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D.

MAJORITY DYNAMICS ON SPARSE RANDOM GRAPHS

GOPAL GOEL AND ASHWIN SAH

ABSTRACT. Consider a simple undirected graph G on N vertices, with each vertex holding an opin-
ion from one of two options. Starting from the initial opinions on day 1, we run majority dynamics:
on each subsequent day, all vertices simultaneously adopt the majority opinion among their neigh-
bors, retaining their current opinion in case of a tie. A well-studied conjecture of Benjamini, Chan,
O’Donnell, Tamuz, and Tan states that if G is drawn from the random binomial model G(N, p),
and if the starting opinions are chosen uniformly at random, then as long as pN — co the network
will converge to 99% consensus with high probability.

We confirm this conjecture as long as pN > N°¢ for any fixed € > 0, showing that full unanimity
is reached with high probability in O(1/¢) days. This result improves on a line of results by
Fountoulakis, Kang, and Makai, who achieve ¢ = 1/2; Chakraborti, Kim, Lee, and Tran, who
achieve e = 2/5; and Jaffe, who achieves ¢ = 1/3.

The proof technique involves iteratively revealing the “opinion histories” for each vertex through
time, keeping track of the degrees between every vertex and each of 2® opinion history classes on
day k. Our analysis of this process requires intricate estimates for degree-constrained random graph
models using graph enumeration tools from the work of McKay and Wormald as well as Canfield,
Greenhill, and McKay, and their extensions by Liebenau and Wormald. In doing so, we connect the
discrete dynamics to a deterministic idealized process, whose leading-order behavior is described
by conditional Gaussian probabilities and expectations.
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1. INTRODUCTION

The evolution of opinions held by a network of individuals has been studied extensively because
of its central role in social systems. Even natural mathematical models of opinion dynamics exhibit
complex behavior. One of the most basic is majority dynamics, which has been studied in fields
such as biophysics [15] and psychology [5] since the mid-twentieth century; see the survey of Mossel
and Tamuz [18] for broader context.

Explicitly, let G be a simple graph on a finite vertex set V', and give every vertex an initial
opinion in {#+1}. We call the resulting pair g = (G, ¢) a politicized graph, write gr(g) = G, and write
c1(g) = c for its initial coloring. The opinions evolve in discrete time: on every day, all vertices
simultaneously adopt the majority opinion among their neighbors, retaining their current opinion
in case of a tie. Thus, for k& > 1,

+1 Dy (O]
cry1(g)le] = ¢ —1 i 2y ek (8) Y]
ce()le] i Do, e k(@)Y =

It follows from a theorem of Goles and Olivos [8] that on every finite graph this process eventually
reaches either a fixed point or a cycle of period two.

The geometry of the underlying network can affect the outcome in subtle ways, and a substantial
literature studies this interaction. Tran and Vu [21] discovered a striking power of few phenomenon:
in a dense random network, a constant-sized discrepancy in the initial opinion counts is likely to
grow rapidly to consensus. Berkowitz and Devlin [3] sharpened the size of the required discrepancy,
and Sah and Sawhney [19] established a power of one.

The first systematic study of majority dynamics on the Erdés—Rényi random graph was under-
taken by Benjamini, Chan, O’Donnell, Tamuz, and Tan [1|. For a finite set V and p € [0,1], let
G(V,p) denote the random graph on V' in which every pair of vertices is an edge independently with
probability p. Benjamini, Chan, O’Donnell, Tamuz, and Tan posed the following conjecture.

Conjecture (|1, Conjecture 1.5]). Suppose that pN — oo, and fix any constant n > 0. Run majority
dynamics on G ~ G(V,p), where |V| = N, from a uniformly random initial coloring c. Then, with
probability tending to 1 as N — oo, we have

1D @G e))lal] > (1—29)N
zeV
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for all sufficiently large t.

They proved that for p > CN~/2, unanimity is reached by day four with probability at least
0.4. Much of the intervening work has aimed either to prove this conjecture or to understand how a
prescribed initial lead grows. A uniformly random initial coloring typically has a lead of order v/N.

Fountoulakis, Kang, and Makai [7] improved the unanimity probability for p > CN “12t01—¢,
where ¢ = ¢(C) — 0 as C — oo. Chakraborti, Kim, Lee, and Tran [6] extended the range to
p > CN—3/5log N, Jaffe [10] reached p > CN~2/3, and Kim and Tran [11] obtained a related
density threshold p > N—2/3 log2/ 3 N. These arguments follow the random process for at most
three days and then use pseudorandom properties of the graph to amplify the lead. As observed in
[11], reaching lower densities requires following the random process for additional days.

There is also a parallel line of work on fixed initial leads. Write 2A for the difference between
the initial opinion counts. Extending their dense power of few result, Tran and Vu [20] showed
that above the connectivity threshold, the conditions pA > 10 and pA? — oo suffice for the initial
majority to reach unanimity with high probability. Jaffe [10] showed, in the same density range,
that for suitable constants A, B > 0 it is enough to have

A > max {p_1/2 exp (A\/M) , Bp_g/zN_l/z} .

For N~'log? N < p < N~ 121og'/* N, Kim and Tran [11] showed that p/2A > N—12log N
suffices. Our theorem instead starts from the v/N scale corresponding to a uniformly random
initial condition and follows its evolution through every fixed power-law density. Its linear-response
description also suggests the possibility of treating smaller leads, but this would require control of
the error terms at a correspondingly smaller scale.

1.1. Main result. For a finite set V', let Polit(V) denote the set of politicized graphs on V. We
first state our result for a deterministic initial coloring.

Theorem 1.1. Fiz a real parameter 6 € (1/2,1) and a constant T > 1. For all sufficiently large
Ne€Z,allpe (TN~ TN=Y), and all T € [T, T), the following holds.
Let V' be a vertex set with |V| = N, and let ¢ : V — {£1} be a coloring such that

e ' (1) = [N/2) + [7VN .
Sample G ~ G(V,p), and let g = (G, c). If

1
k=2
IR

then with probability 1 — o(1) we have cx(g)[x] =1 for every z € V.

We also prove a uniform-density result, with one threshold for every p from a power-law lower
bound through p = 1.

Theorem 1.2 (Uniform density range). Fiz 6 € (1/2,1) and T > 1. For every n > 0 there exists
No = No(0,T,n) such that, for every integer N > Ny, every

TN <p<i,
every T € [T~1,T), and every deterministic coloring ¢ of a vertex set V with |V| = N and
e (W] = [N/2] + [7VN],
the graph G ~ G(V,p) satisfies

Plow, (G e)le] =1 for everyx € V] 2 1=n,  hu=2 LieJ +3.
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The density quantifier in Theorem 1.2 is simultaneous: Ny is chosen before p and applies to every
density in the displayed interval. Section 6.3 gives a proof sketch, including the response-dependent
stopping argument and the use of the dense-range estimates of Fountoulakis, Kang, and Makai [7]; a
complete Lean proof accompanies the paper, in the repository https://github.com/gopalkgoel/
sparse-majority-dynamics-lean.

In both theorems the probability bound is uniform over the density, bias parameter, and initial
coloring in the displayed ranges. The exponent 6 is fixed before N tends to infinity, and the threshold
for N may depend on 6 and T. Once all vertices agree, they agree forever.

For uniformly random initial opinions, elementary binomial estimates place the absolute initial
lead between two fixed positive multiples of v/ N with probability arbitrarily close to one, by taking
the lower multiple small and the upper multiple large. We may therefore apply Theorem 1.1
uniformly in such a fixed window, reversing the two opinions if necessary, and then let the window
expand.

Corollary 1.3 (Uniformly random initial opinions). Fiz a real parameter 6 € (1/2,1) and a constant
T > 1, and let
1
k=2|—— .
FIEE
For all sufficiently large N € Z and all p € (T7'N=Y TN=?), the following holds. Let V be a
vertex set with |V| = N, let ¢ : V — {£1} be a uniformly random coloring, and let G ~ G(V,p) be
independent of c. Then with probability 1 — o(1) the coloring ¢;((G,c)) is constant for every t > k.

Applying the same conditioning and color-flip argument to Theorem 1.2 gives unanimity from
uniformly random initial opinions, uniformly over T-'N~% < p < 1, by day ky. In particular, for
every fixed € > 0, uniformly over pN > N¢ unanimity is reached with probability 1 —o(1) in O(1/¢)
days. The binomial window argument is given in Section 6.3. This confirms the conjecture of [1]
throughout the polynomial average-degree regime, with unanimity in place of near-unanimity. The
regime in which pN grows more slowly than every positive power of N remains outside these results.

1.2. Overview of key ideas. We now describe the main ideas of the proof. The argument views
majority dynamics as an iteratively revealed degree-constrained random graph process. We transfer
the relevant properties of this dependent process to a tilted independent model, and then compare
its evolution with deterministic parameters governed by conditional expectations of multivariate
Gaussians.

The heuristic is that a small lead grows by a factor of order /pN per update. A typical neigh-
borhood contains about pN vertices, and sampling it from a population with a lead of order 7v/ N
produces an excess probability of order 7v/N1/pN/N for the leading opinion. Summed across the
vertices, this predicts a lead of order 7v/N+y/pN on the next day. Since v/pN =< N1=9/2 it takes
roughly 1/(1 — #) updates for a lead of order v/N to become macroscopic. This explains both
why earlier analyses of only the first few days encounter a density barrier and why a bounded but
arbitrarily long iterative argument is needed here. Throughout the paper, day 1 means the initial
coloring.

1.2.1. Iterative degree revelation. On day k, we distinguish vertices according to their full opinion
histories. A history is a string s € {0,1}*, where 0 represents opinion +1 and 1 represents opinion
—1, and we write

I (g)[s] = {z € V : ¢ (g)[z] = (=11 for every 1 <r < k}.

These 2% classes form the day-k partition of V. The transition to day k + 1 depends only on each
vertex’s degrees into the day-k classes: for x € II;(g)[s], the next opinion is determined by the sign
4
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of
D (=) deglile) o,
te{0,1}*
together with the tie-breaking rule.

This observation lets us reveal only the randomness needed for the next update. The fine state
consists of the opinion-history partition and the array recording every vertex’s degree into every
class. Given this state, the unrevealed graph is uniform over graphs with the prescribed within-
class and between-class degree sequences. Equivalently, its restrictions to the different class pairs
are independent uniform graphs or bipartite graphs with prescribed degree sequences. This gives a
universal one-step kernel K, independent of p and of the initial coloring.

The fine state contains more information than the induction needs. We therefore pass to a coarse
state, which retains the history partition, the total number of edges between every pair of classes,
and whether the degree array satisfies the required regularity bounds. Different fine states with
the same coarse data can have different next-step laws, so this projection is not a lumping of the
fine chain. Conditioning on the coarse state instead averages the universal fine-state kernel over
all compatible fine states. Analyzing this fiber-averaged transition, which is the exact conditional
one-day law, is a key structural step in the proof.

1.2.2. Distributional transference through a solvability tilt. The main obstacle is that conditioning on
the current histories and edge totals introduces substantial dependence. We compare the resulting
degree-array law with a simpler row model in which, for a vertex in class s, its degrees into the
classes t € {0,1}* are independent binomial variables. Their edge probabilities are allowed a small
tilt from p, written A[s, ¢], and the row is conditioned to satisfy the inequalities encoding the vertex’s
opinion history.

The tilt is chosen to reproduce the prescribed edge totals in conditional expectation. The existence
of such a tilt is the solvability condition. Once it holds, concentration may first be proved in the
independent row model and then transferred back to the true coarse fiber law, after imposing the
exact edge totals.

The analytic input enabling this transfer is the asymptotic enumeration of graphs with prescribed
degree sequences, beginning with McKay and Wormald [16,17] and, in the bipartite setting, Canfield,
Greenhill, and McKay [4], and extended across the relevant densities by Liebenau and Wormald
[13, 14]; see also the survey [23|. These enumeration formulae compare the probability masses of
individual degree arrays satisfying suitable regularity bounds in the graph and binomial models;
conditioning on the histories and exact totals then gives the required transference. A polynomial
lower bound for the probability of the exact totals allows us to add that conditioning without losing
the concentration estimates. The multidimensional Berry—Esseen theorem of Bentkus 2] enters the
Fourier local limit estimate used to bound the probability of the exact totals.

The resulting local theorem says, roughly, that from any coarse state satisfying explicit admis-
sibility conditions, the next class sizes and edge totals follow a deterministic local template with
high probability, and the next degree array again satisfies the required regularity bounds. This is
the probabilistic step that can be iterated.

1.2.3. Asymptotic evolution of the history classes. The majority decision for a vertex in a given
history class is governed by an alternating sum of binomial degrees. After centering and scaling by
VPN, the degree row converges to a multivariate Gaussian conditioned on the inequalities recording
the previous majority decisions. Consequently, the local template has a universal limiting description
in terms of conditional Gaussian probabilities and expectations.

Suppose that opinion +1 initially leads by 27V N + O(1). We construct deterministic idealized
class sizes n[s] and edge totals m[s,t], depending on (N,p), and universal response coefficients
e[s]. The idealized quantities describe the evolution of the local template from balanced initial
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data, while ¢[s] describes its first-order response to the initial lead. For every fixed day in the
perturbative range, the actual class sizes satisfy

[T (g)[s]]| = n[s] + VN (/pN)*"le[s] + a smaller error

with high probability. The idealized sizes themselves have leading order n[s] ~ Nv[s]. The propor-
tions v[s] are defined together with edge-correction parameters pls, t| and Gaussian mean parameters
v[s, t] by a universal recursion independent of N and p. The response coefficients €[s] evolve through
a companion linearized recursion built from the same Gaussian data. Thus, for each fixed day, all
four families consist of universal real constants.

We emphasize two key points. First, there is no random idealized dynamics that exactly realizes n
and m. They form a deterministic sequence obtained by iterating the local template from balanced
initial data. Second, although n[s|] ~ Nv[s], the available bound

N
n[s] — Nv[s]| < — log" N
| < m
is much larger than the lead scale v N(y/pN)*~! on days k < 1/(1 — 6). Replacing 7n1[s] by the
simpler approximation Nv[s] would therefore obscure the signal we need to track. To extract the
lead at its correct scale, we use the exact color-flip symmetry

nfs] = nls,

so the idealized contributions cancel when the history classes are summed according to their current
opinions. The remaining first-order contribution satisfies

e[s0] > 0 > ¢[s1]

for every history s. Thus the initially leading opinion gains vertices coherently across all history
classes, rather than suffering cancellation between them.

To turn this asymptotic description into an induction, we call a coarse state faithful when its
sizes and edge totals lie within prescribed tolerances of the idealized parameters plus their linear
response to the initial lead. The Gaussian recursion provides the limiting parameters; inverse-
function arguments produce the tilted binomial parameters realizing the required edge totals; and
the local theorem propagates faithfulness from one day to the next.

When kg := 1/(1 — ) is an integer, the perturbation reaches the boundary of the linear regime
on day kg. A separate one-sided argument then supplies the needed macroscopic lead on day kg + 1.

In all cases, by day
1
— 1
)

the leading opinion has a lead of at least order N log N/+/pN.

1.2.4. Contraction phase. At that point we leave the degree-revelation analysis. An argument of
Chakraborti, Kim, Lee, and Tran [6] shows how the jumbledness and minimum-degree properties of
G(V, p) force contraction toward unanimity once the lead is sufficiently large. Specifically, the lead
becomes macroscopic after one further day, and thereafter the set of vertices holding the minority
opinion shrinks by a factor O((pN)~!) on each day. After at most |1/(1 — )] + 1 additional days
we reach unanimity, yielding the time bound in Theorem 1.1.

1.3. Organization. Section 2 encodes opinion histories as fine states, constructs the universal

transition kernel, and passes to the coarse fiber law used by the induction. Section 3 proves the

one-day local transition theorem by transferring concentration from a tilted independent row model

and then controlling the resampled degree-constrained graph. Section 4 develops the universal

Gaussian recursion and proves the coherence of its linear response. Section 5 constructs the idealized

parameters, defines faithful states, and proves that the actual coarse trajectory remains faithful until
6



the lead leaves the perturbative scale. Section 6 combines the resulting lead with the deterministic
contraction phase to prove the fixed power-law theorem and its random-initial-opinions corollary,
then sketches the uniform-density extension. Appendix A collects the comparison results of Liebenau
and Wormald, together with the binomial, graphicality, concentration, and Gaussian-conditioning
tools used throughout. Appendix B proves the comparison between the coarse fiber law and the
conditioned row model. Appendix C derives the edge-splitting and degree-regularity estimates
needed by the transition kernel from single-edge estimates of Liebenau and Wormald. Appendix D
supplies the inverse-function results for the conditional-mean maps underlying the Gaussian and
binomial tilts. Appendix E proves the existence, perturbation, and critical-day statements used in
the idealized evolution.

1.4. Notation and conventions. All asymptotic notation is interpreted as the relevant size pa-
rameter tends to infinity. In a statement which first fixes constants and then quantifies over all
sufficiently large N and over further choices depending on NN, the implicit constants and o(1)-terms
may depend on the initially fixed constants but are uniform over all subsequently quantified choices.
Thus, for example, the conclusion of Theorem 1.1 is uniform over p and 7 in the stated ranges.

A statement that asserts the existence of a constant names the constant after the statement
and records the parameters on which it depends; for example, Theorem 3.3 produces C33 =
C33(0,k,T,¢$). Within that statement and its proof the constant is written without arguments.
Every later use writes it as the function it is, evaluated at the parameters in force at that point. For
instance, Cc2(6,T1) is the constant of Theorem C.2 for the parameter value T in place of T'; and
the constant of Lemma A.10 with 7' in place of T and with input K is written C4.19(f, T, K).
Constants named Cy, C1,... or ¢, ¢y, ... inside a proof are internal to that proof.

Parentheses indicate map application, square brackets index structured data, and subscripts index
families and parameters. For example, IIj(g)[s] is the s-part of the partition II;(g); these objects
are defined in Section 2. We retain the usual probabilistic notation P[-] and E[-].

1.5. Acknowledgments. We thank Mehtaab Sawhney for many valuable ideas and contributions
to this project, including the ideation and early stages.

Statement on AI use. A complete manuscript containing the proof of Theorem 1.1 was written by
the authors without Al assistance by August 2025, with further human revision continuing into early
2026. From August 2025 through August 2026, the authors used GPT-5.5, GPT-5.6, and Claude
Fable to compare versions, trace dependencies, reorganize arguments, and assist with rewriting. In
September 2026, these systems helped restructure the proof according to its logical dependencies
and audit the argument line by line; the audit resolved several minor issues in the original presen-
tation. Between September 6 and 10, GPT-6 Astra produced a complete Lean formalization of the
proof under extensive direction from the authors. Claude Fable separately formalized the required
results of Liebenau and Wormald [13,14] in a single session after being supplied the two papers.
GPT-6 Astra and Claude Fable were subsequently used to prove and formalize the uniform-density
strengthening, Theorem 1.2, including the dense-range argument based on Fountoulakis, Kang, and
Makai [7]. The authors reviewed and substantially revised the resulting mathematics and exposition.
The mathematical content, final text, and any errors are the responsibility of the authors.

2. SETUP

2.1. Politicized graphs and opinion histories. Throughout this section, fix a finite vertex set
V.
We index strings in {0, 1}* from 0 to k — 1, so if s € {0,1}*, then s = s[0] - - - s[k — 1].
7



For s € {0,1}?, define

> if s =00,

< if s=01,
Zsi=

> if s =10,

< ifs=11.

For every k > 1, define

Part,(V) := ¢ T: {0,1}F -2V : V= | | s
s€{0,1}*

Thus an element of Party, (V) is a partition of V whose parts are indexed by {0, 1}*.
For every k > 1, the day-k partition of g is the element I (g) € Party (V') given by

Ik (g)[s] :== {ZL’ eVie(g)a] = (-1 Uforall1 <r< k} .

In particular,

V= || Mgl

s€{0,1}*

for every k > 1, and II;(g)[s] is exactly the set of vertices whose opinion history through day k is
the binary string s, with 0 representing +1 and 1 representing —1.
For any u € RIO1" and s € {0,1}*, let Z,(u) denote the assertion that

Z (_1)t[r_1]u[t] Zs[r—l}s[r} 0

te{0,1}*
forall 1 <7 <k — 1. For any u € RIO1D" and s € {0,1}*", let J,(u) denote the assertion that
Z (_1)t[r_1]u[t] 25[7"—1}5[7“} 0
te{0,1}k

forall 1 <r <k.

For a graph H on V, a vertex x € V, and a subset S C V, write degg:r for the number of
neighbors of x in S in the graph H. If uft] = deggnrk(?;)[t] x, then the rth inequality above records the
sign of the day-r neighbor imbalance around x, with ties resolved according to the day-r opinion of

x. Consequently, for every s € {0,1}* and b € {0,1},

1 (g)[sb] = {x € i (g)[s] : Tsp <(deggnr,f?3>[tl f’f)te{o,l}k) } '

2.2. State spaces and the iterative degree revelation process. For II € Parti(V) and a
graph H on V, define the degree array o(Il, H) € zV>{01}* hy

O(IL, H) [z, t] := degg[t] x
for z € V and t € {0,1}*. For d € ZV*{01*  write d[z, o] = (d[z,t])ieq0,1)+ and define
m(I1,d)[s, t] := Z d[z,t].
z€Il[s]

A finite sequence of nonnegative integers is graphical if it is the degree sequence of a simple
graph, and a pair of such sequences is bipartite graphical if it is the pair of side-degree sequences of
8



a simple bipartite graph. For II € Party(V), let D(II) C ZV>{01* 16 the set of graph-realizable
degree arrays relative to II:
D) := {6(II, H) : H is a simple graph on V}.

We also call the elements of D(II) graphical.

We fix some terminology, which recurs throughout. The parts II[s] of a partition II € Party (V)
are called its blocks. A block pair of II is an unordered pair {s,t} of indices s, € {0,1}*; it is
internal if s = t, in which case it refers to the edges inside the single block Il[s], and bipartite
if s # t, in which case it refers to the edges between II[s] and II[¢t]. Every simple graph on V'

decomposes into its restrictions to the 2% internal block pairs and the (2; ) bipartite block pairs of
II, and these restrictions involve disjoint sets of vertex pairs. When several partitions are in play,
we say “block of II” and “block pair of II”. Graphicality of an array is a condition block pair by
block pair:

Fact 2.1 (Graphicality is a block-pair condition). Let II € Party(V) and d € ZV*{01" . Then
d € DI) if and only if, for each s € {0,1}*, the sequence (d[w, s])zens) s graphical, and for
each pair s,t € {0, 1} with s # t, the pair of sequences (d[z,1]) enis) and (d[y, s])yenp s bipartite
graphical.

Proof. 1f d = (11, H), then the restriction of H to Il[s] realizes (d[z, s])ers) and the restriction of
H to the pairs between I1[s] and II[t] realizes the pair (d[z, t]),em(s], (A[y, s])yermyy. Conversely, given
a graph on each II[s] and a bipartite graph between each Il[s] and II[t] realizing these sequences,

their union H is a simple graph on V', because the block pairs involve disjoint sets of vertex pairs,
and §(II, H) = d by construction. O

The history constraints select the subset
D) = {d € D) : Zy(d[z, o]) for all s € {0,1}* and = ¢ H[s]} .
The day-k state space is
Si(V) := {(IL,d) : II € Party(V) and d € DX (1)} .
For o0 = (II,d) € Si(V), we write
part(o) := 1II, deg(o) :=d.

