,t]), and let E = |E(G[U, V)|
(the number of edges in the induced bipartite subgraph with vertex sets U and V' ). Then,

B (ZxEU Sm) <Zy€V ty) > n2p (pn)1/7

m - n logn’

P

Proof. We will use Theorem 1.6 of [1] to prove the first bullet point. The proof of the second bullet
point is identical, and the third is identical, where we use Theorem 1.5 of [2] instead.
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Note that

|E‘ = Z ]-abEE-

{a,b}CU
By Theorem 1.6 of [1], we see that

Blz] = (1+0 () ¥ C;aib:;n<2da>2+0<(np)8/7).
U

{a,b}CU a€

In order to compute the variance, we have to compute quantities of the form Plab € E and cd € E].
We begin with the case where edges ab and cd do not share any vertices.

Our goal is to compute Plcd € E|ab € E]. Reveal the edges in the graph incident to a and b.
The rest of the graph is given again uniformly over all graphs with the right degree sequence. Note
that the degree sequence for the remaining graph is the same as d except with some vertices with
degree potentially 1 or 2 lower, and a total of two less vertices. It is easy to see that this doesn’t
effect our estimate for the probability that c¢d € F, so we in fact have

dadbdcdd
(2m)?

Plab € F and cd € E] = (1 +0 (( )1/7>>

if ab and cd are not incident to each other.

Let’s now calculate the probability in the case that d = b, so we're trying to find the probability
that the path abc is in the graph G. The same approach as above works, where our goal is to
compute P[bc € E|ab € E]. Begin by revealing all edges incident to a, and note the rest of the graph
is drawn uniformly given a fixed degree sequence d’ which is given by d with one entry removed,
and some entries decreased by at most 1. This doesn’t affect the edge probability of bc € E up to
the error term we care about, so we again have

dad2d,
(2m)?

Plab € E and chE]:( +O<( )1/7>)

Thus, we see that

sipf = (1o (W) || 3 ) oy (hh )

{a,b}CU {a,b}CU
E[|E|* + O(n®p*(pn)"7),
SO
17
vV Var|E| = O <n2p (pn)) .
n
The result now follows by Chebyshev’s inequality. O

C.4. Degree Regularity Results. We prove results about the degrees to vertex subsets in random
graphs using the graph enumeration results from above. The calculations mostly follow a simplified
version of those in Appendix A of [3].

Our key result is as follows.

Theorem C.8. Fizx a real parameter 8 € (1/2,1) and a constant T' > 1. There exists a constant
C > 0 such that for all sufficiently large n € Z and p € (T~'n=% Tn=?), the following are true.

e Select m € 7 satisfying |m — pn(n — 1)/2| < Tn?p/\/pn, and select d € D%ff,fh such that
d; = pn + Bi\/pn where |B;| < logn. Pick a vertex v € [n] and a subset S C [n] with size
h = |S| satisfying h,n — h > T~'n. Pick an integer t € [0,d,] and write t = ph + 7+/ph.
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Sample G uniformly at random from all graphs with degree sequence d. If || > log!'®n,
then
Pldegs(v) = 1] < exp(~C7?).
o Select ¢ € 7Z.N [T~ 'n,Tn]. Select m € 7 satisfying |m — pln| < Tn2p/\/p71, and select
(s,t) € pbirarh o ch that s; = pn + aiy/pr and t; = pl + Bj\/pl, where |ayl, |B;] < logn for

ln,m
alli € [f] and j € [n]. Pick a vertex v € [¢] and a subset S C [n] with size h = |S| satisfying
h,n —h > T~ 'n. Pick an integer t € [0, s,] and write t = ph + 7+/ph. Sample G uniformly

at random from all bigraphs with degree sequence (s,t). If |7| > 1og'® n, then
Pldegg(v) = t] < exp(—C7?).
We prove this through a series of lemmas. We begin with a pair of technical estimates.