This is the convention we use throughout for structured objects: canonical components are accessed
by named projection maps rather than repeated unpacking.
Every politicized graph g on V determines a state

or(g) := (Ix(g), 6(k(g), gr(a))) € Sk(V).

This information determines the next partition.

Fact 2.2 (Reconstruction from a fine state). Let k > 1, let V' be finite, and let (II,d) € Si(V).
For every simple graph H on V with 6(II, H) = d and every coloring ¢ : V. — {£1} satisfying
clz] = (=1)*1 for x € I[s], the politicized graph g := (H,c) satisfies

c(@lz] = (=) (1 <r <k s€{0,1}F, zels)).
In particular, o(g) = (II,d), and every state in S(V') is attainable.

Proof. The assertion for r = 1 is the hypothesis on c. If it holds for some r < k, then for z € II]s],

Yo=Y (DT Vdegfjye= Y ()T Udlr, 1] 204 0.

Y~HT te{0,1}k te{0,1}F
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The last relation is the rth constraint in Z,(d[z,e]). Together with ¢,(g)[z] = (—1)*"~Y, the tie-
breaking rule gives ¢, 1(g)[z] = (—1)°I"l. This proves the assertion by induction, hence IIj(g) = II
and o (g) = (II,d). A realizing graph H exists because d € D(II), which proves attainability. [

For o € Sk(V), define its refinement @ (o) € Partg,1(V) by
O (0)[sb] := {z € part(o)[s] : Tap(deg(o)[x,e])}

for every s € {0,1}* and b € {0,1}. Because for each fixed x € part(c)[s] exactly one of
Jso(deg(o)[z, e]) and Js1(deg(o)|x, o]) holds, this is indeed a partition of V. Moreover, if 0 = oy (g),
then @k(a) = Hk+1<g)

Definition (The kernel Kj). For every ¢ = (II,d) € Sk(V), define Ki(o,-) as follows. For
each s € {0,1}*, sample a uniformly random simple graph Hj s on II[s] with degree sequence
(d[z, s])zemfs)- For each unordered pair {s,t} of distinct elements s,t € {0, 1}*, sample a uni-
formly random simple bipartite graph Hy; = H;s between IlI[s] and IIt] with degree sequences
(d[x, t])zems) and (d[y, s])yemp)- Take all these sampled graphs and bipartite graphs to be mutually
independent.
Given these sampled objects, define D € ZV>{0. 13! by setting, for = € Tl[s], t € {0,1}*, and

b e {0,1},

deggs’s r, t=s,

DIz, th] = { A
deg%’(a)[tm x, tF#s.

Then, for every subset of states A C Si11(V), set
Ky(0, A) i= P[(®(0), D) € A]

This is well-defined for every o € Si(V): the sampled objects exist by Fact 2.1, and the pair
(®r(0),D) always lies in Si11(V). Indeed, let H be the simple graph on V' whose edge set is the
union of the edge sets of the graphs H, ; and the bipartite graphs H, ;; these edge sets are disjoint,
so this is well defined. Then D = §(®x (o), H) by construction, so D € D(®x(c)). Moreover, if
x € $y(0)[sb], then for each 1 < r <k,

S ()" D = S~ dle, g,

uef{0,1}k+1 te{0,1}*

because ®(o)[t0] U @y (o)[t1] = I[t] for each t € {0,1}*, so that D[z, t0] + D[z, t1] = d[z,] and
the two sums agree term by term. Since x € ®x(0)[sb], the condition Js(d [z, e]) holds, and by the
displayed identity this is the same as the condition Zg,(D|x, e]). As this holds for every z € V, we
conclude that D € DI(®.(0)), that is, (®r(0), D) € Spy1(V).

Proposition 2.3. Fizp € (0,1), a finite set V, and a coloring ¢ : V — {£1}. Sample G ~ G(V,p),
and let g = (G, c). Then (0k(9));>; s a time-inhomogeneous Markov chain on the finite state spaces
Sp(V') with transition kernels (Ky)k>1. Equivalently, for every o € Si(V) with Plok(g) = o] > 0
and every A C Sk41(V),

Ploki1(g) € Al or(g) = o] = Ki(o, A).

Proof. We first explain why the displayed one-step statement, which conditions on the present state
only, is equivalent to the Markov property, which conditions on the whole history (o1(g),. .., 0%(g))-
The reason is that oj(g) determines the earlier states: for r < k, the block II,.(g)[u] is the union
of the blocks II;(g)[s] over the strings s whose first r bits form «, and §(II,(g), G)[z, u] is the sum
of the entries d(Ilx(g), G)[x, s|] over the same strings s. Hence conditioning on oj(g) is the same as
conditioning on the whole history, and it suffices to prove the displayed identity.

10



Once oy (g) = (I1,d) is known, the next partition is already determined: it is exactly @ (o). The
only remaining randomness in oy41(g) is the way the degree-constrained edge sets of the block pairs
of IT split across the deterministic refinement @y (o).

Condition on oy(g) = (II,d). Since this state has positive probability, IT is compatible with the
fixed initial coloring ¢, in the sense that z € II[s] implies ¢[z] = (—1)*[). Conversely, on the event
d(II,G) = d, Fact 2.2 gives ox(g) = 0. Thus, for the present state o, the event {ox(g) = o} is
exactly the event {§(II, G) = d}.

The random edge sets of the internal and bipartite block pairs of II are independent in G(V, p),
and the constraints recorded by d involve these disjoint edge sets separately. Therefore the con-
ditional law is a product over the block pairs of II. Inside II[s], every simple graph with degree
sequence (d[x, s]),er(s) has the same number of edges, and hence the same conditional probability;
similarly, between II[s] and II[t], every simple bipartite graph with degree sequences (d[z,?])zers)
and (d[y, s])yemy has the same number of edges. Thus the conditional distribution is exactly the
product of uniformly random degree-constrained graphs and bipartite graphs used to define Kj/(o, -).

It follows that the conditional law of o41(g) given ox(g) = o is K(o,-), which depends only on
the present state. This is the Markov property. [l

2.3. Coarsening the state space. We next record the coarser information that will be propagated
in the inductive estimates. For II € Party(V'), define the edge-count space

M) = {m e zi0 {0, m[s,t] = mlt,s], mls,s] € 2Z,
0 < mls,t] < [I[s]| (JIL[t] — Ls—y) for all s,¢ € {0, 1}k}.

Thus ms, t] records the number of edge incidences from II[s] to II[t]; for s # ¢ this is the number
of edges between the two parts, while m/[s, s] is twice the number of edges inside Il[s]. For every
d € D(II), the array m(II,d) defined above belongs to M(II).

For p € (0,1) and d € ZV*{01" Jet kp(II,d) denote the assertion that
[z, 1] - plI[A]| < (pIV])*
for every € V and t € {0,1}¥.
The day-k coarse state space is the finite set
Ve(V) o= {(ILm, n) : 11 € Party(V), m € M(IT), n € {0,1}}
For y = (I, m,n) € Vi (V), we write
part(y) :=1II,  edge(y) :=m,  reg(y) :=n.

We use Vi (V) as a common codomain; not every element of V(1) need arise from a fine state. For
each p € (0, 1), define the coarsening map p,gp) :Sk(V) = Vi(V) by

p](gp) (U) = (part(a), m(part((f), deg(a)), ]lmp(part(a),deg(a))) :

Thus pg’ ) vecords the current partition, the edge counts between its parts, and whether the fine

degree array is p-regular in the sense above.

Say that y € Vi(V) is p-attainable if there exists o € Sk(V') such that p;p)(a) = y. We next
define the fiber law A?(f ) of a p-attainable coarse state y: it is the law of a fine state sampled from
the fiber (p,(cp ))*1(y), with the weights that the random graph G(V, p) induces on that fiber. Sample
G ~ G(V,p) and set

ay(G) := (part(y), d(part(y), G)) -
11



Then Ag’) is the law of 7,(G) conditioned on the event that o,(G) lies in Si(V') and, for this
resulting fine state,

o) (3,(G)) = y.

Since p € (0,1) and y is p-attainable, this conditioning event has positive probability.
Concretely, write IT := part(y) and m := edge(y). Choose independently a uniform graph with
m[s,s]/2 edges inside each II[s] and a uniform bipartite graph with mls, ] edges between each

unordered pair of distinct blocks II[s], IT[t]. The fiber law Ag(/p ) is the law of (I, d) for the resulting
degree array, conditioned on the vertexwise histories Zy(d[z,e]) and on x,(II,d) or its negation
according to reg(y). The local estimates use only reg(y) = 1; Proposition 3.7 gives the formal
identification with the auxiliary degree laws.

For a p-attainable coarse state y € Vi (V') and every event B C Vi11(V), define

K (y,B) = E,a® |:KI<: (U, (p,(ﬁl)_l (B))] .

Equivalently, to sample from K,(gp) (y,-), first sample o ~ A(yp ), then sample ¢’ ~ Ki(o, ), and output
() [ s

Pt ().

Remark (The coarse one-step law is a fiber average). The refinement ®5(c) is decided vertex by
vertex by the rows d[z,e], so fine states with the same coarse projection can have different next
partitions. For instance, with k = 1 and suitable parameters, rows (a, b) with a > b for every vertex
of II[0] send all of that block to 00, while replacing half the rows by (a + ¢,b — ¢) and half by
(a—c¢,b+c), with ¢ > a — b, preserves the edge counts but sends only half of the block to 00. Thus
the coarse process is not a lumping of the fine chain: no kernel @), satisfies

K, (a, (p,(szl)‘l(B)) — Qs (p,gm(a), B) for all o € Sp(V), B C Va1 (V).

The conditional one-step law instead averages over Ay ’, as proved in Proposition 2.4; this identity

supports induction by the law of total probability. The history constraints can couple the block
)

(p)
Y

pairs in Ag(/p . Section 3 controls this law and then K} at a typical fine state.

Proposition 2.4 (One-step coarse conditioning). Fiz p € (0,1), a finite set V, and a coloring
c:V = {£1}. Sample G ~ G(V,p), and let g = (G,c). If y € Vi(V) satisfies

P [pip)(ak(G)) = y} > 0,
then y is p-attainable, and for every B C Vi11(V),
P o)y (0k1(0)) € B | P (on(9)) = 4] = K (v, B).
Proof. Let II = part(y) and write

Eyi={ol (on@) =y}, 7= (L3(ILG)).

Since P[E,] > 0, the partition IT is compatible with the fixed coloring ¢: if x € Il[s], then c[z] =
(-1
We first identify the event E,. On E, we have II}(g) = II, hence o4(g) = (I, (I, G)) = 0; in

particular o € Sk(V) and p,(cp) (¢) = y. Conversely, if ¢ € S;(V) and p,(cp) (¢) =y, the compatibility

of II with ¢ and Fact 2.2, applied to the graph G, give ox(g) = . Thus pgf)(ak(g)) =y, and
therefore

B, = {5 e8(v), o) =y}
12



In particular, y is p-attainable. Since o;(g) = o on Ey, conditional on E, the state o (g) has law
Az(/p ), which by definition is the law of & conditioned on the event displayed above.

Let A = (pgﬂl) Y(B). Every state o in the support of Aép) satisfies Ploy(g) = o] > Plok(g) =
o, E,] > 0, so Proposition 2.3 applies to it and gives

Plokti(a) € A | ok(g) = o] = Ki(o, A).

For such o we also have {o}(g) = o} C E,, because p(p)( ) = y. Hence, by the law of total

probability over the value of oj(g), whose conditional law given E, is Agp ),

P o) (ori1(e) € BI B,| = ZP o(g) = o | By Ploki1(g) € A | o(g) = o]

=E, \p [Kk (Ua (Pi(ﬁl)il(B)ﬂ ’

which is fép ) (y, B) by definition. O

3. THE LOCAL COARSE TRANSITION THEOREM

We prove a one-day estimate for the fiber-averaged law K, K )( ,-): under the local admissibility
conditions below, the next coarse state follows an explicit template up to the stated errors. The
induction applies this estimate through Proposition 2.4.

Definition 3.1 (Local admissibility). Fix & > 1, a finite set V, p € (0,1), and constants 7' > 1 and
¢ €(0,1/2). Let y = (II, m,n) € Vi(V), write N := |V| and n[ ] := |I[s]|, and let

A € (0, 1)1 {01},
We call A a tilt. It prescribes, for each block II[s] and each block II[t], a binomial success probability
Als, t] with which the degrees from vertices of II[s] into II[t] will be modeled; the name refers to the
fact that replacing p by a nearby A[s, t] amounts to an exponential tilt of the binomial law Bin(-, p),
and the role of the tilt is to make an independent binomial model reproduce the prescribed edge

counts m after conditioning on the history constraints (condition (LAS8) below). For each fixed
s € {0,1}%, let Ay o denote the {0, 1}*-indexed random vector with independent coordinates

Ay~ Bin (nft] — Te=i, N[s,t]),  t€{0,1},

which models the row d[x, e] of a vertex = € II[s]. We say that (y,\) is (T, ¢, p)-locally admissible
if the following conditions hold:

(LA1) The regularity coordinate is true:
reg(y) = 1.
(LA2) The current part sizes are of order N, and the imbalances tested on earlier days are controlled:
nls]| > T 'N

for every s € {0,1}*, and

S (1 nfy| < T

te{0,1}k

forevery 1 <r <k-—1.
13



(LA3) The current edge counts have the expected scale:

2
jmfs,£] — pnfslnft)] < T2

=T 75

for all s,t € {0,1}*.
(LA4) The edge-count denominators are positive:
m[s,t] >0

for all s,t € {0,1}*.
(LA5) The current edge-count imbalances are separated from their tie thresholds:

N?%p
Z (=D m[s, 1] >y qpep (-1) T
te{0,1}+ PN
for every s € {0,1}* and every 1 <r <k — 1.

(LAG6) The tilt is controlled:
p
Als,t] —p| <T—
psvtl =5l < T
for all s,t € {0,1}*.

(LA7) The conditioning event is nondegenerate:
P[Zs(As0)] = ¢

for every s € {0, 1}

(LAS8) The tilt solves the edge-count constraints:
n[s|E [Asy | Zs(Ase)] = mls, 1]

for all s,t € {0,1}%.

(LA9) The next split is nondegenerate:
QS < P [JSb(As,o) | IS(AS,.)] <1- ¢

for every s € {0,1}* and b € {0,1}.

We refer to these conditions by their labels (LA1)—(LA9) throughout.

Definition 3.2 (The local template). Let & > 1, let n € Z{>01’1}k, and let A € (0,1){01}">{0.1}*,

For each s € {0,1}* let Age = Age(n,A) be the {0, 1}*-indexed random vector with independent
coordinates As; ~ Bin(n[t] — Ls=, A[s, t]); when n[t] = |II]t]| for a coarse state y = (II,m,n),
this is the vector of Definition 3.1. Suppose that P[Zs(Ase)] > 0 for every s € {0,1}*, and let
m € RO gatisty m[s,t] # 0 for all s,t. The local template of (n,m,\) is the triple
(nloc, glo¢ mloc) defined by
n°[sb] := n[s]P [Tp(As) | Zs(Asa)]
for s € {0,1}*¥ and b € {0, 1},
Kloc[sb,t] :=n[s]E [As,t]ljsb(As,.) | IS(A&.)]
for s, € {0,1}* and b € {0,1}, and
£°¢[sh, t]0'¢[tc, 5]
mls, t]

mi°¢[sh, tc] :=

for s,t € {0,1}* and b,c € {0,1}. For a coarse state y = (II,m,n) and a tilt A such that (y, \) is
(T, ¢, p)-locally admissible, the local template of (y, A) is the local template of ((|II[s]]) scfo,13%, 72, A);

conditions (LA7) and (LA4) supply the two hypotheses. The template depends on y only through
14



the sizes |II[s]| and the edge counts m; stating it for arbitrary size vectors n allows the same formulas
to drive the idealized process of Section 5, whose sizes are not the block sizes of any partition.

Theorem 3.3 (Local coarse transition). Fiz 6 € (1/2,1), an integer k > 1, and constants T > 1
and ¢ € (0,1/2). There exists a constant Cs33 = Cs53(0,k,T,¢) > 0 such that the following holds
for all sufficiently large N. Let V' be a finite set with |V| = N, let

pe (T—lN—",TN—9> :

and let y = (II,m,n) € Y&(V) be p-attainable. Suppose that (y, ) is (T, ¢, p)-locally admissible for
some

A € (0, 1){01 " x{0.13",
Let n'°¢, £1°¢ and m!°® be the local template from Definition 3.2. Let E,(Ql(y, A) C Viy1(V) be the
set of ally' € Vi11(V) such that, writing II' := part(y') and m' := edge(y'), the following conditions
hold:

(L1) I refines I1 one step, in the sense that
II'[s0] U IT'[s1] = I1[s]

for every s € {0,1}*.
(L2) The next regularity coordinate is true:

reg(y’) = 1.
(L3) The next part sizes follow the local template:

’]H’[sb]\ _ ploc [sb]‘ < 035V Nlog N

for every s € {0,1}* and b € {0,1}.
(L4) The next edge counts follow the local template:

(pN)M/7

N log N

‘m'[sb, tc] — m'°[sh, tc]‘ < C33N?p
for every s,t € {0,1}* and b,c € {0,1}.
Then

K¢ (905 (5. 0) = 1= o(1).

Theorem 3.3 is the only place in the argument where the degree-constrained random graph models
have to be analyzed: its proof is where the transference machinery of Appendix B, which controls the

fiber law Ag(/p ), and the degree-constrained graph estimates of Appendix C, which control the kernel
K, enter; both rest on the imported enumeration theorems and elementary estimates collected
in Appendix A. Once the theorem is available, the remainder of the analysis is independent of
these tools: it consists of deterministic estimates showing that the local template of Definition 3.2
propagates the quantities we track, together with an induction over days through Proposition 2.4.
The rest of this section is devoted to the proof of Theorem 3.3.

3.1. Ambient degree arrays and auxiliary laws. We next introduce the auxiliary objects used
in the proof of Theorem 3.3. These objects are not part of the state space Sp(V'). They separate

an ambient model of independent binomial rows, the row model Ry ) of Definition 3.5 below, from

the graphical degree-array model appearing in the fiber law A?(f ),

15



Definition 3.4 (Ambient degree arrays). For IT € Part,(V), define
A = {d ez on" o < dfz, ] < [I[t]| — Tyemypy for all x € V, ¢ € {0, 1}"”} .
For d € A(II), let Z1;(d) denote the assertion that
Zs(d[z, o])

holds for every s € {0,1}* and every x € II[s]. For C > 0, p € (0,1), and m € M(II), let
I'cp(I1,m,d) denote the assertion that, writing NV := [V,

1 . _ mls, 1] 2
g 2 (dn= ) <

x€Il[s]

for every s,t € {0,1}*.
The ambient space A(II) should be distinguished from the graphical space D(II). The independent

binomial model below lives on A(IT); graphicality enters through comparison with the graphical law
and through a support-compatibility lemma, Lemma B.1.

Definition 3.5 (Auxiliary degree-array laws). Fix II € Partg(V) and m € M(II). The event
m(IL, 6(II, G)) = m has positive probability for G ~ G(V,p), because the constraints defining
M(II) are exactly those that make the edge counts m[s, s]/2 inside II[s] and m/[s,t] between II[s]
and II[t] realizable by a simple graph. Let Gy, be the law of (I, G) conditioned on

m(IL, 6(II, G)) = m.

We regard Gpy,, as a probability measure on A(II), supported on D(IT) N {d : m(II,d) = m}. This
law does not depend on the value of p € (0,1). Equivalently, Gy, is the product, over the block
pairs of II, of the degree-array laws obtained from a uniformly random simple graph on II[s] with
m[s, s]/2 edges for each internal block pair {s, s}, and from a uniformly random simple bipartite
graph between II[s] and II[t] with m[s,¢] edges for each bipartite block pair {s,t}.

For A € (0, 1){0’1}kx{0’1}k, let R\ be the product law on A(II) under which, independently for
each z € Il[s] and each ¢ € {0,1}%,

Dz, 1] ~ Bin (|[t]| — Ls—s, [s, 1]) .

We call Ry ) the row model: under it the rows D[z, 8] are independent, and the law of the row of
x € II[s] depends only on the block index s.

The following fact, used in Section 3 and in Appendix B, says that conditioning the row model
on the history constraints preserves its product structure. Here Ay, is the random row vector of
Definition 3.1, whose law under Ry ) is that of D[z, ] for any = € II[s].

Fact 3.6 (Rows of the conditioned row model). Let IT € Part (V) and A € (0,1){00{0.13" " pq
suppose P[Is(Ase)] > 0 for every s € {0,1}*. Under Ry (- | Znr), the rows D[z,e], x € V, are
independent, and for x € Il[s] the row Dlx,e| has the law of Ase conditioned on Is(Ase). In
particular, for each s the rows (Dlx, o]),crr(s] are n[s] independent copies of Ase | Zs(As,e)-

Proof. The event Ir1 = (), ¢y Zy(x) (D[, o]), where s(x) denotes the block index of z, is an intersec-
tion of one event per row, each depending on that row alone, and it has positive probability by the
hypothesis. Since Ry ) is a product over rows, for arrays d € A(II) satisfying Zy;(d),

H eVIP) [As(:c) * — d[x’ .H
= ’ = P[ASQU,':d[:U?.] ‘st(Asx,o)]a
ey P [Zo) (Asay.e)] xl}/ (z) (x)\s(2)

and Ry z(d | Zir) = 0 when Zyy(d) fails, which is also the value of the right-hand side. The right-hand

side is a product law with the stated factors. [l
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Proposition 3.7 (Fiber law in auxiliary notation). Let p € (0,1) and let y = (II,m, 1) € YVp(V') be
p-attainable. If o ~ Aép) and D := deg(o), then D, viewed as an A(Il)-valued random array, has
law

GHﬂTb ( | I, ’%P(Hﬂ )) :
FEquivalently, for every event E C A(II),

AP ({0 : deg(0) € E}) = G (E | I, 15 (11, )) .

Proof. By definition, Az(/p ) is obtained by sampling G ~ G(V, p), forming
53/(G) = (Ha 6(H7 G))7
and conditioning on
5@ eSV),  pE,(G) =y

Writing D = §(II, G), the first condition says exactly that D € D(II) and Zy(D) holds, and the
condition D € D(II) is automatic because D is the degree array of the graph G. Since y = (II, m, 1),
the second condition imposes

m(II,D) = m, rp(11, D).

Thus Az(/p) is the law of (II, D) conditioned on the single event {m(II, D) = m} N Zy N (1L, -).
Writing B := Iy N kp(I1,-) and {m} := {d € A(II) : m(II,d) = m}, we therefore have, for every
E C A(II),

A?(f’)({o:deg(g)GE}):P[DGEQ{W}QB] :P[DEEﬂBlDe{m}]

P[D € {m} N B PD e B|D e {m}]
G m(E N B)
=——— 7 =G (E|B)),
Grm (B) nm{E15)
where the second equality divides numerator and denominator by P[D € {m}] > 0, and the third
is the definition of Gy, as the law of D = §(II, G) conditioned on {m} (Definition 3.5). O

3.2. Local transference for a coarse fiber. The purpose of this subsection is the following
transference principle: an event whose failure probability under the independent row model Ry y,
conditioned on the history constraints and on the exact block-pair edge counts, is small also has
small failure probability under the fiber law Ag(,p ), up to a constant factor and an additive e . This
is what allows all subsequent probabilistic computations to be carried out in the row model, where
the rows are independent, rather than in the graphical model. The proof relies on the enumeration

comparison and the second-moment regularity results of Appendix B.

Proposition 3.8 (Local degree-array transference). Fiz 6 € (1/2,1), an integer k > 1, and con-
stants T > 1 and ¢ € (0,1/2). There is a constant Csg = Cs8(0,k,T,¢) > 0 such that for all
sufficiently large N the following holds. Let V' be a finite set with |V| = N, let

pe(TT'NO TN,

and let y = (II,m, 1) € Vi (V) be p-attainable. Suppose that (y, ) is (T, ¢, p)-locally admissible.
Then for every event E C A(II),

AP (o : deg(o) ¢ E) < eV + C35Rup (B | I, m(IL D) =m).

In particular, if Rux(E | I, m(II,D) =m) =1 —o(1), then Aé,p)(a :deg(o) € E)=1—o0(1).
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Proof. Throughout the proof we abbreviate I' := T'c:,  (g.5,7,0),p(IL, M, +), Kp 1= kp(I1,-), and {m} :=
{D € A(IT) : m(I, D) = m}. By Proposition 3.7, it suffices to prove

Gn’m (EC | InN /{p) < e N + C38 RH7)\ (EC | I, {m}) (3.1)

for a suitable constant C'5g.
Step 1: restriction to I'. By Lemma B.3,

Grm (T¢ | I Nkyp) < e V. (3.2)
Since E¢ C T U (E°NT), and since G m (Zin N kp) > Grm (I NZi N kp), Bayes’ rule and (3.2) give

Grm (ECNT NI Nkp) ce N4 Grm (ECNT NI Nkp)

Gt (B¢ | Tn N ky) < e N
II,m ( | 11 K’p) >e€ + GH,m (IH N Hp) =€ Ger (F NZoN :‘ﬂ?p)

(3.3)

Step 2: comparison with the row model. The measure Gy ,, is supported on {m}, so the numerator
and denominator in (3.3) are sums of Gy, (d) over arrays d € {m} Nk, NI". By (LA2), (LA3), and
Lemma B.1, every such array is graphical, and the restriction to I' in Step 1 is exactly what makes the
bounded-ratio comparison Lemma B.2(ii) available for every such array (on k, alone only the weak

comparison (i) with the factor exp{O((pN)?>/")} holds). Write C} := C ,(0,k,T,Cp3(0,k, T, $))
for the constant of that comparison. Summing the upper bound G (d) < CiRpa(d | {m}) over
the arrays in the numerator and the lower bound Gyy,,(d) > O 'Rpa(d | {m}) over the arrays in
the denominator,
Ger (EC NI'NZgnN Hp)
GH,m (F NZgN I-ip)

Ry (ECNTNZnNky | {m})
RH)\ (F NZgN Kp | {m})

< O3 (3.4)

Step 8: Bayes’ rule in the row model. The event Zy N {m} has positive Ry -probability by
Lemma B.6, so we may divide the numerator and the denominator of the right-hand side of (3.4)
by Ria(Zi | {m}), which converts both into probabilities conditional on Zyy N {m}:

RH,A (EC NI'NIgnN Kp ‘ {m}) _ RH)\ (Ec NN Kp ‘ In, {m}) < RH,)\ (EC | I, {m})

RH,/\ (Pﬁznﬂﬁp ‘ {m}) RH,)\ (Fﬂﬁp \IH,{m}) - RH’)\ (Fﬂ/ﬁ:p ]IH,{m})

For the denominator, the chain rule together with Lemma B.7 and Lemma B.4 gives

(3.5)

R (00 kp | T, {m}) = Rux (5 | Zu, {m}) Rox (T [ Zin £, {m}) = (1 = o(1))(1 = o(1)) >

W | =

(3.6)
for all sufficiently large N. Combining (3.3), (3.4), (3.5), and (3.6),

Ger (EC | InnN Kp) < e_N + 2012 RH’)\ (EC | I, {m}) ,

which is (3.1) with Css := 20% = 2C% ,(0,k,T,Cp3(0,k, T, ¢))?; this constant depends only on
0,k, T, ¢. The final sentence of the statement follows because the bound holds uniformly in £. O

3.3. Degree-array concentration in a coarse fiber. In this subsection we prove that a degree

array sampled from the fiber law Ag(/p ) is typical in the three respects that the kernel splitting step
will need: individual degrees are concentrated, the sizes of the parts of the next partition are close
to the local template n!°¢, and the degree masses carried by these next parts are close to the local
template £1°°. The proof works in the row model and transfers to the fiber by Proposition 3.8.
We first name the two statistics of a degree array that determine the next partition and its degree
masses.

For II € Party(V), d € A(II), s € {0,1}*, and b € {0,1}, define

Waql[sb] := {z € ll]s] : Tap(d[z,e])}.
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For s,t € {0,1}* and b € {0, 1}, define
Lafsb,t] == Y d[x,t].
x€Wq[sb]

For a fine state (II,d), Wq[sb] = @ ((II,d))[sb] is the next part, and Lq[sb, ] is its degree mass into
I1[t], which K} splits between the next parts t0 and ¢1. Both quantities are defined on all of A(II),
including arrays that do not arise from a graph, because the row model lives on this ambient space.

Proposition 3.9 (Fiber degree-array estimates). Fiz 6 € (1/2,1), an integer k > 1, and constants
T >1 and ¢ € (0,1/2). There exists a constant C39 = C39(8,k, T, ») > 0 such that the following
holds for all sufficiently large N.
Let V be a finite set with |V| = N, let
pe(TT'N~*, TN,
and let y = (II,m, 1) € Vi (V) be p-attainable. Suppose that (y,\) is (T, ¢, p)-locally admissible, and
let nl°¢ and £1°¢ be the local template from Definition 3.2. Sample
(I, d) ~ AP
Then, with probability 1 — o(1), the following estimates hold simultaneously:

(R1) Individual degrees are concentrated:

[, ¢] — p|II[t]|| < v/pN (log N)*/?

for every x € V and t € {0,1}*.
(R2) The next part sizes follow the local template:

’]Wd[sbﬂ _ ploc [sb]‘ < C59vV/Nlog N

for every s € {0,1}* and b € {0,1}.
(R3) The degree masses follow the local template:

’L [sb, {] — £1°°[sb t]( < Cyo NP 1oe N
d s U ) >~ L39—F7—
VN

for every s,t € {0,1}* and b € {0,1}.

Proof. We prove the proposition with C3 9 := 1. Let £ denote the event that (R1), (R2), and (R3)
hold. We first prove

Ri (€| Zn, m(II,D) =m) =1 — o(1).

By (LAT) the hypothesis of Fact 3.6 holds, so under Ry (- | Z11) the rows D[z, ] are independent,
and if x € II[s] then the row has law

Ase | Zs(Ase)-
Conditions (LAT7) and (LA6) give P[Zs(Ase)] > ¢ and |A[s,t] — p| < Tp/+/pN. For fixed x € II[s]
and ¢, the mean of A, ; satisfies
[EAs: — plIH|| = |(n[t] — Ts=t) Als, t] — pnft]] < nft]|Als,t] — p[ + Als, 1]
< T/pN +2p < §/pN(log N)*/?
for large N, so Chernoff’s inequality gives

log N)4/3 B
B [14.s — pITIE]| > VPN (105 )27 < 205 (—(gZAf) N,
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After division by P[Zs(Ase)] > ¢ and a union bound over the 2¥ N pairs (z,t), estimate (R1) fails
with probability N=<(1) under Ry x(- | Zn).
For fixed s € {0,1}* and b € {0,1}, the random variables in the family (17, (D))
mutually independent under Ry x(- | Zpr), with common mean
P[uzsb(As,n) | Is(As,o)]-
Therefore |Wp|[sb]| is binomial with n[s] < N trials and mean n'°¢[sb] by Definition 3.2, and Cher-

noft’s inequality gives

oc Nlog? N .
P H|WD[sb]| — nlocfsp]| > \/NlogN} < 2exp <2(N/4+\/gﬁlog]\7/3)> — N,

z€Il[s] are

which is estimate (R2) with C39 = 1.
For fixed s,t € {0,1}* and b € {0, 1}, put

X, = D[x’t]]ljsb(D[m,OD’ x € H[S].

The random variables in the family (X;),ems are mutually independent under Ry (- | Zr) and
have mean
0°°([sb, 1]

nls]
where the equality is the definition of £'°° in Definition 3.2. On the high-probability event (R1)
already proved, every X, is at most D[z, t] < p|II[t]| + /PN (log N)?/3 < 2pN, using |II[t]] < N and
taking N sufficiently large. Therefore, replacing X, by the truncated variable X/ := X, 1 X, <2pN
changes the sum ern [s] X, with probability N=«() only. The truncation also changes the means,
but negligibly: since 0 < X, < N,

0 < E[X,] — E[X}] = E[X,1x,52,n] < NP[X, > 2pN] = N,

E [As’t]]‘jsb(As,c) ‘ IS(A&.)] =

S0 ‘ern[s] E[X]] — £°°[sb, t]‘ < n[s]N~*1) = N~ which is negligible against the error term
below. Hoeffding’s inequality applied to the n[s] < N independent variables X! € [0,2pN] gives
1 N?p 2. 1N3p2log? N
/ / 4
P> X,- > E[X]) >§TlogN < 2exp (— NN

z€Il[s] z€Il[s]
2
— gexp (_log8 N) _ N,

and combining the three displays,

1 N?%p N?%p
X, — 0°[sb,1]| < =—=1log N + N™“() < —Zlog N
IGZH:[S] ] _QW ° a \/N °

with failure probability N~“(1); this is estimate (R3) with C39 = 1. A union bound over the at
most 22**1 choices of s,t,b gives

Rra(E¢ | In) = N, (3.7)
By Lemma B.6,
Ria (m(ILD) = m | Iy) > (N?p)~“re@kTo) (3.8)
By Bayes’ rule, (3.8), and (3.7),
Ry (E¢N{m(II,D) = m} | In)

R (m(I1,D) = m | In1)
20

Ria (€°| I, m(II, D) = m) =




Rip (€| In)
= (NZP)—CBﬁ(evk’T’(z))

Hence Proposition 3.8, applied to the event £, gives
AP (0 : deg(o) ¢ €) < e + Cy5(0,k, T, )N~W = o(1),
which is the claim. ]

S (NQP)CBG(eak’Tzd))N*w(l) — wa(l)

3.4. Splitting the block-pair graphs under the kernel. We now fix a typical degree array

d from the fiber, in the sense of Proposition 3.9, and study the second stage of the sampling

procedure for F,(cp ). the kernel K, x((II,d), -) samples a uniformly random degree-constrained graph

or bipartite graph on each block pair of II and restricts it to the next partition. The next partition
is deterministic given d, so what has to be shown is that the edges of each block-pair graph split
between the next parts in proportion to the degree masses Lq, and that the new degree array is again
regular. The first statement is a second-moment computation based on the edge probabilities in a
random graph with prescribed degrees (Lemma C.1), and the second is a large-deviation estimate
for a single degree into a subset (Theorem C.2); both are proved in Appendix C.

Proposition 3.10 (Kernel splitting estimates). Fiz 0 € (1/2,1), an integer k > 1, and constants
T >1and ¢ € (0,1/2). There exists a constant Cs 19 = C3.10(0,k, T, ¢) > 0 such that the following
holds for all sufficiently large N.
Let V' be a finite set with |V| = N, let
pe(TT'NO TN,
and let (y, \) be (T, ¢, p)-locally admissible with y = (II,m,1). Let d € DX(II) satisfy
m(Il,d) =m
together with the estimates (R1) and (R2) of Proposition 3.9. Sample
o = (',D’) ~ Ki((I1,d), -).
Then, with probability 1 — o(1), the following hold simultaneously:
(S1) The next partition is the deterministic split:
Il'[sb] = Wq|sb]

for every s € {0,1}* and b € {0,1}.
(S2) The neat degree array is regular: r,(II',D’) holds.
(S3) The next edge counts split proportionally to the degree masses:
Lq[sb, t|Lqlte, s]

mls, t]

for every s,t € {0,1}* and b,c € {0,1}.
Proof. Assertion (S1) is deterministic: by the definition of Kj we have II' = ®((Il,d)), and
1 ((IL,d))[sb] = Wqlsb] by the definitions of ® and Wy.

We record two consequences of the hypotheses that are used repeatedly below. First, by (LA2),
(LA9), and (R2), for all sufficiently large N,

%N < |Wash]| <N forall s € {0, 1}* and b € {0,1}, (3.9)
since |[Wq[sb]| > n'°®[sb] — C3.9(0,k, T, ¢)vV/Nlog N > ¢n[s] — C39(0,k,T,6)v'Nlog N and n[s] >
T~IN. Second, by (R1) and (LA2), for all sufficiently large N,

[z, 1] — pn[t]] < /PN (log N)?/3 < I?in}k (pn[u))*7 for all z € V and ¢t € {0,1}*, (3.10)
ue{0,1

N)1/7
< C310N?*p (pN)

', D’ —
(I, D) [sb, ] =

log N
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where the minimum over u is what allows the degrees on either side of a bipartite block pair {s,t}
to be measured against the size of the other block. Finally, put

T, := max {T5/2, 2;;} (3.11)

which is the value of the constant T with which Lemma C.1 and Theorem C.2 are applied be-
low: since every block size n[u] lies in [T~!N, N], their hypothesis p € (Tfln*G,Tln*(’) holds
because T) > T the hypothesis ¢ € [Tfln,Tln] holds because T1 > T, the edge-count hypoth-
esis |m — pln| < Tin?p//pn (respectively |m — pn(n — 1)/2| < Tin?p/\/pn) follows from (LA3)
because TN2%p/+/pN < T5/2n2p/\/m for n > T~!N (in the internal case, where m = m/[s, s]/2, the
additional term 3pn[s] from pn(n — 1)/2 versus pn?/2 is absorbed, since pn < n*?2,/p), and the
subset-size hypotheses hold by (3.9) because T1 > 2T/ ¢.

We prove (S3). Suppose first that s # t. Under Kj((II,d), -), the bipartite graph between II[s] and
II[t] is uniformly random among all bipartite graphs with side-degree sequences (d[x,t]),cr(s and
(d[y, s])yemyy; it has exactly -, g dz, 1] = m(IL, d)[s, t] = m[s, t] edges. We apply Lemma C.1(iii)
to this bipartite graph with ¢ = n[s], n = n[t], U = Wq|[sb], U = Wyltc|, and with the constant
T of that lemma equal to 77: the hypotheses on p, on ¢, on the edge count m[s,t], and on the
subset sizes hold by the discussion following (3.11), and the degree hypotheses hold by (3.10) with
u =t (the lemma measures the deviations of both degree sequences, of (d[z,t]),er(s) from pn[t] and
of (d[y, s])yemyy from pnls], in units of (pn)¥7™ = (pn[t)*7). Since > zewalsh) @, t] = Lalsb, 1],
> yewaitd Ay, s] = Lalte, s], and m(Il', D’)[sb, c] is the number of edges between Waq[sb] and Waltc],
the lemma gives

sb,t|Lq|te, s]
m|s, ]

(pN)V/7
N

L
m (I, D’)[sb, tc] — dl < C1N?p

log N

with probability 1 — o(1), where C7 := 2T the lemma is stated with n = n[t] € [T~'N, N], and its
error term npy/(pn)Y/7/nlogn is at most T%7N?p+/(pN)/7/N log N because n=6/7 < 16/7TN—6/7
(the factor 2 in C is not needed here; it is needed in the internal case with b = ¢ below).

Now suppose s = t. Under Ky ((IL,d),-), the graph on II[s] is uniformly random among all graphs
with degree sequence (d[z, s])ers); it has exactly m[s, s]/2 edges. The hypotheses of Lemma C.1(i)
and (ii) are verified exactly as above, with n = n[s], U = Wq[sb], and the constant T" of the lemma
equal to T7. If b = ¢, the quantity m(IT', D’)[sb, sb] is twice the number X of edges inside Wyq([sb],
and Lq[sb, s]2/m][s, s] is twice the centering (X zewasy Al s])2/(4 - ml[s, s]/2) of Lemma C.1(i), so
that lemma gives

(erwd[sb] dz, 5]>2
4-mfs,s]/2

Ld[Sbv 8]2

=2|X —
mls, s]

< C1N?p

N)L/7
(p]\z log N,

’m(H', D')[sb, sb] —

where the factor 2 is absorbed by C1 = 2T'. If b # ¢, then Wy([sc] = I1[s]\Wq[sb] and m(IT', D’)[sb, sc]
is the number of edges between Wy[sb] and Wy[sc], so Lemma C.1(ii) gives

sb, s|Lq[sc, s

17
‘m(H’,D’)[sb, sc] — Lal < C1N?p (p]j\; log N.

mls, s]

A union bound over the at most 222 choices of s,t,b, ¢ proves (S3) with C3.19 := Cf.

It remains to prove (S2). Fix a vertex x € II[s] and a new part Il'[tc] = Wyltc]. If t = s, then
D'z, tc] is the degree of x into the subset Wyq[sc] of II[s] in the uniformly random graph on II[s]
with degree sequence (d[z, s]).ems); if ¢ # s, it is the degree of z into the subset Wyltc] of II[t] in
the uniformly random bipartite graph between Il[s| and II[t] with the side-degree sequences above.
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We apply Theorem C.2(i) in the first case and Theorem C.2(ii) in the second, with n = n[t] (and
¢ = n[s] in the bipartite case), v = x, S = Wy[tc], and the constant T' of that theorem equal to
Ti: the hypotheses on p, on £, on the edge count, and on the size of S hold by the discussion
following (3.11), and the degree hypotheses |a;|, \BJ| < logn from (R1), because nu] > T~!N gives
VDN (log N)?/3 < /T\/pnfu] (log N)?/3 < \/pn[u]logn[t] for u € {s,t} and all sufficiently large
N. Now the event that x,(II', D’) fails at the entry (z,tc) is the event that D[z, tc] = ¢’ for some
integer ¢’ with |t/ — p|Wqltc]|| > (pN)*7. Writing such a t' as t' = p|Wq[tc]| + 7/p|Waltd]], we
have |7| > (pN)*7/\/pN = (pN)'/1* > 10g'% N for all sufficiently large N, so Theorem C.2, whose
constant is Cc2(0,T7) here, bounds the probability of this event by

Zexp —Cea(0, T1)72) < O(pN) exp (—C’C.Q(H,Tl)(pN)lﬁ) — N~

for each fixed x and tc. A union bound over all 2 € V and the 25! choices of tc gives (S2) with
probability 1 — o(1). O

3.5. Proof of the local coarse transition theorem. The proof assembles the two preceding

propositions along the two-stage sampling procedure that defines F,(gp ) (y,-): a fiber sample o ~ A(p )

is typical by Proposition 3.9, a kernel sample from a typical ¢ is well behaved by Proposition 3. 10
and the conclusions of the two propositions combine into the four defining conditions of E,(ﬂl(y, A).
The only computation left is to replace the degree masses Lq appearing in (S3) by their local

templates £1°°.

Proof of Theorem 3.3. We prove the theorem with
C33:=C39(0,k,T,0) + C310(0,k, T, $).
By the definition of F,(cp ) (y,-), we may sample from it by first sampling
= (I, d) ~ AP,

then sampling

= (I', D) ~ Ki(o, "),

and finally setting y' := p,(ﬁl(a’). We must show that y’ satisfies (L1), (L2), (L3), and (L4) with
probability 1 — o(1).
Step 1: the fiber sample. Every o in the support of Az(,p) lies in Si(V') and satisfies p(p)( ) =vy;
hence
deDX(ll) and  m(Id) =m. (3.12)

By Proposition 3.9, with probability 1 — o(1) over o ~ A?(Jp), the array d also satisfies (R1), (R2),
and (R3). Fix such a d for the rest of the proof. Then (3.12), (R1), and (R2) are exactly the
hypotheses on d in Proposition 3.10.

Step 2: the kernel sample. By Proposition 3.10, with probability 1 —o(1) over ¢’ ~ K ((I1,d), -),
uniformly in the array d fixed in Step 1, the conclusions (S1), (S2), and (S3) hold. Fix such a o’.

Step 3: werification of (L1)~(L4). By (S1), II'[sb] = Wq[sb] for all s € {0,1}* and b € {0, 1}. Since
for each x € Il[s] exactly one of Jso(d[z, e]) and Js1(d[z, e]) holds, we have Wq[s0] L Wq[s1] = II[s],
which is (L1). By (S2) and the definition of pl(ﬁl, we have reg(y’) = 1, qv,p/) = 1, which is (L2).
By (S1) and (R2),

|TI'[sb]| — n!°¢[sD]

— [IWalst]l = n'*“[sb]| < Cyo(6,k, T, )VNlog N < Cy5v/Nlog N,

which is (L3).
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It remains to prove (L4). Fix s,¢ € {0,1}* and b, ¢ € {0, 1}, and write m’ := edge(y’) = m(Il', D’).
Recall that m[s,t] > 0 by (LA4). By the definition of m!°®, the triangle inequality, and (S3),

N1/7
m/[sb, tc] — mloc[sb, tc]’ < C3.10(0,k, T, p)N?p (Z)]\; log N
3.13
|Ld [sb, t]Lq[tc, s] — £1°¢[sb, t]0°%(te, SH (3.13)
mls, i] '
We bound the last term. Since Wyqltc] C I1[¢] and m(H d) =m by (3.12), we have
0 < Lglte, s] < Z d[z t,s] =m[s,t],

ell[t]
and since 17,4, ,) < 1, condition (LAS) gives
0 < £1°[sb, t] < n[s]E [Asy | Ts(Ase)] = mls, t].
Writing
Lq[sb, t]Lg[tc, s] — £°°[sb, t]£'°[tc, 5]
- <Ld[sb, £] — ¢o¢[sb, t]) Lalte, s] + £°°[sb, 1 <Ld [te, s] — £°°[te, s])
and applying (R3) to both differences, we obtain
|La[sb, ] Latc, s] — £1°¢[sb, t]{*C[tc, 5|

< ‘Ld [sb, 1] — £°°[sb, t]‘ n ‘Ld[tc, s] — £o°[te, s]‘

mls, t]
NZ
< 2C59(0,k, T, gﬁ)fj\]; log N.
Finally,
N)L/7 N?
N?p &logN = (pN)1/14 . T]\I;logN,

and (pN )1/ 14> 9 for all sufficiently large N, so the bound just obtained is at most

(PN
N
Inserting this into (3.13) gives (L4) with Cs33 = C39(6,k,T, ¢) + C3.10(0, k, T, ¢).
Steps 1 and 2 each fail with probability o(1), so ¢’ € ‘Cl(#l(y’ A) with probability 1 — o(1) under

the sampling procedure defining F,(cp )(y, -). This proves the theorem. O

Cs.9(0,k,T,¢)N? log N.