Lemma C.9. Fiz a real parameter 6 € (1/2,1) and a constant T' > 1. For all sufficiently large
n€Z andp e (T~ =0 Tn=?), the following are true.
e Select m € Z satisfying |m — pn(n — 1)/2| < Tn?p/\/pn, and select d, € Z satisfying
|dy — pn| < \/pnlogn. Then,
((n—l)(n—2>/2) (D2 -1

m—dy 2m—2d, = exp (O(logn)) p~ e,

(n(n—l)/2) (n(n—l))_l

2m
o Select £ € ZN[T~tn, Tn]. Select m € Z satisfying |m —ptn| < Tn?p/./pn, and select s, € 7
satisfying |s, — pn| < /pnlogn. Then,

(m)

=exp (O(logn)) p—*vel.

l(n—1
(o)
Proof. We prove the first result, as the second one has a similar proof.
Note that
1D (n— n(n—1 -1 n(n—1
(@ 2(_%2)/2) ) [%]1 [ ol ] [% _ m]!
(n(n;l)ﬂ) [@ —(n— 1)}! (m —dy)! [@ -m—(n—1- dv)}!
We find that
M]l n—2
[ 2 | nn—1)
log — = Z log < — Z)
[% — (n — 1)}‘ i=0 2
n—2
B n(n —1) i
=(n—1)log ( 5 ) + » log (1 - n(n_1)>
=0 2
n—2 .
B nin—1) )
=(n—1)log < 5 > - wey T+ O(1/n)
=0 2
=(n—1)log (n(n2— 1)) —14+0(1/n)
and

dy—1 .
m! . )

=0
= dy,logm + O(d?/m)
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= dylogm + O(p)

n—2—d,
=(n—1-dy)log n(n—l)_m + log | 1 !
2 n(n—1) m
=0 2
n—2—dy .
:(n—l—dﬁbg<mn;1)—m>—- nm4§ +0(1/n)
=0 2
— (n—1—d,)log ("(”2_ D _ m> —1+0(p),

SO

((n—:BL(:zZQ)/?) n(n—1)\"" (n(n—1) n—1—dy
(n(nf)/z) = (14 O(p)) (2) m? <2 - m> .

m

We similarly derive

((n—l)(n—2))

2L (14.0(p)) (n(n — 1)) (2m)* (n(n — 1) - 2m)? e
( 2m )
Thus,
n—1)(n—2)/2\ ((n—1)(n—2)y 1 n(n— n—2—dy
n(n— n(n—1)\ ! o 2m n(n—1) '
( ( ml)/2)( (2m1)) 2 -m
We see that
n(n—1) dv B n?
log ([Qm} ) = dylog <2m + O(p)
2
= —d,logp — d, log <77;> +O(p)
n
2m
= —dylogp —d, [W - 1] +O0(1/pn)
2m
= —dylogp — Tt O(1/y/pn)
and
n(n—1) n—2—dy 1
1 —2 =(n—-2—d,)log | ———
0g n(n—1) n v) 108 1 2m
—5 - m " n(n—1)
2m 2
== 7 + O(np )
Adding these two directly implies the desired result. O

Lemma C.10. Fiz a real parameter 0 € (1/2,1) and a constant T > 1. For all sufficiently large
neZandpe (T 'n=0 Tn™Y), the following are true.
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e Select m € Z satisfying |m — pn(n — 1)/2| < Tn?p//pn, and select d € Dﬂf%’h such that
d; = pn + Biy/pn where |3;| < logn. Pick a vertex v € [n] and a subset S C [n] with size
h = |S| satisfying h,n — h > T 'n. Pick an integer t € [0,d,]. Sample G uniformly at
random from all graphs with degree sequence d. We have

h—15(v)y (n—h=1[ps(v)
( ¢ )((nl)d”t )ET [exp(Ar)]
dv

where T = T1 U Ty is a random set chosen by picking T1 uniformly from (St\v) and Ty

P[degg(v) = t] = exp (O(log" n))

uniformly from ([Tg:ﬁfv), and where

Bi VP
A=) = D V6
i€T 1€[n]\vUT n
o Select ¢ € Z N [T 'n,Tn]. Select m € Z satisfying |m — pn| < Tn’p//pn, and select
(s,t) € Dbzgmph such that s; = pn + a;\/pn and t; = pl + Bj/pl, where |ail,|B;] < logn

n,m

for all i € [f] and j € [n]. Pick a vertex v € [{] and a subset S C [n] with size h = |5
satisfying h,n —h > T 'n. Pick an integer t € [0, s,]. Sample G uniformly at random from
all bigraphs with degree sequence (s,t). We have

() (.5
()

where T'= Ty UT5 is a random set chosen by picking T\ uniformly from (f) and Ty uniformly
from ([:jlf), and where

Pldegg(v) = t] = exp (O(log* n)) Er[exp(A7)]

Ar —Z Z 75]

JGT je€MN\T

Proof. We prove only the first result, the second has a similar proof but uses Theorem C.4 instead
of Theorem C.3, and the second bullet point of Lemma C.9 instead of the first.