4. THE UNIVERSAL RECURSION

The local coarse transition theorem describes one day of the coarse process from an admissible
state in terms of its local template, which is a functional of the current sizes, edge counts, and tilt.
To run the theorem for a bounded number of days we need to know, ahead of time, states around
which the template can be controlled uniformly: these are the faithful states of Section 5, defined by
comparison with an idealized process. The idealized process is, to first order, governed by universal
numbers that do not depend on N or p: proportions v[s] of vertices in each history class, first-order
corrections p[s, t] to the edge densities between classes, and linear responses €[s] of the class sizes to
the initial imbalance. This section defines these numbers through a recursion driven by conditioned
Gaussian vectors, and proves the sign facts about them on which the whole argument rests: the
responses are coherent, £[s0] > 0 > ¢[s1], so that the imbalance is amplified rather than washed
out.

24



Nothing in this section depends on NN, p, or the setup of Sections 2 and 3, except through the
assertions Zg and J, of Section 2, which are statements about real vectors. The analytic input is
Appendix D. For a string s € {0,1}* we write 5 for its bitwise complement.

4.1. Gaussian row models and the conditional-mean map.

Definition 4.1 (Gaussian row model). Fix k > 1. Forv € ]R{>00’1}k and v € RO 116 Gauss-

ian row model with means 7 and variances v is the family of random vectors Wse = (Wi 1)icq0,13%5
s € {0,1}*, with all coordinates independent and

Ws,t ~ N(’}/[S,t], V[t]) .

For s € {0,1}*, 2 € R{O* and 1 < r < k, define the linear forms

Zop(z) = (=110 " ()T Uaf] 1<r<k-1), Zgl)= > (-)Fzp,

te{0,1}k te{0,1}k

and the open cone

e, = {x eROV" . Z, (2) > 0forall 1 <r<k— 1} :

with Cs = R{O1* when k = 1. Thus Cs is the set of vectors satisfying every inequality of Z; strictly,
and for b € {0,1} the set C;N{(—1)"Zs . > 0} is the set of vectors satisfying every inequality of T,
strictly.

Since a Gaussian vector with positive variances lies on a given hyperplane with probability 0, we
have P[Z;(Wse)] = P[Wse € Cs] > 0 and P[Ts(Wse)] = P[Wse € Cs, (—1)°Z; 1(Ws) > 0] > 0, s0
all conditional expectations below are well defined, and conditioning on Zs(Ws,e) or on Jgp(Wse)
is the same as conditioning on the corresponding open set. The k linear forms Z,1,...,Z;; are
linearly independent (their coefficient vectors are pairwise orthogonal).

Proposition 4.2 (The conditional-mean map is a strong bijection). Fiz k > 1, s € {0, 1}’“, and

v e R{fdl}k. For v € RUOB® [et WY be the random vector with independent coordinates WIt] ~
N([t],v[t]). Then

Fo, RO 0 F () :=EW" | W”ec,],
is well defined, that is, its values lie in Cs, and it is a strong bijection in the sense of Definition D.1.

Proof. For k = 1 the cone C; is all of R{O’l}, the conditioning is on a sure event, and Fj, is the
identity, which is a strong bijection. Let & > 2, and let M, € R(*=1*2" he the matrix whose rth
row is the coefficient vector p,. of Zs ., that is, p.[t] = (=1)*F(=1)"r=1. Then C; = {z : Mz > 0}.
The rows are nonzero, and they are pairwise orthogonal: for r # 7/, flipping bit r — 1 of ¢ is a
bijection of {0,1}* that changes the sign of p, [t [t], so 3, pr[tlp[t] = 0. Hence My has rank
k — 1, and Corollary D.4 with d = 2¥, M = M,, and ¥ = diag(v), which is positive definite, shows
that Fy, = Fg, is a strong bijection onto Cs. ]

4.2. Proportions and edge-density corrections.

Definition 4.3 (The universal sequences v, v, u). We define, for every & > 1, numbers v[s] > 0
for s € {0,1}* and ~[s, t], u[s, t] € R for s,t € {0,1}*, by induction on k.

For k = 1: v[0] = v[1] :==1/2, and ~[s,t] = u[s,t] := 0 for all s,t € {0,1}.

Step k — k + 1: suppose v and u are defined on {0, 1}* and satisfy

Wlt] puls, t])eqo,3x € Cs for every s € {0,1}* (4.1)
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(Lemma 4.4 shows that this holds). Let
v[s, 0] := F;,/l ((V[t] M[37t])te{0,1}k> (s € {0,1}%),

with F,, the map of Proposition 4.2, and let W, s € {0, 1}*, be the Gaussian row model with
means v and variances v, so that

E[Wsi | Zs(Wse)] = v[t] uls,t]  for all s,¢ € {0,1}*. (4.2)

For s,t € {0,1}* and b, ¢ € {0,1} define
v[sb] := v[s] P [Tsp(Wie) | Zs(Wis)] » (4.3)
plsb. ] = S W | Ta(Wao)l + 5B Wes | FeWe)] = s, 1] (1.4)

The Gaussian row model W o attached to day k in this definition is used throughout the section;
we refer to it as the day-k Gaussian row model. The meaning of the three sequences is the follow-
ing. In the idealized process of Section 5, a vertex of the history class s has degree vector whose
fluctuations, in units of v/pN, are governed by Wjo: the class s has proportion v[s] of the vertices,
its members have on average \/pN v[t]u[s,t| more neighbors in class ¢ than the trivial pNv[t], a
relative excess of u[s,t]//pN, and 7[s, e] is the mean that makes a Gaussian row conditioned on
the history Zs reproduce these excesses.

Lemma 4.4 (The recursion is well defined). For every k > 1 the quantities of Definition 4.3 are
defined on {0,1}*, and:
(i) v[s] > 0 for every s € {0,1}*, and Ysefopr Vsl =1;
(i) uls, ] = plt,s) for all 5,1 € {0, 1}*;
(i) (4.1) holds, that is, Zs, ((v[tluls,t]):) > 0 for every s € {0,1}* and 1 <r <k — 1.

Proof. We prove by induction on k that the day-k quantities are defined and satisfy (i)—(iii). For
k=1, v[0] = v[l] = 1/2 are positive and sum to 1, y = 0 is symmetric, and (iii) is vacuous because
Cs =R alsoy =0 = FST,}(O), since Fj, is the identity for k = 1.

Suppose the claims hold for some & > 1. By (iii), condition (4.1) holds, so v[s,e] is defined
through Proposition 4.2, the day-k Gaussian row model is defined, and (4.2) holds. All conditional
expectations in (4.3) and (4.4) are defined because P[Js,(Ws.e)] > 0, as noted after Definition 4.1.
We verify the three claims on {0,1}¥+1,

(i): v[sb] > 0 because P[Ts,(Ws.e) | Zs(Wsae)] > 0. For a vector z satisfying Zs(z), exactly one
of Jso(x) and Js1(z) holds, since the two differ only in the kth inequality, which is >, _1jo in one
and >, _1]1 in the other, and these two relations are complementary. Hence

v[s0] + v[s1] = v[s] (P[Ts0(Ws,e) | Zs(Wie)] + P[Ts1(Wise) | Zs (Wi )]) = vls],

and summing over s gives Y, e i1 V[u] = 3o co 1yr vls] = 1.

(ii): the right-hand side of (4.4) is invariant under exchanging (s,b) with (¢, c), because uls,t] =
u[t, s] by the induction hypothesis.

(iii): fix s € {0,1}* and b € {0,1}, and let € RO be the vector z[u] := v[u]u[sb,u]. For
t € {0,1}%, (4.4) gives

z[t0] + =[t1] = W E Wi | T(Wse)]
+ 1,13] Z V[te| E[Wys | Tie(Wee)] — (v[t0] + v[t1]) pls, ]
ce{0,1}
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The first coefficient is 1 by (i). In the second term, vtc] = v[t]P[Tre(Wre) | Ze(Wia)] by (4.3),
and since Jy0 and Jy1 partition 7, the law of total expectation gives Y . P[Tie | Zt| E[Wr s | Tic] =
EWis | Zt(Wie)] = v[s|ult,s] by (4.2); so the second term equals v[t|u[t,s]. The third term is
—v[t|uls,t]. By (ii) the last two cancel, and

z[t0] + z[t1] = E Wiy | Tap(Wse)] (t € {0,1}%). (4.5)

Now let 1 < 7 < k. For u = tc € {0,1}**! we have u[r — 1] = t[r — 1], and (sb)[r] = s[r] for r < k—1
while (sb)[k] = b. Hence, by (4.5),

Zgpr() = (=1 ()T (2[t0] + 2[t1]) =

{E[ZSAWS,.) | T Hl<r<h-l,
t

(—1PE[Zep(Waa) | T if r =k,

where Jg, abbreviates Js,(Ws,e). Conditioning on Jg,(Ws e) is conditioning on the nonempty open
convex set Cs N {(—1)"Z, > 0}, on which the linear forms Zs, (r < k — 1) and (—1)°Z, are
positive; by Lemma A.12 the conditional mean of Wj , lies in this set, so all the displayed quantities
are positive. Thus = € Cy, which is (4.1) on {0, 1}¥+1, O

Lemma 4.5 (Bit-flip symmetry). For every k > 1 and s,t € {0,1}*,

visl=vis|, A5 =Alst],  ulst] = plst].
Consequently Zte{o,uk(_l)t[r_l]V[t] =0 for every 1 <r <k.

Proof. Let R: R{O’l}k — R{O1}* be the reflection (Rx)[t] := z[t], an involution. Substituting u =t
and using (—1)"1 = _(_1)t[i]7

Zs,(Rx) = 187"12 D) = Zo () (1 <r<k-1),

Zsx(Rz) = Z(—nlﬂ[’f*”x[u] = —Zo ().

u

Consequently RCs = Cs, and R maps Cs N {(—1)Z; ;> 0} onto Cs N {(—1)"Zsx > 0}; in words, R
carries the strict forms of Zs and Jg to those of Zg and J 3.

We prove the three identities by induction on k; for £ = 1 they hold because v[0] = v[1] and
v = u = 0. Suppose they hold on {0,1}*. If W has independent coordinates Wt] ~ N (v[t], v[t])

and v[t] = v[t], then RW has independent coordinates (RW)[t] = Wt] ~ N ((Ry)[t], v[t]); therefore
Fs,(Ry) =E[RW | RW €Cs]|=RE[W | W € Cs] = RF,(7),

that is, F5, o R = Ro Fs,, and hence ngl o R = Ro F;,. The vector vy := (v[t]u[s, t]); satisfies
vs[t] = v[t|u[s, t] = v[tlu[s,t] = vs[t] by the induction hypothesis (applied to the pair (3,t)), so
vs = Rus, and therefore s, o] = ngl(Rvs) = R~[s, o], which is y[s, t| = v[s, t]. It follows that the

day-k Gaussian row model satisfies W5 o 4 RWs; o, and by the first paragraph the events Zg(Ws.)
and J.3(Ws,) correspond, up to null sets, to Z,(Ws,e) and Ju(Ws,e) under this identification.
Hence

P [jEB(Wgy') ’ Ig(Wg,)] =P [jsb(WS,O) ’ IS(W&.)] ’ E [Wg,f | jgg(WE,o)] =E [Ws,t ‘ jsb(Ws,o)] )

and (4.3), (4.4) give v[sb] = v[sb] and u[sb,t¢] = u[sb, tc], completing the induction. Finally, for

1 < r <k, pairing t with ¢ in Et(—l)t[’”*l]y[t] shows that the sum equals its own negative, hence

vanishes. O
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4.3. The linear response.

Lemma 4.6 (Conditional covariance). For every k > 1 and s € {0,1}*, the matriz
S 1= Cov (Wie | Zs(Wys)) € RO
with entries Ys[t,t'] = EWo Wy | Zs(Wse)] — E[Weyt | Zs(Ws o) E[Wsp | Zs(Wse)], is positive

definite, where Wy o is the day-k Gaussian row model.

Proof. Conditioning on Zy(W,) is conditioning on the nonempty open convex set Cs, and Wy o is
Gaussian with the positive definite covariance diag(v). Lemma A.12 applies. (|

Definition 4.7 (The universal sequences e, 5). We define, for every k£ > 1, numbers ¢[s] for
s € {0,1}* and B[s, ] for s,t € {0,1}*, by induction on k.

For k =1: ¢[0] :==1 and ¢[1] := —1.

Step k — k -+ 1: suppose ¢ is defined on {0,1}*, and let W e be the day-k Gaussian row model.
For s € {0,1}* let 3[s, o] € RO be the unique solution of the linear system

> Bl 15[t ) =elt] (¢ {0,1}Y), (4.6)
t'e{0,1}k
which exists by Lemma 4.6; equivalently, the random variable B, := ),/ {01} Bls, t'|W p satisfies
Cov(Bs, Wy | Zs(Wss)) = €[t] for every t. For s € {0,1}* and b € {0,1} define
elsb] == v[sb] (E [Bs | Tov(Ws,e)]l — E[Bs [ Zs(Ws.)]) - (4.7)
The role of these quantities will be made precise in Section 5. There, an initial imbalance of 7v/ N
vertices will be represented, relative to the balanced idealized process, by the first-order class-size

k—1
displacement 7v'N+v/pN k_le[s] on day k, together with an effective-tilt displacement 7 \/% Bls, t]

in direction ¢t. Equation (4.6) is the compatibility relation that will make this tilt reproduce the
neighboring class-size responses ¢[t], while (4.7) is the corresponding linearized update through the
next majority decision.

Lemma 4.8 (Symmetries of €). For every k > 1 and s,t € {0,1}*:
(i) e[s0] +e[sl] =0;
(i) e[s] = —els| and B[5,t] = —f[s, t].
Proof. (i): by (4.7), (4.3), and Lemma 4.4(i),
e[s0) +els1] = v[s] Y P[Ta(Wse) | Zs(We o)l E[Bs | Tan(Wie)] — v[s| E [Bs | Z(Ws)] = 0,
be{0,1}

because Js0 and [Js1 partition Z; and the law of total expectation applies.
(ii): we prove €[s] = —¢[s] by induction on k, deriving the identity for 5 along the way. For k = 1
it is e[1] = —¢[0]. Suppose e[f] = —¢[t] for all t € {0,1}*. With R the reflection of the proof of

Lemma 4.5, that proof gives W5 o 4 RWj o with corresponding conditioning events, hence

S[7, 7] = Cov (Wf Wy | Ig) = Cov (Wap, Wey | o) = Si[t. ).

S,f’ s,

Define f'[t] := —f[s,t]. Then for every ¢,
D AWIS = =D Bls IS, = =) Bl u] Slu, 8] = —<f] = <[t],
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by (4.6) for s and the induction hypothesis. So 3 solves (4.6) for 5, and by uniqueness j[s,t] =
—f[s,t] for all ¢, that is, 8[s,f] = —S]s,t]. Consequently, under the identification W54 = RW ,

Bs = Zﬂsthg—Zﬁsu Wsu = —Bs,

and since the conditioning events correspond, (4.7) together with v[5b] = v[sb] gives £[5b] = —¢[sb].
O

Theorem 4.9 (Coherence of the linear response). For every k > 1 and s € {0,1}*,
e[s0] > 0 and  €[s1] < 0.

Proof. By Lemma 4.8(i) it suffices to prove £[s0] > 0. We proceed by induction on k, using at day
k the following consequence of the statement for smaller k:

Spo= Y (=1 eft] > 0. (4.8)

te{0,1}k
For k =1, S; = ¢[0] — [1] = 2 by definition; for k& > 2, grouping ¢t = b with ¢ € {0,1}*~1 gives
Sk = >y (e[t'0] —e[t'1]) =23, e[t'0] by Lemma 4.8(i), which is positive by the statement for k—1.

We also use
S ()Tl =0 (Q<r<k-1), (4.9)
te{0,1}*
which holds because for r < k — 1 the bit ¢[r — 1] depends only on ¢ when ¢t = ¢'b, so the sum is
S (=D (e [t0] + €[t'1]) = 0.

Fix k > 1 and s € {0,1}%, let W := W, be the day-k Gaussian row model, and write Z, :=
Zsp (W) for 1 < r < k. Up to null sets, Zs(W) is the event E := {Z; > 0,...,Z;_; > 0} and
Jo(W) is EN{Z; > 0}. Let G be the linear span of the centered variables W; — EW;, t € {0, 1}*,
a finite-dimensional space of centered jointly Gaussian random variables, with the inner product
(X,Y) :=E[XY] = Cov(X,Y); in G, orthogonal families are independent. The centered variables
Z, =72, —FEZ, and B := By —EB, liein G. The Z,, 1 < r < k, are linearly independent: their
coefficient vectors are nonzero and pairwise orthogonal in R{% 1} (see the proof of Proposition 4.2),
and a — >, a[t](W; — EW,) is injective because its image has variance Y, a[t]*v[t] > 0 for a # 0.

Step 1: the covariances of Bs with the constraints. By (4.6), Cov(Bs, Wy | E) = €[t] for every t,
so by linearity

Cov(Bs, Z, | E) 1)°lr] Z DI=teftj =0  (1<r<k-1),

Con(Bo 70| B) = Y1 Te = 5, >0,
t
by (4.9) and (4.8). B B
Step 2: By is independent of the history constraints. Decompose B = ) _, a,Z, + X with
X € G orthogonal to Z1, ..., Zy_1 (orthogonal projection). Then X is independent of (Z,), <, and

since E' is an event of (Z,),<f, under the law conditioned on E the variable X is still independent
of (Z;)r<k; hence Cov(X, Z, | E) =0 for r < k, and Step 1 gives

0=Cov(Bs,Z, | E) =Y apCov(Zw,Z.|E) (1<r<k-1).
r'<k
The matrix (Cov(Z,s, Z, | E)), y< is the covariance of the nondegenerate Gaussian vector (Z,.), <, €
R =1 conditioned on the open orthant F, hence positive definite by Lemma A.12. Therefore o, = 0
for all 7, and B = X: the centered variable B; — EB; is independent of (Z,),<. (For k = 1 there

is nothing to prove in this step.)
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Step 3: the component of Zi, orthogonal to the constraints. Decompose Zj, = Yorek 8, Z,+Y with
Y € G orthogonal to Z1,...,Z_1. By linear independence Y # 0, so Var(Y) > 0. The pair (X,Y)
is independent of (Z;),<k, so conditioning on E does not change its joint law, and using Step 2,

&:cw@m@\m:cm@angﬁdﬂE):&mxyy
r<k
Write X = aY + X’ with a := Cov(X,Y)/Var(Y) = Si/Var(Y) > 0 and X’ € G orthogonal to Y
then X’ is orthogonal to Y and to all Z,, r < k, hence independent of (Y, (Z,),<)-
Step 4: the conditional means. Since B; = EB;+ X and X is independent of E with mean 0, we
have E[B; | E] = EB;, and (4.7) reads

e[s0] = v[sO|E[X | EN{Z; > 0}].

Put U := —EZ; — >}, 0, Zy, a function of (Z,),<k, so that {Z; > 0} = {Y > U}. The variable
X' is centered and independent of (Y, U, 1g), so E[X’ | EN{Y > U}] =0 and

E1g¢(U)]
=E([Y1ys,,
where we conditioned on (Z,),< and used that Y is independent of (U, 1g). For a centered Gaussian
Y with positive variance, ¢(u) > 0 for every uw € R: if u > 0 then Y1y-, > 0 with positive
probability of being positive, and if u < 0 then ¢(u) = EY — E[Y1y<,] = —E[Y1y<,] > 0. Since
P[E] > 0, we get E[1g¢(U)] > 0, hence E[X | EN{Z; > 0}] > 0, and £[s0] > 0 because v[s0] > 0

EX|EN{Z,>0}=aE[Y |ENn{Y >U}] =

by Lemma 4.4(i). O
Corollary 4.10 (Sign identities). For every k > 1:

(1) Dteqoayr(— Dr=elt] =0 for every 1 <r <k —1, and > tefoyk €[] = 0;

(i) > teqo,yx(— DiE=1eft] = 23 peqoys-1 E[E'0] > 0, where for k =1 the right-hand side is

read as 2e[0] = 2;
(iii) Zte{o’l}k(—l)t[”*”y[t] =0 for every 1 <r <k;
(iv) Zs, ((v[tlpls,t])e) > 0 for every s € {0,1}F and 1 <r <k — 1.

Proof. (i): for k >2and 1 <r <k — 1, write t = ¢/b with ¢’ € {0,1}*~1; the bit t[r — 1] = ¢/[r — 1]
does not depend on b, so the sum is 3, (—1)'"=1(e[t'0] + £[t'1]) = 0 by Lemma 4.8(i). The same
grouping without the sign gives >, ¢[t] = 0 for k¥ > 2, and for k = 1 it is €[0] + ¢[1] = 0. (ii):
for k > 2, (=1)"F1 = (=1)® when t = t'b, so the sum is 3., (c[t'0] — e[t'1]) = 23, €[t'0] by
Lemma 4.8(i), which is positive by Theorem 4.9; for k = 1 the sum is £[0] — g[1] = 2. (iii) is the last
assertion of Lemma 4.5, and (iv) is Lemma 4.4(iii). O

Lemma 4.11 (Universal nondegeneracy constants). For every k > 1 there are constants ¢;. €
(0,1/2) and < > 0, depending only on k, such that for the day-k Gaussian row model and all
s€{0,1}*, b {0,1}, 1 <r<k-—1,

P[Z;(Wse)| = %, O SP[Tb(Wse) | Zs(Wse)] <1 — ¢, Zs,r((”[t]ﬂ[sat])t) > G-

Proof. There are finitely many quantities involved: 2* probabilities P[Zs(Ws.e)], 2k+1 conditional
probabilities P[Ts(Ws.e) | Zs(Wse)], and 2%(k — 1) numbers Zs . ((v[t]u[s, t]):). Each P[Z4(Ws )] is
positive, as noted after Deﬁmtlon 4.1. Each P[Jg | Zs] is positive for the same reason, and is less
than 1 because P[Jso | Zs] + P[TJs1 | Zs] = 1 (proof of Lemma 4.4) with both terms positive. Each
Zsr((v[tlp[s, t])e) is positive by Corollary 4.10(iv). Let ¢} be one half of the minimum of all the

probabilities P[Z,], P[Ts, | Zs], and 1 — P[Tg | Zs], so that ¢} € (0,1/4] and the first two displayed
inequalities hold; and let ¢; be the minimum of the numbers Z; . ((v[t]u]s,t])¢) when k > 2, and
¢ i=1. O
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These constants are the universal versions of the admissibility conditions (LA5), (LA7), and
(LA9): in Section 5 the binomial row models attached to faithful states are shown to be close to
the day-k Gaussian row model, and ¢, ¢/ supply the constants ¢ and T~ there.

5. THE IDEALIZED PROCESS AND FAITHFUL STATES

The local coarse transition theorem is applied one day at a time, starting from the day-1 coarse
state, for a bounded number Ky of days. To do so we need a set of coarse states on which its
hypotheses hold uniformly and which is mapped into itself, up to the 1 — o(1) probability, by the
fiber-averaged transition. This section defines that set, the faithful states, as the coarse states
whose sizes and edge counts follow an idealized process attached to (IV,p), perturbed linearly in the
direction given by the universal responses € of Section 4, up to a polynomially small error. The
idealized process is deterministic; it is the local template of Definition 3.2 iterated on itself, with
sizes rounded to integers, and its tilts exist by the inverse-function theorems of Appendix D. The
section states the results and the definitions; the proofs are in Appendix E.

Throughout, 6§ € (1/2,1) is fixed and we write

1
b= |11y 1.

the number of days for which the idealized process is needed. The integer = 9, when 1 7 € Z, plays

a special role (Theorem 5.5); we then write kg := ﬁ.

5.1. The idealized process.

Definition 5.1 (Logit tilt). For p € (0,1), N > 1, g € R, and v > 0, let
9/ (v/pN)

1 p
AN,p(gvv) . 1+ 1 69/('”\/7) (07 1)7

the success probability whose log—odds exceed those of p by g/(vy/pN). By Taylor expansion,
Any(g,v) =p+ 2 gp(l p) + O(v2 N) uniformly for |g|/v bounded.

Theorem 5.2 (The idealized process). Fiz 6 € (1/2,1), an integer D > 1, and T > 1. There is a
constant £ = (0, D, T) > 1 such that for all sufficiently large N and all p € (TN~ TN~Y) there
exist, for 1 < k < D, vectors

ap e ZOB g e RODDONT g fr1<k<D—1, A € (0,1)08Bx{00F

written Ti[s], m[s,t], X[s,t] for s,t € {0,1}*, with the following properties.
(i) (Base case.) n[0] =n[l] = [N/2], and m[s,t] = pn[s] (n[t] — Ls=¢) for s,t € {0,1}.
(ii) (Solvability.) For 1 <k < D —1 and all s,t € {0,1}*: n[s] > 1, m[s,t] > 0, and, writing
Ks’. = As,.(ﬁk,xk) for the row vector of Definition 3.2,

P[IS(E&.)] >0  and  #[S|E Ay, | To(Ase)| = s, 1].

Moreover Xk is the unique element of (0, 1){0’1}kx{0’1}k with this property.
(i) (Evolution.) For1 <k < D—1, if (3¢, f°¢ mlo¢) denotes the local template of (T, g, M),
then for all s,t € {0,1}* and b,c € {0,1},

7i[sh] = L’ﬁloc[sb]J and  [sb, tc] = M°[sb, tc].

(iv) (Symmetry.) 7[s] = n[s], m[s, 1] = m[s,t], and X[5,7] = A|s,t] for all s,t.
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(v) (Asymptotics.) For 1 <k < D and all s,t € {0,1}*,

~ N - SO s, t] . logt N
fls] - Nofsll £ Sctog! N, . t] - pl] il (1+ m)\gpnmnm Ll

and for 1 <k <D -1,

~ o V4
Xs. 1] — Ay (ol 1] )| < 25

By (i), (ii), and (iii), the family is determined by (N, p); we call it the idealized process and suppress
its dependence on N and p.

The bound on |n[s]— Nv[s]| in Theorem 5.2(v) is too large to resolve the imbalance VNypNF!
on days k < ﬁ Faithfulness therefore tracks the actual sizes around n[s|, with error polynomially
smaller than the imbalance.

5.2. Faithful coarse states.

Definition 5.3 (Faithful coarse states). Fix 6 € (1/2,1) and T" > 1, and let N be large enough
that Theorem 5.2 applies with D = Dy and this T; let p € (T7'N~9 TN~Y), let V be a set with
V| = N, and let 1 < k < Dg. For T > 1,6 > 0, and 7 > 0, the set G"(T",8,7) € Vi(V) of
(T", 6, 7)-faithful coarse states consists of the y = (II,m, 1) € Vi (V) such that, writing n[s] := |II[s]|,

(F1) ‘n[s] —nls] — T\/]vmk_ls[s]’ < T’\/N\/]W/IC_IN*‘s for every s € {0, 1}*;
1

k— k—
(F2) |m[s,t] — m[s,t] (1 + T\/}?N (i[[z]] + jﬂ)) | < T'\/%N_‘sNQp for all s,¢ € {0, 1}F.

In particular reg(y) = 1 for every faithful state.

The two scales in Definition 5.3 are those of the imbalance: on day & the leading side is ahead by
order v N+v/pN el vertices, which is o(N) exactly when k < ﬁ + 1, and the edge counts respond
at relative order /pN ot /v N. The next two theorems are the deterministic core of the induction:

a faithful state is admissible with an explicit tilt, and its local template is faithful on the next day.
Their proofs are in Appendix E.

Theorem 5.4 (Perturbed evolution). Fiz 6 € (1/2,1), an integer k with 1 < k < 135, and

constants T > 1 and 6 > 0. There exist constants Ty = Th(0,k,T,0) > T, 6, = 01(0,k,T,6) > 0,

and ¢1 = ¢1(0,k,T,8) € (0,1/2) such that for all sufficiently large N, allp € (T~'N~=9, TN=Y), all

7€ [T~4T], and everyy = (II, m, 1) € g,(f) (T, 96, 7) with 11 € Parti(V), |V| = N, the following hold,

where n[s] := |I1[s]|. There is a unique tilt A, € (0, OO yeh that, with Ao = Age(n, \y),
P[Zs(Ase)] >0 and  n[s]E[Ag; | Zs(Ase)] = mls, t] for all s,t € {0, 1},

and it satisfies:

(a) (y,Ay) is (T1, ¢1,p)-locally admissible.
(b) For all s,t € {0,1}*, writing

Myls, 8] (nlf] — Loy — pi[t)

As, t] (A[t] — Ls= — p7a[t])

Yol =108 T N e o Vst = los (1 —Als, t]) plt]
we have
. \/piNk:fl \/prkfl s
Uyls, t] —V[s,t] — Tﬁﬁ[s, t]] < TlWN L
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(c) The local template (n'°c, £1°¢, m'°) of (y,\,) satisfies, for all s,t € {0,1}* and b,c € {0, 1},
‘nloc[sb] — n[sb] — T\/N\/kae[sb]) <T\WN kaN_‘Sl,

|mloc[3b,tc] — m|sb, tc] <1 + T\/]Wk <6[8b] + eltd] >> \/Wk]\f*‘;l]\ﬂp.

<T

VN \w[sb]  vtc] VN

The quantity 9, (s, t] in (b) is the effective tilt of the law Bin(n[t] — Ls—¢, Ay[s, t]) around the center
pnt] in the sense of the first formula of Lemma A.5, and 9[s,t] is that of the idealized law; the

k—1
statement says that the tilt of a faithful state is the idealized tilt shifted by T@N B[s, t], which is

the tilt that reproduces the size shifts Tﬁmk_le[t} of the neighboring blocks (Definition 4.7).

When ﬁ = ko is an integer, the normalized perturbation /pN ko / VN is of constant order, so
the error in the linearization behind Theorem 5.4 need not be smaller than its main term. More
explicitly, if

—7 ko—1

Bo = 7]9]\:)

N b
then the current part-size displacement SgN = v N+/pN Fo~L g still o(N), but the resulting dis-
placement of the next majority statistic, measured in its natural /p/N standard-deviation scale,

1S

VPN "
Thus the next conditional split probabilities differ from their balanced values by a fixed amount,
and multiplying by part sizes of order IV produces an order-N displacement. At this terminal step
n[s] = Nv[s] + o(N), so it is enough to record a macroscopic signed gap from Nv[s|, rather than
a finer linear-response expansion around 71[s]. The following theorem makes this argument uniform
and gives the macroscopic lead on the next day.

Theorem 5.5 (The edge day). Fiz 0 € (1/2,1) with ko := 15 € Z, and constants T > 1 and § > 0.
There ezist constants Ty = Tv(6,T,6) > T, 61 = 01(0,7,6) > 0, ¢1 = ¢1(0,7,9) € (0,1/2), and
¢ = ¢(0,T) > 0 such that for all sufficiently large N, all p € (TT'\N= TN, all 7 € [T}, T],
and every y = (II,m,1) € Q,(CZ;)(T, 0, 7) with II € Party,(V), |V| = N, the following hold, where
n[s] := [II[s]|. There is a unique tilt Ay with P[Ts(Ase)] > 0 and n[s|E[As; | Zs(Ase)] = mls,t] for
all s,t € {0,1}%0 where Ag o := Ago(n, Ay), and it satisfies:

(a) (y,Ay) is (T1, ¢1,p)-locally admissible.

(b) [Ayls,t] — Anp([s, t],v[t])| < ﬁN*‘SI for all s,t € {0, 1},

(c) The local template of (y, ) satisfies (—1)° (n'°°[sb] — Nv[sb]) > (N for all s € {0,1}* and

be{0,1}.

5.3. The faithful trajectory. The next proposition compares the errors of Theorem 3.3 with the
tolerances of Definition 5.3; it is where the constant C3 3 is evaluated at the admissibility parameters
produced by Theorem 5.4.

Proposition 5.6 (The local theorem preserves faithfulness). Fiz 0 € (1/2,1), an integer k with
1<k< ﬁ, and constants T > 1, 6 > 0; let Ty, 01, ¢1 be the constants of Theorem 5.4, and put

T2 = 2T1, 52 := min {51,1%6}

For all sufficiently large N, allp € (T"'N= TN=9), all 7 € [T~1,T], and every y € g,(f) (T,96,7),

with Ay the tilt of Theorem 5.4 and ,C,(ﬂl(y, Ay) the set of Theorem 3.3 formed with the constant
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Proof. Let y € L’Eﬂl( Ay), and write II' := part(y’), m' := edge(y'); by (L2), ¥y = (II',m/,1).
Write C := C53(0,k, Ty, ¢1) and let (n'°c, £1°¢,m!°°) be the local template of (y,A,). For (F1) at
day k -+ 1, the triangle inequality, (L3), and Theorem 5.4(c) give, for all s € {0,1}* and b € {0,1},

)|H'[sb]| — n[sb] — Tmmke[sb]‘ < CVNlogN +T;VN kaN_‘Sl.

Since do < 41, the second term is at most Tl\/ﬁx/kaN*‘SQ. For the first, because k£ > 1 and
do < (1—10)/8,
kaN_62 > (pN)1/2N—52 > 7—1/2 p\(1-0)/2-62 > T—1/2N3(1—6')/8,

so C'log N < Tls/p]\fk]\f"s2 for large N. Hence the left-hand side is at most 27} \/N\/kaN"s2 =
Tyv/N/pN*N=%. For (F2) at day k + 1, similarly, by (L4) and Theorem 5.4(c),

m/[sb, tc] — m|sb, tc] <1 +T\/1Wk (g[sb] n eltd] ))‘

VN \v[sb]  vtc]
N)1/7 ka B
< onepy P log N + Ty Y2l N—01 N2,
< CN*p N og N + 17 N D

k
The first term is at most Tl%N*‘SQNQp as soon as C(pN)/"logN < Th/kaN*‘SQ7 and

\/ka/(pN)l/M‘ > (pN)37T > T=3/TN30=0/7 while 6o < (1 —6)/8 < 3(1 — 6)/7; so this holds
for large N. Both conditions of Definition 5.3 therefore hold with the constants (7%,d2), and

y € g;(gljgl(T27527T)- O

Proposition 5.7 (Day one). Fiz § € (1/2,1) and T > 1, and put dy := 17_9. For all sufficiently
large N, all p € (T"'N= TN=9), and all T € [T~1,T], the following holds. Let V be a set with
V| = N, let c: V — {£1} satisfy |c7'(1)] = [N/2] + |7V N|, sample G ~ G(V,p), and let

g = (G,c). Then
P o\ (01(g)) € g§p)(1,50,7)} —1-0(1).

Proof. Write II := IIi(g), d := d(II,G), n[s] :=
with m[s, t] = >, cypq dle,t]. By definition, II[0] = ¢~ 1(1) and M[1] = ¢ }(~1
|N/2|+|7V/N] and n[1] = N —a. At day 1 we have n[0] = n[l] = | N/2], m[s, t] = pn[s](R[t] —1s=),
v[0] = v[l] = %, and €[0] =1 = —¢[1], so €[s]/v[s] = 2(—1)* for s € {0,1}.

Sizes. Deterministically, |n[0] — 72[0] — 7v/N| = |[7V/N| — 7v/N| < 1 and |n[1] — #[1] + 7V/N| =
IN —2|N/2| — [V N] + 7v/N| < 2, while the tolerance in (F1) is vV NN=% > 2 for large N.

Edge counts. For s # t, m|s, t] is the number of edges of G between II[s] and II[t], a Bin(n[s|n[t], p)
variable; and mls, s] is twice the number of edges inside Il[s], twice a Bin(("&s]),p) variable. In
both cases Em/[s,t] = pn[s](n[t] — 1s=;) and Varm][s,t] < 2N?p, so by Chernoff’s inequality, with
probability 1 — o(1),

|ml[s,t] — pn[s] (n[t] — Ls=¢)| < 2N./plog N for all s,t € {0,1}. (5.1)

Next, n[s] = 71[0] + (—=1)°[7V/N| + 1,1 (N — 2| N/2]), and since |7v/N|/7[0] = 27/v/N + O(1/N)

(recall 7 < T'), both n[s] and n[s] — 1 equal (7[0] — 1) (1+ (—1)5% +0(%)) with the corresponding
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1 € {0,1}. Hence

prls] (nft] — 1) = s, 1] (1 + = (0 (1)) +0 <zlv>)
els] et

=t (1 7 (5 51 ) 00

the cross term 472/N being part of the O(1/N). Combining with (5.1), the left-hand side of
(F2) is at most 2N, /plog N + O(Np) < 3N,/plog N, while the tolerance is N~%N3/2p. Since
N T—1/2N=0/2 the ratio of the tolerance to N,/plog N is at least T*1/2N(1*9)/2*50/10g]\7 =
T-12N0=9/4/10g N, which tends to infinity; so (F2) holds for large N on the event (5.1).
Regularity. Forxz € V andt € {0,1}, d[z,t] = degﬁm x ~ Bin(n[t]—1emp, p), whose mean differs
from pn[t] by at most p. By Chernoff’s inequality, P[|d[z, t] — pn[t]| > (pN)*7] < 2exp(—c(pN)'/7)
for an absolute constant ¢ > 0 and large N, and a union bound over the 2N pairs (z,t) gives
P[—#,(TT,d)] < 4N exp(—c(pN)Y7) = o(1), since (pN)/7 > T=1/TN1=0)/7 On the intersection of
the two events, y = (II, m, 1) € Qip)(l,ég,r). O

Theorem 5.8 (The faithful trajectory). Fiz 6 € (1/2,1) and T > 1, and let Ky := [15], so that
Ky = Dy if ﬁ ¢ 7 and Ky = ko = Dy — 1 otherwise. There exist constants T* = T*(0,T) > 1
and §* = 6*(0,T) > 0 such that for all sufficiently large N, all p € (T7'N=9 TN~Y), and all
T € [T71,T), the following holds. Let V, ¢, G, and g = (G, ¢c) be as in Proposition 5.7. Then with
probability 1 — o(1):

(i) p,(gp)(ak(g)) € g,gp)(T*,(S*,T) for every 1 < k < Kp;

(ii) if X5 = ko € Z, then in addition (—1)3Mkol (11,41 (0)[5]] — Nv[s]) > %N for every s €
{0,1} ko1 where ¢ = C(0,T*) is the constant of Theorem 5.5 for the parameters (6,T*,6*);
we arrange T > T, so that these parameters cover the ranges of p and 7.

Proof. Write y; := pép)(crj(g)) for the day-j coarse state of g, and G;(T”,0") := g](p) (T",¢', 7). Note
that G;(T7,9") C G;(T",0") whenever T" < T" and ¢’ > §”, since the tolerances in Definition 5.3
increase.

Constants. Define (T;’, 6;) for 1 < j < Kjp recursively: 17 := T and 6] := 1%9; and for
1 <j < Kp (so that j < ﬁ), let (7%, d2) be the constants of Proposition 5.6 for the parameters
(0,5,17,07), and put T7,; := max{T», T} } and 07, := d2. These depend only on 6 and T T} is
nondecreasing in j, and d; is nonincreasing because d2 < 41 < ¢ in Proposition 5.6 and Theorem 5.4.
Set T* :=Ty, > T and ¢* := d}. ; then gj(T;’,a;) C G;(T™,6*) for every j < K.

Induction. We show by induction on j that Ply; € G;(77,67)] =1 —o(1) for 1 < j < Kp. For
j =1 this is Proposition 5.7, since 1 <T7. Let 1 < j < Ky and suppose the claim holds for j. Fix

y € G;(17,07) with Ply; = y] > 0. By Proposition 2.4, y is p-attainable and Ply;11 € B | y; = y] =

?g-p) (y, B) for every B C Y;41(V). Since T} > T', the ranges p € (T7'N= TN~=% and 7 € [T, T]
are contained in those of Theorem 5.4 with the parameters (6, j, TJ‘»’7 (5;?), and that theorem provides

the tilt A, and constants T7,¢1, depending only on 6,7, such that (y,),) is (71, ¢1,p)-locally
admissible. Since Ty > T7 > T', the range of p is also contained in that of Theorem 3.3 with the

(»)
J+1
Section 1.4, the o(1) is a function of N alone, uniform over all p in the range and all admissible (y, \).
By Proposition 5.6 with the parameters (6, j, 17, 67), Eﬁl(y, Ay) € Gj1(T2,62) € Gjp1(T71,0511)-
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parameters (6, j, Ty, ¢1), which gives FEP) (v, L3/, (y,A\y)) = 1 —o(1), where, by the convention of



Therefore

Plyjo € Gn(Ti 05)] = >0 Ply =K (v.£00.0))
yeG; (T2,69)
Ply;=y]>0
> (1—o0(1)P [y; € Gi(T7,05)] =1 —o(1),
which completes the induction. Since there are finitely many days, a union bound gives (i): with
probability 1 —o(1), y; € G;(17,67) C G;(T™,6%) for all 1 < j < K.

The integer case. Suppose 1—19 =ko € Z, so Ky = ko. Fix y € Gy, (T*, 6*) with Plyx, = y] > 0.
Theorem 5.5 with the parameters (6,7%,d*), whose ranges contain ours since 7% > T', provides
Ay and constants 17, ¢/, ¢ such that (y, \,) is (17, ¢}, p)-locally admissible and its local template
satisfies (—1)°(n'°°[sb] — Nv[sb]) > (N for all s € {0,1}*0, b € {0,1}. Since T| > T* > T, the
density range is contained in that of Theorem 3.3 with the parameters (0, ko, T],¢}). By that
theorem and Proposition 2.4, conditionally on yg, = y, with probability 1 —o(1) the state yj,41 lies

in E,(f;)_s_l(y, \y), and then (L3) gives, for every s € {0,1}* and b € {0,1},
(=) (|Tgy41()[sb]| — Nv[sb]) > (N — Cs3(0, ko, T1, $1)VN log N > §N
for large N, where we used part(yx,+1) = gy+1(g). Summing over y as above and combining with
(i) at day ko gives (ii), since for s € {0, 1}%0*! the sign (—1)*%0) is (—1)® when s is written as s'b. [
5.4. The lead. For a politicized graph g on V and k > 1, define the lead on day k by
Ap(g) == > (=1 (g)[s]] = |ele) ()] — |er(@) " (-1)], (5.2)

se{0,1}k

the number of vertices holding opinion +1 on day k£ minus the number holding —1; the two expres-
sions agree because x € Iy (g)[s] has cx(g)[z] = (—1)*F~1.

Corollary 5.9 (The lead at the end of the expansion phase). Fiz 6 € (1/2,1) and T > 1, and let
K = Llflej + 1 = Dy. For all sufficiently large N, allp € (T'N~9 TN=9), and all T € [T~1,T],
with V, ¢, G, g as in Proposition 5.7,

P |Ak(g) > logN] =1-o(1).

N
vVpN
Proof. Let T*,5* be the constants of Theorem 5.8, and let E' be its event of probability 1 —o(1). It

suffices to show that Ax(g) > % log N on E for large N.
Suppose first that ﬁ ¢ 7, so that K = Ky. On E, condition (F1) at day K with the constants

(T*, %) gives, for every s € {0,1}X,
M (@)fsl = 7ls] + 7VNVN " els] + 0 (VNN "IN,

Summing with the signs (—1)5K~1: the first sum Y, (—1)*K~17[s] vanishes, because pairing s
with § and using n[s] = n[s] (Theorem 5.2(iv)) shows that it equals its own negative; the second
is 7V NVPNT 'S with S = S (1) gs] = 2 > sefoyx-1 €[s'0] > 0 by Corollary 4.10(i).
Hence, for large N,

A(@) 2 TS/ RN =0 (VNN 2 S5 R

Finally \/N\/pNK_l/(%logN) = \/pNK/(\/NlogN) > T-ER2NEA-0O-1)/2/160 N — o0,

because K = [15] +1 > 115 gives K(1—0) > 1. So Ag(g) > \/%log]\f for large N.
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Suppose now that ﬁ = ko € Z, so that K = kg + 1. On E, Theorem 5.8(ii) gives
(—1)* = (g (g)[s]| — Nv[s]) > SN for every s € {0,1}.

Sum over the 2% strings s and use Y (—1)*5~Uy[s] = 0, which is Corollary 4.10(iii) with r = K:

Ax(@= Y VUK ()] = N ()T uls] + 2K§N = 2"(N,
s€{0,1}¥ s

. N
which exceeds N log N for large N. O

6. PROOF OF THE MAIN THEOREM

The proof has two phases. In the expansion phase, Corollary 5.9 gives a lead of at least % log N

after K = {ﬁj + 1 days. In the contraction phase, one further update reduces the minority to
at most N/5 vertices, after which each update contracts it by a factor at most 16C%/(pN). This
is a deterministic consequence of two properties that G(V,p) has with high probability, minimum
degree and jumbledness, using the argument of [6].

6.1. The contraction phase.

Definition 6.1 (Jumbled graphs). Let G be a graph on V, let p € (0,1), and let 8 > 0. For
U W CV let eq(U, W) be the number of pairs (u,w) € U x W with uw € E(G); for disjoint U, W
this is the number of edges between U and W, and in general eq(U,W) = > s deg$ u. The
graph G is (p, 8)-jumbled if

leq(U, W) — p|U||W|| < B\/|U||W] for all U,W C V.

Lemma 6.2 (Pseudorandomness of G(V,p)). There is an absolute constant Cy > 0 such that the
following holds. Fiz a real parameter 6 € (1/2,1) and a constant T' > 1. For all sufficiently large
NeZandpe (TN TN=Y), if Vis a set with |V| = N and G ~ G(V,p), then with probability
1 —o(1) every vertex of G has degree at least 0.9pN and G is (p, CJ\/]W) -jumbled.

Proof. The degree of a vertex is a Bin(N —1, p) variable with mean p(N —1) > 0.95pN for large N, so
by Chernoff’s inequality it is less than 0.9pN with probability at most exp(—cpN) for an absolute
constant ¢ > 0; a union bound over the N vertices gives probability at most N exp(—cpN) =
o(1), because pN > T-!N'=¢ > log N. For jumbledness we use [6, Lemma 4.1], restating [12,
Corollary 2.3], in the range log? N < pN and p < 0.99: with probability 1 — o(1), G(V,p) is (p, B)-
jumbled with 8 = O(y/pN). Both restrictions hold uniformly in our density window for large N,
since pN > TN > log? N and p < TN~ = o(1). O

The next lemma uses the argument of |6, Lemma 4.2, with numerical constants sufficient for the
minimum-degree bound above. Its update rule retains the current opinion in a tie, as in Section 2.