Let Pgq denote the uniform distribution on graphs with degree sequence d. Given T' C [n] \ v of
size d,, we begin by computing Pgp,[Ng(v) = T]. To this end, define

dr = (dw - 1w€T)w€[n]\v'
Note that 2m = .1, di and let my = m — d,, and let d = 2m/n and dr = 2m7y/(n —1). Note
that by Bayes’ theorem,

Pg(n—1,ms)ldr] (" nzb(nd 2/2) Pg(n—1,my)[dT]

IP)(Gr(n,m) [d] B ( nn— m )/2) ]P)G(n,m) [d]
We compute the remaining two probabilities by appealing to Theorem C 3. Indeed, note that

p=-% =p+O0(p/ypn), and 12(d) = O(plog? n), and similarly ur = -2Z; = p + O(p/,/pn) and
vo(dr) = O(plog®n). Thus, by Theorem C.3, we have

Pgpy[Na(v) = T] = Pgagnm) [ Na(v) =T

Mwempo (0,17
(D=2 E([Jlnfnfz?;’”

m—dy 2m—2dy
(n(n—l)/Q) uen) (nd;l)

Pinpy[Na(v) = T = exp (O(log* n))
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n—1)(n— — _o) —1 n—
("2 (50 ) e (0, 1)
((n=1)/2) (n(n—1)) 7! e (3,)

m m

= exp (O(log4 n))

Note that

Mueppo (0, 1000) _ 1 11 d; 11 n-1l-d
e ("a.)) ("a.)) ierm = iem\our 1

exp(O(log®n)) phie Bi \/pn
(n 1) npeXpZ /*_ Z Bil
dy €T i€[n]\vUT

so by Lemma C.9, we have
exp(Ar)

n—1

("a)
Now pick T; uniformly from (S}v) and Ty uniformly from ([ng\v_is), and let T = T} UTy. Under this
setup, we have

P, [degg(v) = 1] = (

Pirra[Na(v) = T] = exp (O(log" n))

h— ls(v)> <n —h— 1[”]\S(U))ET[IP’GNPd [Na(v) = T]],

t dy —t
SO
(h—lts(’u)) (n—h—dl[n]\s(’u))
Pldegs(v) = 1] = exp (O(log* n) oy Erfep(A)
d'u
as desired. ]

We have the following simple lemma that allows us to commute the expectation over the subset
T with the exponential.

Lemma C.11. Fiz a real parameter 0 € (1/2,1) and a constant T > 1. For all sufficiently large
n€Z andp e (T~ 'n=0 Tn=?), the following is true.

Fiz real numbers a1, ...,a, € R, and consider an integer s € [T 'pn,Tpn]. Pick & € {0,1}"
uniformly at random, and then condition on ) . & =s. Let X =), &a;. Then,

E [eX] = O(\/ﬁ)eE[X].

Proof. The idea is to let Y = ). (;a; where (; are all independently sampled from Ber(s/n). We
see that

E [eY] > P[Bin(n, s/n) = s|E [eX] >Q(1/y/pn)E [eX]
and E [ey] = ¢EX] which completes the proof. O
We are now ready to prove our main result.

Proof of Theorem C.8. We only prove the first result, as the second result has a similar proof but
uses the second bullet point of Lemma C.10 instead of the first.
Define A as in Lemma C.10. We begin by computing its expectation over the randomness of 7.
Indeed, we see that
= >

z€S\v

dv_t B:c
\S\UI\/ZW 2 R\ S U \/pn

z€[n)\oUT
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t \/pn dy —t \/pn

- 1- Yog, - 1- :

> (1) e X (1 )

z€[n)\SUv
_ t Bz dv —t /8:13
= [h p:| o + e[z]:\s [b— . p] o + O(logn)
= O(|7|logn + log® n).

Thus, by Lemma C.10 and Lemma C.11, we have

()

(")
(3G
(a,)
We now bound the hypergeometric term. Indeed, we have that
(DG (D0
(a.) (1)
ti _ p\du—t
= (1+o0(1)) (‘?) Re(n —h)™™"
< (14 o(1)P [[Bin(dy, &) — dy 2] > (I7] — log n) /7]

7| — logn)?
Oy (At

where the last inequality follows from Hoeffding’s inequality. Thus, since |7| > 1log!® n, there is
some constant C' > 0 such that

P[degg(v) = 1] = exp(O(|r|log n + log® n))

= exp(O(|7|log n + log? n))

ndv

Pldegg(v) = t] < exp(—C|7|*),
as desired. O
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