Lemma 6.3 (One day of majority dynamics on a jumbled graph). Let G be a (p, B)-jumbled graph
on a set V with |V| =N > 1, let c: V. — {£1} be any coloring, let g = (G, c), and let j > 1. Write
M; = ci(g) "' (-1).

(i) If Aj(g) > 108/p, then |M;1] < N/5.

(ii) If every vertex of G has degree at least 0.9pN and |M;| < N/5, then

1632

—— | M.
e M
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Proof. Write U := Mj1, x := |U|, and m := |Mj|, so that A;(g) = N —2m. A vertex v € U has at
least as many neighbors in M; as in its complement: either strictly more of its neighbors hold —1
on day j, or there is a tie and v already holds —1. Thus

%deggv < deg%j v, and hence sec(U, V) < eq(U, M;).
Both conclusions are immediate if z = 0, so assume z > 0.
(i): Jumbledness gives
%(pa;N — ﬁ\/a;N) < %eg(U, V) <eq(U, M;) < pxm + By/xm.
Using m < N and Aj(g) = N — 2m, we obtain

108z < pz Aj(g) < SVEN + 28v/am < 36VzN.

Since 8 > 0, squaring and canceling z > 0 gives 100z < 9N, and therefore x < 9N/100 < N/5.
(ii): The minimum-degree bound and the same majority inequality give

9
2—0pN:c <eq(U, Mj) < prm + By/zm.
Since m < N/5,

N 9N
pT:L‘ <p <20 - m> z < Bvzxm.

Both sides are nonnegative; squaring and canceling z > 0 yields (pN)2x < 163?m, proving the
assertion because pN > 0. [l

6.2. Proof of Theorem 1.1 and Corollary 1.3.

Proof of Theorem 1.1. Let K := [3;] + 1, so that 2K +1 = k. Let E; be the event Ag(g) >

\/% log N of Corollary 5.9, and F»y the event of Lemma 6.2 that G has minimum degree at least

0.9pN and is (p,3)-jumbled with 5 := Cjy/pN. Both have probability 1 — o(1), hence so does
E1 N Ey, and it suffices to show that cx(g) = 1 on this event for large N.
Write M; := ¢;(g)~*(—1). For large N we have log N > 10C}, so on Ej N Es,

N 1 N 1
Ax() > —_log N > 2N _ 105,
pN VPN D

Part (i) of Lemma 6.3 therefore gives |Mky1| < N/5. Put

~168*  16C3 - 16C3T
PN T PN T N

so 0 < p <1 for large N. Successive applications of (ii) give
N N
| Mk 414+ Sprg < 5 (0<r<K).

The second inequality keeps the hypothesis of (ii) valid at every step. Since K(1 — 6) > 1, taking
r = K yields
_ Np  (16C?T)K
k()M (=1)| = |Mag 41| < 3 < ( ; )
for large N. Since the left-hand side is a nonnegative integer, it is 0: every vertex has opinion +1

on day k. ]
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Proof of Corollary 1.3. Let a := |¢c*(1)| ~ Bin(N,1/2) and 7 := (a — |[N/2])/V/N, so that a =
|N/2] + |7V N] exactly, since 7v/N is an integer. Fix T’ > 1 and let e7/(N) denote the o(1) of
Theorem 1.1 for the parameters (6,7 + 1); by the convention of Section 1.4 it is a function of N
alone, uniform over p € (T’ +1)"*N=¢ (T"+1)N=%) and 7 € [(T'+1)~', 7" +1]. Suppose T’ > T,
so that our range of p is contained in this one.

Condition on e. Since G is independent of ¢, its conditional law is G(V,p). If 7 € [T"~1, T’], then
(G, ¢) is in the setting of Theorem 1.1 with the parameters (6, 7" + 1), so Plcx(g) Z 1| ¢] < ep(N).
If 7 < —T'', consider g’ := (G, —c): it has |(—¢)"'(1)] = N —a = |[N/2] + |[7'VN] with
= (N —a—|N/2])/VN € [-1,—7 + N~Y2] C [T""1, T + 1] when also 7 > —T", so Plcx(g') #
1| ¢] < ep/(N); and majority dynamics commutes with the global flip, ¢;((G, —c¢)) = —c:((G, ¢)) for
all ¢, because the update rule of Section 2 is odd under ¢ — —¢ (the sign of the neighborhood sum
flips, and a tie remains a tie). Hence

P [ck(g) is not constant] < P [|7| < T~ + P [|7| > T'] + er(N).

Now 7V N = a—|N/2| with a ~ Bin(N, 1/2): by Chebyshev’s inequality P[|7| > T'] < P[la—N/2| >

T'VN —1] < % < 2T1'2 for large N, and since max; Pla = i] = (LN]\/[2J)2_N < C/V/N for

an absolute constant C' by Stirling’s formula, P[|7| < T"~'] < (2T"~'V/N +1)C/v/N < 3CT'~! for
large N. Therefore

1
limsup sup P[cx(g) is not constant] < 3CT' ™! + 5
N—o00 P 277

for every T" > T, the supremum being over p € (T~'N=¢ TN~?): letting T" — oo shows that the
probability is o(1), uniformly in p. Finally, if c¢;(g) is constant then so is ¢(g) for every ¢ > k: every
vertex then sees only neighbors of its own opinion, so the neighborhood sum has the sign of that
opinion or vanishes, and in either case the opinion is kept. (]

6.3. The uniform density range. Only the main steps of the uniform-density argument are
recorded here; every detail is checked in the accompanying Lean formalization. Put

ag:=1-—90, S :=+/pN, K = {IJ—i—l.

ag

Reduction to the sparse range. Densities of order N~1/2 and above are covered by the dense-

range argument of Fountoulakis, Kang, and Makai [7], whose estimates are formalized alongside
the present argument and yield the following fixed-initial-coloring statement: there is L = L(7T,n)
such that, for all sufficiently large N, every p > L/ VN (including p = 1), and every coloring c as
in Theorem 1.2, unanimity holds after four updates with probability at least 1 — . Since 6 > 1/2
gives K > 3 and unanimity persists once reached, this proves Theorem 1.2 for p > L/v/N. Set
B :=max{2T, L + 1}. It remains to prove the theorem for

TN <p<BNY2

and the rest of this subsection concerns only this sparse interval. The argument below is run with
B in place of T, so that it covers the density lower endpoint T-'N~? > B~1N~? and the bias range
[T—1,T] C [B~!, B]; the two thresholds for N are combined by taking the larger one, giving a single
Ny independent of p and of c.

The sparse interval. The local estimates and the finite-horizon idealized evolution hold uniformly
under independent lower and upper bounds on p. The balanced finite reference process and its exact
color-flip cancellation supply the reference trajectory throughout this interval.
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The point requiring care is when to leave the linear-response regime. The class-size displacement
on day d has scale v/ NS4 !, and the normalized shift seen by the next majority decision has scale
Sd
ad ‘= ——.
VN
For a fixed power law this is IV up to a constant factor. At a reciprocal exponent, say
ag = 1/m, the quantity a,, has constant order and the critical-day argument applies. For a density
varying with N, however, its effective exponent ay := log(p/N)/log N can approach 1/m at an
arbitrary rate. Then

(dag—1)/2

P — N(maN—l)/Z

may tend to zero, remain bounded, or tend to infinity, even subpolynomially. Thus no predetermined
day is uniformly guaranteed to be safely linear or already critical.

Instead we stop according to the response itself. On every day k before the stopping point, the
actual trajectory is faithful in the sense of Definition 5.3: the number of vertices in each history
class s equals its idealized value 72[s] plus the first-order response 7+/N S¥~!¢[s], and each inter-class
edge count equals its idealized value corrected by the corresponding first-order relative response, in
each case up to an error of at most CN~° times the scale of that response, for constants C' and
d > 0 depending only on # and B. This is the induction of Theorem 5.8, run on the present interval.

With § fixed, choose
1 Kag—1
:=minq —, §, ——— > > 0.
r := min { 70 5 }
This choice gives 7/4 < § and (K — 7)ag > 1. Stop on the first day d for which ag > S™!. At the
upper end of the sparse interval the first response is still below this threshold, since

o s — O(N~"/4).
Sr—1 \/N
At the lower density endpoint the threshold has been crossed by day K — 1, because
ap—_1 SK —r
5T~ N
These two inequalities are uniform over the whole sparse interval. By minimality, the stopping
response lies in the window

> p-(E=n/2 N ((K-rao-1)/2 _, o

STl <ag< ST, d< K —1.

On this window the nonlinear Gaussian threshold estimate replaces the linear expansion and gives
a lead of order N min{ag, 1} after the next update. The relative error is bounded, up to constants

and a fixed logarithmic power, by
(log N)*

ST

Here the lower density bound makes the first term vanish, while S = O(N'/4) and /4 < 6 handle the
second. Moreover Smin{ag,1} > S” > log N, so this lead exceeds the cleanup threshold N log N/S.
Only the next class sizes are needed at this terminal update; there is no need to propagate a further

faithful edge-count state. Since d < K — 1, the cleanup lead is present by day K. The jump and K
contraction updates of Lemma 6.3 therefore give unanimity by day

+ S"N7% = o(1).

1
2K+1=2|—— .
r1=2| 1y |4

For random initial opinions, repeat the binomial window and color-flip argument of Corollary 1.3
with Theorem 1.2 in place of Theorem 1.1; enlarging the window parameter only enlarges the density

interval.
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APPENDIX A. ENUMERATION, GRAPHICALITY, AND PROBABILISTIC TOOLS

This appendix collects the external inputs and elementary estimates used in Appendices B and C.
Nothing here refers to the setup of Sections 2 and 3; each result is either quoted from the literature
or proved from scratch, and the two later appendices cite only results from here and from the main
text.

A.1. Degree-sequence laws and enumeration comparisons. A bigraph is a bipartite graph
with a distinguished ordered bipartition; its degree sequence is the pair of degree sequences of the
two parts. We write G(n, m) for a uniformly random simple graph on [n] with m edges, G(¢,n,m)
for a uniformly random bigraph with parts [¢(] and [n] and m edges, and G(n,p), respectively
G(¢,n, p), for the corresponding models in which each admissible pair is an edge independently with
probability p; thus G(n,p) = G([n],p). We have the following definitions of degree sequences in
graphs and bigraphs respectively.

Definition A.1. Let DEEP" be the set of all sequences d € {0, ..., n—1}" such that 3, d; = 2m. Let
P (n,m) be the probability distribution on D};? " given by sampling the degrees of the random graph
G(n,m). Let Pg(, ) be the probability distribution on Dy h given by sampling d; ~ Bin(n—1, %)
and conditioning on ), d; = 2m.

Definition A.2. Let D8I he the set of all sequences d = (s,t) € {0,...,n}¢ x {0,...,£}" such
4n,m .
that ), s; = Y, t; = m. Let Pggn,m) be the probability distribution on DPIETaPh oiven by sampling

ln,m

the degrees of the random bigraph G(¢,n,m). Let Pp(,, ») be the probability distribution on
zigf;ph given by sampling s; ~ Bin(n, 3) and ¢; ~ Bin(¢, 1), and conditioning on ), s; = Yt =
m.

In both binomial laws, the choice of success probability 1/2 is immaterial after conditioning on
the displayed total sums; any fixed success probability in (0, 1) gives the same conditional law. We
use the following comparison results of Liebenau and Wormald |13, 14].

Theorem A.3 ([14], Theorem 1.4). Let ug > 0 be a sufficiently small constant, and let 1/2 < o <

3/5. Let n and m be integers, and let d = 2m/n. Assume that yu = —d_ satisfies p < po, and for all

n—1

fized K > 0, log® n/n = o(n). Uniformly over all d € Dg%’h with |d; — d| < d“ for all i, we have

1 2 1 2
P nm)(d) = Ppnm)(d) exp < 72(d)> <1 +0 < L d5a—3>> :

17 B2 NG
where yo(d) = ﬁ Si(di — d)?.

Theorem A.4 (|13], Theorem 1.1, bipartite case). Let o > 0 be a sufficiently small constant, and
let 1/2 < o < 3/5. Let £,m,m be integers such that

5—ba _ o(ﬁnm3_5a),

,u::%<,uo and (€ +n)

and for all fivred K > 0, £logh n+ nlogk ¢ =o(m). Let s =m/l and t = m/n.
Uniformly over all (s,t) € Déngmph with |s; — s| < s for all i and |t; —t| <t for all j, we have

n,m

log?¢ log*n . s>
PG(@,n,m)((sat)) = PB(@,n,m)((sat))H(sat) <1 + O < \/Z + \/ﬁ + mln{s,t} % )

oo o5
Si(si — 9)% and o2(t) = L 3. (t; — )%

where

where o2(s) =

=



A.2. Binomial point probabilities and Gaussian approximation. We have the following two-
tiered estimate for the PDF of a binomial random variable.

Lemma A.5. Fiz a real parameter § € (1/2,1) and a real constant T > 1. For all sufficiently large
n€Z andp € (T~ =0 Tn=?), the following is true.

Select n' € Z and p' € (0,1) such that |n' — n| < T\/% and |p" — p| < T—=. There exist real

numbers N1 and Na such that uniformly for x € [—/pnlogn, /pnlogn] N (Z — pn), we have

P[Bin(n/,p) = pn + 2] = (1 + O(plog®n))M; (Zzll(n—/ P’)pPT:"L)> (?pnglipz))j

and
P[Bin(n', ) = pn + 2] = (1 + O(log® n//pn)) Nae~(*=vPD*/2pm

where a = /pnlog <IE/1(ZD7)I; Z)) Factorials with noninteger arguments are interpreted through the
Gamma function.

Proof. Uniformly for z € [—,/pnlogn, /pnlogn] N (Z — pn), we have

n'!

P[Bin(n',p’) =pn + x] = 'p/pn—f—x(l _ p/)n'—pn—x

(pn + z)!(n/ — pn — x)!

_ n'! o I\ —pn | (n/_pn)! (pn)' p/ *
= G o ()

n—/! /Im(l_ /)n'—Pn
(pn)(n’ — pn)t? P

o (Y

= (1+ O(plog®n))

(pn+2)! \1—p/

o x x
p'(n" —pn)\" (pn)!(pn)
= (14 O(plog®n))N, ( > ,
( (plog”m)) M1 (L—=ppn /) (pn+2)!
for some normalization A7 independent of x. This proves the first equality.
For the second equality, we use the fact that

n! = v2mn(n/e)"(14+ O(1/n))
as n — oo. Indeed, uniformly for = € [—,/pnlogn, /pnlogn| N (Z — pn), we have

1
(pn + z)! B ( T >Im+z+2
—————=(1+01/pn))e * {1+ —
rtpmyr (O pn
(1+ 001 /pn))e—= . +1 x x? 40 log®n
= n))e " ex n+x+-||——
P PAV 2) lpn 2(pn)? (pn)*/2
1 3 2
— (140 (2 2) Yexp (2,
\/pn 2pn
which combined with the previous equality implies the second equality. ]

Theorem A.6. Fix a real parameter 0 € (1/2,1), a positive integer d > 1, an integer matric
M € 77 with nonzero, pairwise orthogonal rows, an r-dimensional vector inequality relation >'¢€
{>,>}", a monomial p € Rlx1,...,24], and a real constant T > 1. For all sufficiently large n € Z
and p € (T~'n=% Tn=?), the following is true.

Select n € ((T~1n,Tn) NZ)? such that | Mn||,, < T\/%, and select o € (=T, T)%. Then,

Elp(A — pn)1araso) = Elp(X)1yx>—prg) + O(\/ﬁdegp—l 10g3+degp+d n)
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P oo /Pt
where Ay ~ Bin <77t, M) are all independently sampled, and Xy ~ N (y/prea, pne) are all
ip

independently sampled.
Proof. Call a convex region C in R? (each boundary can be either open or closed) good if it is

bounded by pairwise orthogonal planes with integer normal vectors whose entries are bounded by
| M|, and distance to the origin bounded by ,/pnlogn. For such a region, define

Pi(C) = U I [z, 2+ 1),
€[ Lye(q) (Z—pne)N[— /P71t Log e ,\/P1e log 1] tEd]
zeC
and
Pa(C) =<z € H [—+/pnelog e, /e logme] :x € C 3,
teld]
and

773(C)::{a:€Rd:x€C}.

Note that P[|A; — pne| > /o log 1] = O(n=“(M)) by Chernoff’s inequality, so Lemma A.5 gives

> plx)f(x)
€] T;e(q)(Z—Pne)N[— /PNt log 1t /Pl Log 1]
Mz>"—pM oo e .
Elp(A —pn)1yaznol = — + O(y/pner~tog3tdesr ),
>, /(@)

2€]T;e(q) (Z—pne)N[— /D7t log me /P11 log 1]
where

Ty — Qg t2
f(z) :=exp | — Z ﬂ

2
tefd] Pt

The first step is to turn the summations into integrals over P;.
Note that for z € Hte[d} [— /P log me, /P log mi], we have

fx+¢)=f(z)+ O(ogn/\/pn)
for any € € [0, 1)d. In particular, this implies that

f(x):/ de f(x +¢)+ O(logn/\/pn)
[0,1)4

and

)= [ e pla ) (a ) 4 O(FH T og! 5 )

for all x € — /P log me, /P log mg]. Thus, letting Cyr = {x € RY: Mz >' —pMn}, we have
te(d]

Jovear) @ p(2) f () + O(prtee st loghtdeertin)
fpl(Rd) dz f(z) + O(\/ﬁd—l logi*dn)

+ O(\/ﬁdegpfl 10g3+degp n)
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There is a constant C' such that for any good C, Py \ P2 and Pz \ P; are both contained in B(9Ps, C),
and vol B(OP,, C) = O(y/pn® 1 log?~! n). Therefore,

Jpaican @ p(2)f(2) + O(/prdeertd—1ggl+degrtd )
fPQ(Rd) dz f(z) + O(\/mdfl log' ™ n)

+ O(/priesr—t 1og3tdess )

Note that P, C P3 and P3\ P2 C {z € R?: ||z||, > C/prlogn} for some constant C, and

E[p(A —pn)lrrasol =

/ dz f(z) = O(n=+(V)
o]l >Cypmlogn

/ dz ||p(x)|l, £(z) = O@n—=M).
||| o >C+/Pnlogn

Therefore,
E[p(A — pr)Lasaors] = fPs(CM) dx p(z) f(z) + O(\/]Tndcgpi—d—l log!+degr+d n)
= Jpymay dz f () + O(/pr " og' ¥ n)
I O(\/pfndegpfl log3Tde8” 1)
_ fxi]ZRide(;?;(w) + O(prteerogHHdesrtd )
as desired. (]

The next result is the first-order expansion, in a small tilt of the success probabilities, of the
conditional expectations appearing in Theorem A.6. It is the tool with which the idealized process
of Section 5 is perturbed (Appendix E). Unlike Theorem A.6, it compares two binomial models with
each other rather than with a Gaussian one; the two models need only share the centering pn and

the conditioning event (their trial counts may differ from 7 and from each other), and no structure
of M is used.

Theorem A.7 (Tilted expansion). Fizx a real parameter 0 € (1/2,1), a positive integer d > 1,
a matric M € R™< an r-dimensional vector inequality relation >'€ {>,>}", a monomial p €
Rlx1,...,x4], and a real constant T > 1. For all sufficiently large n € Z and p € (T~'n=% Tn=?),
the following is true.

Select a reference size vector 1 € ((T~'n,Tn) N 7Z)* and trial counts 7',n € Z%l such that
||77/ - 77”00 ) ||77 - 77”00 < T\/%’ and select (?,q € (07 1)d such that ”E]V_ p”oo ’ ”q - p”oo < T\/% and
where B € R? is defined coordinatewise by

qt g
8 = log (l:qt (e pm)) |

T
||/B||oo < ﬁ10g2n7

(7, - pin)

Let Ay ~ Bin(ny, qt) and Ay ~ Bin(7;, ¢:) all be sampled independently. Then
Elp(4 — pi)aras o) = E [o(A — i), 1.0

+ Z Bt E [(gt - pﬁi&)p(fZ - pﬁ)lezfo}
teld]
- Z By E[A; — pi] E [p(ﬁ - pﬁ)lMgz/o]

teld)
44



+0 (max {p, HBHiO pn log? n} \/pndegplogﬂdegpn) )

Proof. Write ¢ := pn for the common center, D := deg p, and

=TT @30 [~V losT, v losT]

teld]

for the lattice window around the center, and R := {x € A : Mz >' —M¢}. Since 7; € (T~'n, Tn)
we have /pij; log 7j; < \/pnlogn, so on A every coordinate satisfies |z;| = O(,/pnlogn) and |p(z)| =
O(\/MD logP n). All implied constants below depend only on 6,d, M, p,T.

Step 1: truncation. The means satisfy |[EA; — &| < |7, — |d + me|@ — p| < 2T\ /pn+ T?,/pn and
likewise [EA; — ¢ < 2T\/pn+T 2\/1%, and the variances are O(pn), so Chernoff’s inequality gives
P[A—¢¢ Al = O(n“M) and P[A — ¢ ¢ A] = O(n~“()). For large n, the trial counts 1, and 7,
are at most 2Tn, so |p(A — &) and |p(A — )| are deterministically O(nP), while multiplying by one
centered coordinate gives O(n”*1); the coefficients of p are absorbed into the implied constants.
Consequently the contributions of the complement of A to all expectations in the statement are
O(n=“M), and the events {MA >’ 0} and {MA >’ 0} coincide with {A —¢ € R} and {A—¢ € R}
on A, because A = ¢ + x satisfies M A >’ 0 if and only if Mz >" —M¢, and likewise for A.

Step 2: the two point probabilities. Apply the first formula of Lemma A.5, for each ¢, with its
n equal to 7 (so that its center is pf; = ¢ and its window is the ¢th factor of A), its constant
T replaced by T%/2+0 and (n/,p') = (7}, G:), respectively (n/,p') = (1, q:); the hypotheses hold
because p € (T4, T1979) | g, — pl, G —p| < Tp/ /i < T%2p/ \/pi, and ||, 17—l <
Tn//pn < T3%5/\/pii. Writing

~ @ —) (e — &) aled

Rt '= ———=~< Kt i= —/———————, )= ———, w(x) = P 1),
' (I —q)ce ' (1 —qt)ee 9:(@) (¢t + z)! (@) tle_[[d} ¢ ge(x)

we obtain, uniformly for x € A,
P [Z =c+ x} = (1+ O(plog®n)) N w(z), P[A=¢+z]= (1+O(plog’n)) N e w(x),

for normalizations A/ , N not depending on x, where we used that ;/%; = ¢’ by the definition of
3, and that a product of d factors 1 4+ O(plog?n) is again 1+ O(plog®n).
Step 3: reduction to averages against w. For a function h on A write

2 wer M(@)w(z)
ZZ‘EA U}(l’) ‘

By Step 1, J\N/zxeA(l + O(plog® n))w(z) = P[A—¢ e Al = 1 — O(n=“W), so for every function h
on A with |h| < H,

(h) =

> sen h(#) (1+ O(plog?n)) w(x)
Yren (14 O(plog®n)) w(x) (A1)
= (h)+ O (plog’n-H).

E WA= 015 oy =PlA-Fe A

The window-mass factor is 1 —O(n~“(1)) by Step 1; its contribution O(Hn~“(")) is absorbed in the
displayed error. The same holds for A with w replaced by e®*w in the definition of the average.
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Applying (A.1) with h = plg, h = x4plg, and h = z, and using Step 1,

E [IO(AV - E)IMZE’O} = (plr) + O (p\/]TnD 10g2+D n) )
E {(Kt —G)p(A - E)]‘MZZ/O} = (zplr) + O (p\/mDH log**? n) : (A2)
E [Zt — Et} = (zy)+ O (p\/ﬁlog3 n) ,

and

D weRr p(z)e’ “w(x) D1 24D

E[p(4 ~ O Larae] = SETT= 4 0 (pvpn” 108 n) . (A.3)

Step 4: expansion of the tilt. On A we have |3 - x| < d||B||,, max; |z:| = O(1/logn), so e’* =

L+ B8 -2+0((B-2)%) =1+ -z +0(5) with § := ||8]|>, pnlog?n = O(1/log?n). Inserting

this into (A.3), the numerator becomes (plg) + >, Be(ziplr) + O(éﬁD log?” n) times 3, w,

and the denominator becomes 1 4 u + O(0) times ), w, where u := Y, fi(x¢). By (A.2) and

Step 1, (x) = E[A; — &] + O(py/prlog® n) = O(/pn), so |u| = O(||B]lo, v/P1) = O(1/log?n) and

u? < d?||B|% pn - O(1) < O(6); hence (1 +u + O(8))™" = 1 — u + O(5). Multiplying out, and

using [(z:p1r)| = O(y/pr” T logP Tt n) so that 3, Bi(ziplg) - u = O(||8)1%, pnlogP*t n /paP) =
O(8,/pn” log® n),

>ser P(@)e’ Fw(z)
Z:}:EA eﬁxw(x)

= (p1r) + > B ({zeplr) — (w:)(plR)) + O (8y/pn” log”n)

te(d]

Step 5: conclusion. Substitute (A.2) into the right-hand side. The zeroth-order term contributes
an error O(p,/pn” log**P n). In the first-order terms, each 8; = O(1/(,/pnlog®n)) multiplies an
error of size O(py/pn” T log® P n), giving O(py/pn” log** P n). Together with (A.3) and the bound

Sy/pn® logPn < HBHiO pnloan\/an log?tP n,

all errors are O(max{p, HBHiO pnlog®n},/pn® log**P n), which is the statement. O

A.3. Sufficient conditions for graphicality. The following sufficient conditions, consequences
of the FErdés—Gallai and Gale—Ryser theorems, are used in Appendix B to show that the degree
arrays arising there are graphical.

Lemma A.8. Let dy,...,d, be nonnegative integers with even sum S and mazximum degree A. If
S>A(A+1),
then (dy,...,dy) is graphical.

Proof. Arrange the sequence in nonincreasing order and write L, := Y _;_, d;, so that L, < rA. By
the Erdés-Gallai theorem, it suffices to prove L, < r(r—1)+>71 . min(r, d;) for every 1 <r < n.
If r > A, then min(r,d;) = d; for i > r, and
n
r(r—1)+ Z min(r,d;) =r(r—1)+S—L, >r(r—1)+ A(A+1) —rA
i=r+1
=rA+(r—-A)(r—A-1)>rA>1L,,
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where the second inequality holds because (r — A)(r — A — 1) > 0 for every integer r. If r < A,
then min(r, d;) > rd;/A for every i, and

Zmln(rd) Z(S L) > Z(S_TA) (AA+1)—rA)=rA—r(r—1)> L, —r(r—1).

A K
i=r+1
O
Lemma A.9. Letay,...,ap and by, ..., b, be nonnegative integer sequences with equal sum M. Let
Ar = max; a; and Ag := max; b;. If
M > ALARa

then the pair of sequences is bipartite-graphical.

Proof. Arrange a1, ...,ap in nonincreasing order. By Gale-Ryser, it suffices to show

T n
Z a; < Z min(r, b;)
i=1 j=1

for every 1 < r < {. If r > Ap, the right side is M, and the inequality is immediate. If r < Ag,
then min(r, b;) > rb;j/Ap for every j, so the right side is at least rM/Ar > rAr > >0, a;. O

A.4. Concentration and counting. We have the following second moment bound for the degree
sequences of G(n,p) and G(¢,n,p); it is used in the proof of Lemma B.3. Recall that degs v denotes
the number of neighbors of v in S in the graph G.

Lemma A.10. Fiz a real parameter 0 € (1/2,1) and constants T > 1 and K > 0. There exists a
constant C410(K) = Ca10(0, T, K) > 0 such that, writing C := Ca10(K), for all sufficiently large
n€Z and p € (T 'n=% Tn=?) the following are true.
(i) Sample G ~ G(n,p) and let (dy,...,d,) be the resulting degree sequence, with mean d. Then,
n
P Z(d’ —d)? > Cpn® and mz[u]( |d; —pn| <pn| < exp(—Kn).
i—1 en
(ii) Consider ¢ € Z with £ € [T~ n,Tn]. Sample G ~ G({,n,p) and let (s1,...,5¢), (t1,...,tn)
be the resulting degree sequences, with means s and t respectively. Then,

¢
P Z( —5)2 > Cpln or Z 2> Cpln| and Kin| <exp(—Kn),
i=1 j=1

where Ky, denotes the event that |s; — pn| < pn for all i € [{] and |t; — pl| < pn for all

j € [nl.
Proof. We first record a moment generating function bound for a single truncated binomial variable.
Let Y ~ Bin(r,p), let B > 0 with B > rp, write Y := Y — rp, and put A := 1/(20B). Bernstein’s
inequality (Theorem 2.8.4 of [22]), applied to the r independent centered Bernoulli variables whose
sum is Y, which are bounded by 1 and whose variances sum to rp(1 —p) < B, gives for 0 < u < 2B

P[Y] > u] <2ex 2/ < 2ex —B—UQ
=P\ T B w3 P\7108B )

For X >0, b > 0, and an increasing differentiable g we have E[g(min(X, b)) 0)+ f

N 2
u] du; applying this with X = |Y|, b = 2B, and g(u) = e)‘“2, and using e*”’ lyi<op = e/\mm(‘y| 23)2,

E [eAY 1|?|§2B] < 1+/O 22 e P [|Y] > u] du
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7

<el/2.
5=

o) U2
<1 4\ —— |du=1 AB =
< —i—/o uexp( 4B> U +8

Consequently, if Y71,...,Y, are independent, each of the form Y; — r;p with ¥; ~ Bin(r;,p) and
rip < B, then for every ¢t > 0, by Markov’s inequality applied to exp(A)_, 7? ) on the truncation
event,

q
P Z?f >t and max|Y;| < 2B
i=1 ’

a =2 t
<e M HIE [eAYi 1‘72.|g2B} < exp <_2OB + g) . (A4
i=1

We prove (i). Since the empirical mean d minimizes a — _,(d; — a)?, we have > .(d; — d)* <
>-.(d; — p(n — 1))%, so it suffices to bound the probability of £ N K, where & is the event that
S 1 (di —p(n—1))? > Cpn? and K is the event that |d; — pn| < pn for all i € [n].

We first show that £ is contained in a union of events that involve only independent variables.
Let S be a uniformly random subset of [n], let U = [n] \ S, and let Eg denote averaging over the

randomness of S only. For v € [n] write

As(v) := deg8 v —p|S\ {v}], Ay (v) := degfv —p|lU \ {v}],
so that Ag(v)+Ay(v) = dy, —p(n—1). Both Ag(v) and Ay (v) are determined by G and by S\ {v},
and 1,eg is independent of S\ {v}. Hence
Es [LoevAs(v)? + LiesAu(v)’] = SEs [As(v)® + Au(v)’]

>

NG ORI

Es [(As(v) + Ap(w))?] = %(dw ~p(n — 1)

Summing over v, on the event £ we have

> A5+ Ap(v)?

velU vES
so there is some S C [n] with }°, oy Ag(v)? > Cpn?/8 or -, .o Ay (v)? > Cpn?/8. Exchanging the
roles of S and U in the second case, and noting that Ag(v) = deg% v — p|S| for v € U, we conclude
that £ C Usg[n} Eg, where

Es > Cpn2/4,

Es:=4 3 (degf v —plS|)* > Cpn?/8
ve[n]\S

Fix S. Over the randomness of G, the variables deg$ v for v € [n]\ S are independent Bin(|S|, p)
variables, since they are determined by the disjoint edge sets {v} x S. On K we have 0 < degg v <
dy < 2pn and 0 < p|S| < pn, so |deg§ v — p|S|| < 2pn for every v. Applying (A.4) with B = pn,
t=Cpn?/8, and g =n — |S| < n,

P[Es N K] < exp <_1067(§ + Z) .
A union bound over the 2" sets S gives P[€ N K] < exp(—(C/160 — 1/2 —log2)n) < exp(—Kn) as
soon as C' > 160(K + 2).

For (ii) no bisection is needed: the variables s;, i € [¢], are independent Bin(n,p) variables, and
the variables t;, j € [n], are independent Bin(¢, p) variables. As before, >.(s; — s)2 < 3, (si — pn)?
and zj (t; —t)2 < Zj(tj —pl)?. Apply (A.4) with B = Tpn, which is at least np and at least ¢p,
with t = Cpln > Cpn?/T, and with ¢ = ¢ < Tn, respectively ¢ = n; the truncation hypotheses
|s; —pn| < pn and |t; — pf| < pn are stronger than the required |Y;| < 2B. Each of the two
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events in question therefore has probability at most exp(—Cn/(2072) + Tn/2) on the truncation
event, and their union has probability at most 2 exp(—Cn/(207?) + Tn/2) < exp(—Kn) as soon as
C > 20T%(K +T). Both parts therefore hold with C4.10(K) := max{160(K +2), 20I*(K+T)}. O

We have the following basic counting lemma, also used in the proof of Lemma B.3.

Lemma A.11. Fiz a real parameter 0 € (1/2,1) and constants T > 1 and C > 0. There ex-
ists a constant Cy11(C) = Ca11(0,T,C) > 0 such that for all sufficiently large n € Z and
p € (T7'n=9 Tn=?), the number of integer sequences

H(yl,---,yn) S ([_CW,C\/@]QZ)R;y1+...+yn:0}‘
is at least exp(—Ca.11(C) n)(y/np)".

Proof. Write ng :=n — [n*?] and J := [-C\/np,C\/np|NZ, so that |J| > C\/np. By Chebyshev’s
inequality, at least half of all sequences (y1,...,¥n,) € J™ have |y; + - -+ yn,| < 2C\/n,/np. Bach
such sequence has at least one continuation (yng+1,--.,yn) € J*~ ™ making the overall sum 0, since
the remaining {nQ/ 3] entries, each ranging over the integer interval J, can contribute any integer of
absolute value at most [n%3]|C/np|, and [n*3]|C/np| > 2C/n/np for large n. Therefore, the
number of sequences in question is at least

1 1 n—n?/3— "
S = 5 (Cyp) ™" > exp(=Cann(€) m) (/i)

for a suitable constant C'4.11(C) > 0 depending only on 6, T, and C' (the factor (\/7Tp)—n2/3_1 >
exp(—n?/3logn) and the factor %C"‘”Q/B_l are both > exp(—0(n))), as desired. O

A.5. Conditioning a Gaussian vector on an open set. The following elementary facts are
used in Section 4 and Appendix D.

Lemma A.12 (Conditioning on an open set). Let X ~ N(v,%) with ¥ € R¥*9 positive definite
and let O C R? be a nonempty open convex set. Then P[X € O] > 0, E[X | X € O] € O, and
Cov(X | X € O) is positive definite.

Proof. The density ¢ of X is positive on all of R%, and O is a nonempty open set, hence has positive
Lebesgue measure; therefore P[X € O] = [, ¢ > 0, and the law of X conditioned on {X € O} has
the density plp/P[X € O], which is positive on O and vanishes off O.

Let u := E[X | X € O] and suppose p ¢ O. Since O is convex and open, the separating
hyperplane theorem gives v € R%\ {0} with u -z < u - u for all z € O, and the inequality is strict
for every x € O because O is open. Hence u - X < u - p almost surely under the conditioned law,
and taking expectations, u-pu =E[u- X | X € O] < u- u, a contradiction. Thus u € O.

Finally let u € R?\ {0}. Then u'Cov(X | X € O)u = Var(u- X | X € O). If this vanished,
the conditioned law would be supported on the hyperplane {z : u - x = w - p}, which has Lebesgue
measure zero, whereas the conditioned law has a density that is positive on the open set O and
therefore gives positive mass to @ minus any Lebesgue-null set. Hence the variance is positive, and
Cov(X | X € O) is positive definite. O

APPENDIX B. THE FIBER LAW: TRANSFERENCE TO THE ROW MODEL

This appendix proves the lemmas used in the proof of Proposition 3.8 and Proposition 3.9, in
the order in which they depend on one another: graphicality of the arrays in the fiber, comparison
of the graphical degree law Gy, with the conditioned row model, second-moment regularity in
both models, and finally the exact-total lower bound and binomial regularity in the row model.
Throughout, the notation is that of Definitions 3.1 and 3.5, and the tools of Appendix A are used
freely.
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B.1. Graphicality of the arrays in the fiber.

Lemma B.1 (Automatic graphicality). Fiz 0 € (1/2,1), an integer k > 1, and T > 1. For all
sufficiently large N, the following holds. Let V' be a finite set with |V| = N, letp € (T"'N—9 TN~9),
and let 11 € Parti (V) and m € M(II) satisfy

ITI[s)| > T 'N

and

N?p

VpN

for every s,t € {0,1}*. If d € A(IT) satisfies m(Il,d) = m and k,(11,d), then d € D(II).

mls, t] — p[I[s]|[ITe][| < T

Proof. By Fact 2.1, it suffices to show that for every internal block pair {s,s} the sequence
(d[x, 8])zems] is the degree sequence of some simple graph on II[s], and that for every bipartite
block pair {s,t} the pair of sequences (d[z,t])yers), (d[y; 8])yerpy is the pair of degree sequences of
some simple bipartite graph between II[s] and II[t].

Fix s. The sequence (d[z, s]),er1(s) has even sum m/s, s], and by the assumptions m|s, s|] < pN2.
By &p,

A, = max d[z,s] < p|l[s]| + (pN)*7 = O(pN).
z€lIl[s]

Since Ag(As+1) = O(p>N?) = o(pN?), we have m/[s, s] > Ag(Ag+1) for all sufficiently large N, and
Lemma A.8 implies that there is a simple graph on Tl[s] with degree sequence (d[x, s]),erjs). Now
fix s # t. The two sequences (d[z,t]),er(s and (d[y, s])yempy have the common sum m(s, t] < pNZ2,
and by k), their maxima Ag; and A, s are O(pN), so m[s,t] > Ag A s for all sufficiently large N,
and Lemma A.9 implies that there is a simple bipartite graph between II[s] and II[¢] with these two
degree sequences. Thus d € D(II). O

B.2. Comparison of the graphical and binomial degree laws.

Lemma B.2 (Enumeration comparison). Fiz 6 € (1/2,1), an integer k > 1, and constants T > 1
and ¢ € (0,1/2). There is a constant Cpo = Cpa(0,k,T) > 0, and for every Cr > 0 a constant
C5 5(Cr) = C 5(0,k,T,Cr) > 1, such that for all sufficiently large N the following holds. Let V be
a finite set with |[V| = N, letp € (T"'N~=9 TN=9), suppose that (y, \) is (T, ¢, p)-locally admissible
with y = (II,m, 1), and let d € A(II) satisfy m(II,d) = m and k,(I1,d).

(i) (Weak comparison.)
Grim(d) < exp{Cp2(pN)*"} Rua(d | m(IT, D) = m),
Grm(d) > exp{—Cp.2(pN)*"} Rup(d | m(II, D) = m).
(ii) (Strong comparison.) If d also satisfies I'cy. ,(II,m, d), then
Grm(d) < Cp5(Cr) Rua(d | m(IL D) = m),
Grim(d) > Ch5(Cr) ™' Rua(d | m(II, D) = m).

Proof. Factorization over block pairs. Write {m} := {d" € A(]) : m(II,d’) = m}. For d € {m}

and a block pair {s,t} of II, let ds s := (d[z, s])zem(s) be the degree sequence of d on the internal

block pair {s, s}, which has sum m(s, s], and let d := ((d[z,?])sens), (A[y, 5])yenp) be its pair of

degree sequences on the bipartite block pair {s,¢}, which have common sum m[s,t]. The array d
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is the same as the collection of these sequences, and both laws in the statement factor over block
pairs, in the notation of Definitions A.1 and A.2:

Gin(d) =[] Potisimiss/2(dss) I Bowmisnigmis(dse),
s€{0,1}* {s t}: s#£t (Bl)
R )\(d ’ {m} H IP)B(n[s] m[s, s]/?) s, s H ]PB n[s] n[t],m[s,t])(ds,t)-
s€{0,1}*¢ {s,t}: s#£t

The first identity is Definition 3.5: under Gry,,, the restrictions of G to the block pairs are indepen-
dent uniformly random simple graphs on II[s] with m[s, s]/2 edges, respectively bipartite graphs
between II[s] and II[t] with m[s,t] edges. For the second identity, Ry ) is a product law and {m} is
an intersection of one constraint per block pair, so the block-pair sequences remain independent after
conditioning; and for independent binomial variables with a common success probability A, every
point probability on the event that their sum equals M carries the same factor AM (1 — ))tials=M
so the conditional law given the sum does not depend on A and coincides with the laws Pp(.), which
were defined with success probability 1/2. In particular the numerical values of \[s, t] play no role
in this proof.

Hypotheses of the enumeration theorems. Write ds; := m/[s, t]/n[s] for the average of the sequence
(d[x,t])zems)- By (LA2), n[s] < N; by (LA2) and (LA3), ds < pN and

dy — plt]] < \/Z;anp < T2/pN. (B.2)

Hence r,(I1,d) and (B.2) give, for all s,t € {0,1}* and x € II[s],

)

|d[a, 1] — dsg| < (PN)YT +T2\/pN < 2(pN)Y7 < a7} (B.3)

for large N, which is the maximum-degree hypothesis of Theorems A.3 and A.4 with oo = 7/12,
applied to each block pair after identifying I1[s] with [n[s]]. Their remaining hypotheses hold as well:
the densities ps and s defined below are < p — 0; the average degrees are < pN > T-IN'9 5o
logh N/N = o(us) and Nlogh N = o(m]s,t]) for every fixed K; and for o = 7/12 the condition
(€ +n)>=% = o(fnm35) of Theorem A.4, with £ = n[s], n = n[t], m = ml[s,t], reads N?/12 =
o(N%(pN?)Y/12) up to constants, that is, (pN)'/!? — oco. Every d in the statement is graphical
by Lemma B.1, whose hypotheses are supplied by (LA2) and (LA3); thus each block-pair degree
sequence of d is realized by a simple graph, respectively bipartite graph, so the left-hand sides in
(B.4) below are positive.
The block-pair ratios. Put us == ds s/ (n[s] — 1), st := mls, t]/(n[s]n[t]), both < p, and

1 _
Y2(ds s) := 1) Z 5)2, Uit = P Z (d[z,t] — ds7t)2.
x€Il[s] z€Il[s]

The error terms of Theorems A.3 and A.4 are o(1) in the present ranges: with a = 7/12 they are
O(log? N/vV/N + (pN)~1/12) | respectively O(log? N/v/N + (pN)=2%/12. p2N?) = O(log? N//N +
(pN)~1/12). The theorems therefore read

PG( [s],m[s,s]/2) ( ) 1 72(dss)2
22— (14o0(1))exp (- — ———2 )
IP)B(n[s] m[s,s]/2) (ds,s) 4 4“3(1 - NS)Q (B.4>
PG( t] m[S t (dS,t) (1 + 0(1))Hs,t,
PB(n[S] nlt]mis,]) (ds,t)
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where

Ht':eXp _1 1_7i 1_7L
* 2 dS,t(]- - MS,t) dt75(1 - lLstt)

Taking logarithms in (B.1) and substituting (B.4),

2
IOgGEMd)): T <i_72(ds78)>+ 3 log Hyy +o(1). (B.5)

Roa(d|{m}) o s —ps)?) o
Proof of (i). By (B.3),
4nls] (pN)8/7 1/7 72(ds,s)° p2(PN)2/7 2/7
< ——=2F 7 = I S AT ) —
n(d) < o =0 (o). =0T ) =o(em),
and

2

o5
o SAPNPT, =0 (o)7)

so that [log Hyy| < 1 (140 ((pN)1/7))2 = O ((pN)?/7). Each of the 2* + (2;) terms in (B.5) is
therefore O((pN)?/7) in absolute value, with implied constants depending only on 6, k, T’ this is (i).

Proof of (ii). If I'cy. ,(II, m, d) holds, then Exen[s}(d[:c, t] —ds¢)? < CrpN? for all s, ¢, so in place
of the bounds above,

OFpN2 72(ds 3)2 2
dS S S 11 a9 b — 5 = Y
7de) < G —pp ~ OCrP) wai—pp ~ 01D
CrpN?
tes S = OCraN), [log Hyy| = O (14 Cr)%),

and every term in (B.5) is bounded in absolute value by a constant depending only on 6, k, T, Cr;
this is (ii). O
B.3. Second-moment regularity.

Lemma B.3 (Graphical fiber second-moment regularity). Fiz 6 € (1/2,1), an integer k > 1, and
constants T > 1 and ¢ € (0,1/2). There ezists a constant Cpz = Cp3(0,k,T,$) > 1 such that for
all sufficiently large N, all p € (T7'N=0 TN=Y), and every finite set V with |V| = N, if (y,\) is
(T, ¢, p)-locally admissible with y = (II,m, 1) € YVi(V), then

Gitm (P g p(ILm, D) | In, kp(I1, D)) > 1 — ™.

Proof. Let P, denote the law of 6(I, G) for G ~ G(V, p), with the partition II fixed, and abbreviate
{m} = {D € A(I) : m(II,D) = m}, kp := kp(II,-), and I'c := T'c,(Il,m,-) for C > 0. By
Definition 3.5, G, = Pp[- | {m}], so for every event E C A(II),

_ Prip [EN{m}]

Grm(E) = (B.6)
Prrp [{m}]
Applying (B.6) to numerator and denominator, the quantity to be bounded is
Gitm (T, NI N Kp) Pty [T, 0T N iy 0 {m}
GH,m (I%'Bs ‘ Im N Kp) = 53 = ’ 53 (B7)

GH,m (IH N Hp) Pnyp [IH NKpN {m}]
We will exhibit a constant Cs, depending only on 0, k,T,¢ and not on Cp.3, such that the de-
nominator is at least e"“5" (Steps 1-3), and then choose Cp 3 so that the numerator is at most
e (Cs+N (Step 4). The constants Cy,...,Cs and C, below are internal to this proof and depend
only on 0, k, T, ¢.
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Step 1: lower bound for Prp[{m}]. Under Pp,, the edge counts of the block pairs of II are
independent, so P p[{m}] is the product, over the block pairs of II, of the probabilities that the
edge count of the internal block pair {s, s} equals m[s, s]/2, respectively that the edge count of
the bipartite block pair {s,¢} equals m[s,t]. Each such edge count is a binomial variable Bin(R, p)
with R = ("gs]), respectively R = n[s|n[t], so that Rp < N?p by (LA2), and by (LA3) the target
value j (= mls, s]/2, respectively m|[s,t]) satisfies |j — Rp| = O(N?p/+/pN). We use the following
elementary lower bound for binomial point probabilities. For an integer 0 < j < R, put ¢q := j/R.
The term (f) ¢ (1 — q)®J is the largest of the R + 1 terms of the binomial distribution Bin(R, q),

whose mode is at [(R + 1)q] = j, and these terms sum to 1, so (?)qj(l —q¢)ft 7 > (R+ 1)L
Therefore

pBin(Rp) = 1 = (D) —pi s L (Y (L2277 L kD)
= = — _ — _— — X —
PP Prrr=rs1\q) \1—¢ R+1°P 7P
1 | — Rp)?
> exp (_URI@> ,

R+1 Rp(1 —p)
where D(q||p) = qlog% + (1 — q)log }T_Z’ and the last step uses logu < u — 1 twice: qlog% <
q(qz:p)’ and (1 — q)log }%g < %, whose sum is ;(a%;fz)oz)' In our situation (j — Rp)?/(Rp) =
o) (N4p2/(pN . sz)) = O(N) and log(R + 1) = O(log N), so each of the 2k 4+ (2;) probabilities is
at least exp(—CoN) for a constant Co = Co(6, k,T), and hence, with Cy == (2 + (%))Co,

P [{m)] = exp(~CiV). (B.9)

Step 2: a large set & of good arrays. Let & be the set of arrays d € A(II) with m(Il,d) = m
and

m|s,t 0.01
‘d[x, t] — n[[s] ] ‘ < ﬁ\/pN for every s,t € {0,1}* and z € II[s]. (B.9)

Every array in & satisfies Zy;. Indeed, fix s € {0,1}*, 2 € II[s], and 1 <7 < k — 1. Summing (B.9)
over the 2F values of t,

> =y ldfe, ) -

te{0,1}F

_ 0.01 —
Z (_1)t[7‘ l]m[s,t] ST pN’

te{0,1}F

1
nls]

while (LA5) together with n[s] < N gives

1 > (=) Ums, 1| > 1o N°p >T71/pN
n[s] " T nls] = P
te{0,1}* p

ﬁ

with the sign of the sum equal to (—1)*"l. Hence 3°,(—1)/"~!d[x, ] is nonzero with sign (—1)*I"),
which is exactly the rth inequality in Zs(d[x, e]) (both the weak and the strict form). Every array
in & also satisfies r,: by (LA2) and (LA3), |m[s,t]/n[s] — pn[t]| < TN?p/(v/pN nls]) < T?\/pN,
so (B.9) gives |d[x,t] — pn[t]] < (T? + 0.01)y/pN < (pN)¥/7 for all sufficiently large N. Finally,
squaring and summing (B.9) over z € Il[s] gives > pyq(d[z,t] — m[s,t]/n[s])? < 1074pN2?, so
every array in & satisfies I';, and hence I'¢ for every C' > 1. In summary;,

Sog{m}ﬂznﬁlipﬂrl g{m}ﬂ.’[nﬂﬁpﬁrc (021), (B.lO)

and by Lemma B.1 every array in & is graphical.
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Step 3: lower bound for the denominator of (B.7). We first lower bound Gry (&) by summing
pointwise bounds over &. We claim that, under the law Ry (- | {m}), each array in & has
probability at least

R (d | {m}) > (pN)*QkN/2 exp(—CaN) for every d € &, (B.11)

with Cy depending only on 0, k,T. To see this, fix d € &. Since d € {m}, conditioning can only
increase its probability, Ry a(d | {m}) > R a(d), and by the product structure of Ry y,

Roa(d)= [[ II TI PBin(nlt] - Le= Als,¢]) = d[z, )],

s€{0,1}* z€ll[s] te{0,1}F

a product of 25N binomial point probabilities. Each of them is a point probability at a bounded
number of standard deviations from the mean: by (B.9), (LA2), (LA3), and (LAG6),

t t
e 1] — prft] < [ale.) - P20 0| < (001 4 72) /A,
n[s] ns]
while the parameters n’ := n[t] — 1,4 and p’ := A[s,t] of the binomial satisfy |n’ — n[t]] < 1

and |[p’ — p| < Tp/+/pN. We may therefore apply Lemma A.5 with its n equal to n[t] (note p €
(T 'n[t]=0, T'n[t] %) for T' := T'HY by (LA2)), its (n/,p’) as above, and ¢ := d[z, ] — pn[t] in the
role of the variable x of the lemma; by the previous display, £ lies in the window [£| < +/pn[t] log n[t]
of the lemma. In its second formula the parameter o = /pnlog (p'(n’ —pn)/((1 —p')pn)) is
bounded by a constant depending only on T, because p'/p = 1+ O(1/y/pN) and (n' — pn)/((1 —
p)n) =14 O(p + 1/n); and the normalization satisfies No = (14 o(1))(27pn[t])~1/2, as one sees
by summing the formula over the window (which carries all but N=*() of the mass, by Chernoff’s
inequality). Hence

2

0.01 + T2)y/pN + |al\/pn
P[Bin(n[t]fﬂsztv)\[s,t]):d[x’t“21-1-70(1)exp 7(( +T%)VpN + | \ﬂ)
2mpnlt] 2p nlt]

for a constant ¢ = ¢(0,k,T) > 0, where we used T-'N < n[t] < N in the last step. Taking the
product over the 2F N entries gives (B.11) with Cy := 2¥log(1/c).

Next we count &. An array d with m(II,d) = m is specified by choosing, for each of the
ordered pairs (s,t), the integer sequence (d[z,t])zemps) With sum m[s,t]. Fix (s,t), write w :=
0.01y/pN/(T2%), and write m[s,t] = qn[s] + r with ¢ € Z and 0 < r < n[s]. Let b be the
sequence taking the value ¢ + 1 on r fixed elements of II[s] and ¢ on the remaining n[s| — r; then
> blr] = m[s,t] and |b[z] —m][s,t]/n[s]| <1 for every z. For every integer sequence (yz)ycris) With
> .Yz = 0and |y;| < w—1, the sequence b + y has sum m/[s, t] and satisfies (B.9); its entries lie in
[0, n[t]—1s—¢] for all sufficiently large N, because they are within w of m[s, t]/n[s] = pn[t]+O(v/pN),
so the resulting arrays lie in A(IT) and hence in . By Lemma A.11, applied with n = nls|, with its
constant T equal to T (so that its hypothesis on p holds, because n[s] € [T~'N, N] by (LA2)),
and with its parameter C' equal to cp := 0.005/(T2%) (so that coy/n[s]p < w — 1 for large N), the
number of such sequences y is at least

22k

exp <—CA.11(9,T1+9, co) n[é’]) ( n[S]py[s} > exp (— (CA.11(07T1+97CO) + 3 log T) N) (pN)"172,
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using T7'N < n[s] < N. Multiplying over the 22* ordered pairs (s, t), and using dsinls] = 2kN,
we obtain, with C3 := 22%(C4.11(0, T, ¢o) + %log T),

€0l = (PN)?" /2 exp(~C3N). (B.12)

Now, by (B.10), every d € &y is a graphical array satisfying m(Il,d) = m, kp, and I';, so
Lemma B.2(ii), applied with its parameter Cr equal to 1, gives Grm,(d) > Cy'Rpa(d | {m})

for every d € &, where C := C;,(0,k,T,1). Summing this over d € & and using (B.11) and
(B.12),
Grim(&0) = Y Grm(d) > O & (pN) 2 V2= N
de& (B.13)
> O lem(@AGIN 5 =GN 0y Oy 4 O + log C,.

Unwinding the definition of Gy, through (B.6) and using (B.8),
>e

Pn,p [50} = PH,p [50 N {m}] = GH,m(gO) Pnyp [{m}] “CaN=CIN . o=C5N (B.14)
Finally, by (B.10) the denominator of (B.7) satisfies
Pry [In N kp N {m}] > Py [Eo] > e O, (B.15)

The constant C5 = C7 + Cy depends only on 8, k, T, ¢; in particular it does not depend on Cg 3.
Step 4: upper bound for the numerator of (B.7), and choice of Cp3. For C' > 0, on the event
{m} the assertions I'c(D) = I'c,(II,m,D) and I'c,(II, m(II,D),D) coincide, and the latter is
the assertion that, for every internal block pair {s, s} and every bipartite block pair {s,t}, the
corresponding block-pair degree sequences of GG have sum of squared deviations from their means at
most CpN?2. We retain the event kp in the numerator because it supplies the truncation hypothesis
of Lemma A.10: r, asserts that |D[z,t] — pn[t]] < (pN)¥7 for all 2 € V and t € {0,1}*, and
(pN)¥7 < pnlt] for all sufficiently large N because n[t] > T-'N by (LA2). Under Prip, the
graph induced on II[s] is distributed as G(n[s],p) and the bipartite graph between II[s] and II[t] as
G(n[s],n[t],p). Apply Lemma A.10(i) to each internal block pair, with n = n[s], and Lemma A.10(ii)
to each bipartite block pair, with n = n[t] and ¢ = n[s], in both cases with the constant T' of the
lemma replaced by T'*? (so that its hypotheses on p and on ¢ hold) and with K := T(2C5 + 2),
and put Cp 3 := max{1,C410(6, T**?, K)}, which depends only on 0, k, T, ¢. On &, the truncation
hypotheses of the lemma hold, by the previous paragraph. Since n[s],n[t] > T~'N, each application
has failure probability at most e 5XN/T = ¢=QCs+2AN "and Cpapnls]> < CpapN? (respectively
Cpapn|s|n[t] < Cp.3pN?), so a union bound over the 2% + (2;) < 22k blocks and block pairs gives

PHJ? [F%Bg N IH n H17 N {m}] S PH,P [FCB.:a,p(H? m<H7 D)? D)C N Hp] S 22k67(205+2)N S ei(chrl)N

(B.16)
for all sufficiently large N. Inserting (B.15) and (B.16) into (B.7),
; Puip [T, NZn Ny 0 {mY]  (@tnw
(TS [ Tnnk,) = : < =
o (Lo | IOy = )]~ e C
O

Lemma B.4 (Row-model second-moment regularity after exact totals). Fiz 6 € (1/2,1), an integer
k> 1, and constants T > 1 and ¢ € (0,1/2). For all sufficiently large N, allp € (T7'N=% TN=?),
and every finite set V- with |V| = N, if (y,\) is (T, ¢,p)-locally admissible with y = (II,m, 1) €
Vi(V), then

RH,)\ (FCB‘3(9,k7T,¢),p(H7 m, D) ‘ IH, HP(H, D), m(H, D) = m) =1- 0(1)
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Proof. Abbreviate I' := o, 9,6,1,6) p(IL, M, ), Kp = kp(IL,+), and {m} := {D € A(II) : m(II, D) =
m}, and write Cy := Cpo(0,k,T) for the constant of the weak comparison Lemma B.2(i). By
Bayes’ rule,
an)\ (Fc NZgN Kp ‘ {m})

R (Zn O kp | {m})
Both the numerator and the denominator are sums of Ry y(d | {m}) over arrays d € {m} Nk,, and
for every such array the weak comparison gives

exp{—Co(pN)*/"} Grim(d) < Rua(d | {m}) < exp{Co(pN)*"} Grrm(d).

Summing the upper bound over the arrays in the numerator and the lower bound over the arrays
in the denominator, and then applying Bayes’ rule for Gry,, and Lemma B.3,

GH,m (FC NI N /ﬁ;p)
Grim (Zi N kp)
= exp{2Co(pN)*™} Grim (T | T N ) < exp{2Co(pN)*/™ — N},

RH,/\ (Fc ‘ IH7 Kp, {m}) =

Ri (0° | Zi, #p, {m}) < exp{2Co(pN)*7}

which is o(1) because (pN)?/7 = o(N). O

B.4. Exact totals and binomial regularity in the row model. The exact-total lower bound
rests on the following local central limit theorem for sums of independent copies of a conditioned
binomial vector.

Theorem B.5. Fiz a real parameter 8 € (1/2,1), a positive integer d > 1, a nonnegative integer
r, an integer matric M € Z"*% with nonzero, pairwise orthogonal rows, an r-dimensional vector
inequality relation >'€ {>,>1}", and a real constant T > 1. For all sufficiently large n € Z and
p € (T~ Tn=?), the following is true. When r = 0, we use the convention |[Mn| . = 0 and
interpret M A >" 0 as the whole sample space.

Select n € ((T~1n,Tn) NZ)% such that | Mn||, < T—% and select an integer m € (T~ n,Tn).

N
d
Select q € (p — T\/%,p + T#) such that mE[A|M A >' 0] € Z® where we sample Ay ~ Bin(ny, q;)

all independently.

Let p be the probability distribution on Z% given by sampling A; ~ Bin(ns, q;) all independently,
and then conditioning on MA >' 0.

Sample m independent copies AV, ... A ~ p and let S = AV + ... + A Then,

P[S = mEa~,[A]] = Q((n’p)~%?).
Remark. The proof below in fact gives the uniform two-sided estimate
P[S = mE4,[A]] = © ((n2p)_d/2> .

Indeed, the low-frequency integral is the density at zero of a Gaussian whose covariance is uniformly
comparable to n?p times the identity, while the high-frequency integral is 0((n2p)_d/ 2) in absolute
value. We state only the lower bound because this is all that is used in Lemma B.6; the hypotheses
do not force the normalized covariance, and hence the leading Gaussian constant, to converge.

Proof. 1f r = 0, the conditioning event M A >’ 0 is the whole sample space. The coordinates of S are
then independent, with S; ~ Bin(mmn;, ¢;) and integer means mn;q;. Since mn;q;(1—q;) < n’p — oo,
Stirling’s formula gives
d
P[S = mEa-,[A]] = H]P’[Bin(mm, qe) = MGy

t=1
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- H [ ot s = Ollan) ).

mntQt(l —qt)

This proves the claim when r» = 0. Henceforth assume r > 1.
Let B be the random variable distributed as A —Ea~,[A] where A is sampled from p. Sample
m independent copies BY, ..., B™) and let

S =BW 4y ...4 gm),
It suffices to lower bound the probability P[S” = 0]. Note that S’ is supported on a subset of Z¢, so

we have
1 o
PIS = 0] = —— / dtE[eitS].
(271—)d [—m,m]¢
We now estimate the characteristic function E[e**S'] for various regimes of ¢.
To do this, we first need to prove regularity conditions on the covariance matrix CovB. Indeed,

let oy = /pn¢log (lqtqt ), which is bounded by a constant depending only on 1" because of the

hypothesis on ¢, and sample independent Xy ~ N (\/pnray, pne) for all t € [d]. Applying Theorem A.6
with p € {1, z;, z;z;} and dividing, we see that

CovB = Cov[X|MX > —pMn] + O(y/pnlog® ¥ n);

here we used that P[M X > —pMn] is bounded below by a positive constant depending only on T', M,
and d, because each bounding hyperplane {z : (Mz), = —(pMmn),} lies within |(pMn).|/ ||pr]ls <
T\/pn of the origin (where p, denotes the rth row of M), while the mean of X has norm O(T'\/pn)
and each coordinate of X has standard deviation /pn; =< ,/pn; so the constraints sit at O(7')
standard deviations. The matrix Cov[X|MX > —pMmn| is positive definite: otherwise some
nontrivial linear combination of the X; would be almost surely constant after conditioning on
MX > —pMn, which is impossible because the conditioned law has a density on the region
{Mz >" —pMn}, whose interior is nonempty since the rows of M are orthogonal. Note that
I#COV[X|MX > —pMn] = Cov[X/\/pn | M(X/\/pn) > —pMn/,/pn] is a continuous function
of the parameters (7:/1)ie(q, (@t)ic(q), and pMn//pn, and does not otherwise depend on n or p.
These parameters range over the compact sets [T~!, 7], [T, 7%, and [T, T]" (for a constant T"
depending only on T'), on which the conditioned Gaussian has full-dimensional support, so there is
some constant C' such that the entries of p%Cov[X |MX > —pMn] and its inverse are bounded by

C' in absolute value. This implies that the entries of %COVB and its inverse are bounded by 2C' in
absolute value.

We now apply the multidimensional Berry—Esseen theorem for convex sets [2]: for independent
centered random vectors B, ... B(™ in R? with ¥ := Cov(}>; B%") = m CovB positive definite,
and Z ~ N(0,%),

m
sup  |P[S' € U] ~P[Z € U]| < Cppd/* S E Hz—
=1

UCR4 convex

2
3
= CBE d1/4m_1/2 E H(COVB)_1/23H2

for a universal constant Cgg. The third moment on the right is O(1): conditioning on the event

MA >' 0, whose probability is (1) by the previous paragraph and Theorem A.6 with p = 1,

changes the third central moments of the coordinates A; by at most a constant factor and moves

their means by O(y/pn), so E||B|3 = O((pn)®/?), while the entries of (CovB)~! are O(1/(pn)).
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Hence, for all convex sets U C R¢,

Ch
[P[S" € U] = PIZ € U]l < 55517

for a constant C; depending only on 0,d, M, T, where Z ~ N(0,mCovB) (we use the weaker
n0.01/d

exponent 1/2 — 0.01/d for convenience below). Fix any ¢ € [, 7]¢ with ||¢|| < , and write
o] \/%
K := |n'/%]. For all £ € Z, let
Uy={zeR:2nl/K <t -z <2r({+1)/K},
which is a convex set, and note that ¢** = ¢2™/K  O(1/K) for = € U,. Furthermore, we have
[t -S| < nl02/d and |t - Z| < n092/¢ with probability 1 — O(n~“(): each coordinate of B is at

most 2,/pnlogn in absolute value except with probability n~®) (a Chernoff bound for A;, the
conditioning on an event of probability €2(1), and |[E,A; — EA;| = O(,/pn)), so after truncating at
this level Hoeffding’s inequality shows that each coordinate of S’ is O(\/nTp log? n) with probability
1—n=%M whence [t-5'| < d|t] o [5]lo, = On?log?n); the claim for Z follows from Gaussian
tails. Hence only the O(n!/6t0-02/4) strips with [¢| < n®02/?K carry non-negligible mass. Thus, we
have

E[¢S'] = O(n~=W) 4+ Z (2K L O(1/K))P[S" € Uy
LeZ
|€\§n0'02/dK
=0+ Y UK (P[Z €Ul +0(m™" HO'OW))
LEZ,
|€|§n0'02/dK
_ O(nil/ﬁ) +O(n71/3+0.03/d) —i—E[eit'Z] _ O(n71/6> _’_E[eitz]’

SO

P[S' = 0] = O(n~"! (n’p)~?) + dt E[e’?]

(27-[-)d te[—m,n]¢
||t|‘oo§n0401/d/ /n2p

1 o
dtE[e™ ).

+ (27T)d te[—m,m]¢

[tl] o >n 01/ /y/n2p
There is a constant Cy such that
L 9
[E[e’7]| < exp(—Can’plIt[l3,),
which implies that

teRr? th[eit'Z] = O(n_w(l))-

Ht||oo>n0A01/d/ /n2p
If fz denotes the density of Z, then

1 it- 1 it- S’ -
P[S’ — 0] — /teRd dtE[e 7] + G| el dtE[e™S'] + o((n?p)~¥/?)

27r)d
( ) ||t||oo>n0401/d/ /n2p
1

= fz(O) + (271')d/ te[—m,m] th[eit’S'] + O((n2p)—d/2)

||tHOO>n0.01/d/ /n2p

= Q((n?p)~¥?) + dtE[e™].

(27T)d te[—m,m]¢
([t oo >n0-01/4/\/n2p
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In order to estimate this error term, we use the following decomposition of p.
Let 1, .., ur € Z% be the rows of M. Denote y € Hte[d] (Z — pny) as good if

d
Y 1
e [T+ 2+ + [T+ 2 + [0,} .

NG ' d||M||,

Every good y satisfies M (pn+y) >’ 0, with room to spare. Indeed, write y//pn = [T+2] >,/ p+2
with z € [0,1/(d||M||)]% by the orthogonality of the rows, and since ||ur||§ > 1 for a nonzero
integer vector while |p,. - 2| < ||prlly /(d|M] ) <1

(My)r = vpr (1T + 21 lelly + e - 2) = (T +1)y/pm > Tofpm > pl| Ml = |(pM), .

so (M(pn+y))r > 0 for every r.
Let f(xz) be defined as in the proof of Theorem A.6. Following the proof of Theorem A.6,
uniformly for good y, we have

PavolA = pn -+ = (1 + Olog" /) ——L L — ((pm)~2).
z€R? dx f((]?)
Maz>"—pMn

Armed with this result, we are now ready to provide the relevant estimate of
[Ble ]| = [Ble® S]] = [Ean,[e™ AP
The above analysis implies that we can decompose A — pn into
A—pn=1:T + 1515

where £ is an event of probability C3, where T} is uniformly distributed on the set of good elements,
and where T1,1¢ and T5,1¢ are pairs of independent random variables; indeed, one may take
C3 = #{good y}-miny good Pa~,[A = pn+y], which lies in [c, 1) for a constant ¢ = ¢(0,d, M,T) > 0
because there are ©((pn)¥?) good elements, each of p-probability Q((pn)~%?) by the previous
display, and because p also charges points that are not good. Thus, we have

[Eanple" 7P| = |C3E[e" ] + (1 — C3)E[e ]| <1 - Cy + Cy[E[e 1],

Note that the set of good elements forms a discrete rectangular prism. Let the number of lattice
points in its jth coordinate interval be W;,/pn € Z (note that W; = ©(1)). Then, we see that

- sin (4545477
¢ 1|_HW\/M sm(t])

2

At t; = 0 the corresponding factor is interpreted by continuity and equals 1. If ij/ﬁ <Gl <7
for some j, this quantity is at most 4/5 (as |sin(¢;/2)| > |t;|/7), so

E[e5)] < (1— Co/5)™ < (1— ¢/5)™ = O(n~).
If n0OVd )\ /n2p < |t;| < Wji\/;% for some j, then this quantity is at most
t;W;\/pn
LW (1 0.012W2pn)
Wjy/pn tj/2 4 O(t3)

<1 - p00Vd/p

SO
|E[eit~5”” < (1 - an0.0l/d/n>m < <1 o CnO.Ol/d/n)m _ O(n—w(l)).
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Thus, we have

B[S = 0((n*p) 1),

d d
1]l oo >n0 01/d/\/ﬂ2
as desired. (]

Lemma B.6 (Exact-total lower bound). Fiz 6 € (1/2,1), an integer k > 1, and constants T > 1
and ¢ € (0,1/2). There exists a constant Cp¢ = Cps(0,k,T,®) > 0 such that, for all sufficiently
large N, all p € (T7'N=9 . TN~Y), and every finite set V with |V| = N, if (y,\) is (T, ¢, p)-locally
admissible with y = (I, m, 1) € Yi(V), then

STPY (m(II,D) =m | Iy) > (NQP)—CB.fs'

Proof. By (LAT) and Fact 3.6, under Ry (- | Zr1) the rows in a fixed part II[s] are independent
copies of A e | Zs(As,e), and rows in different parts are independent. By (LAS),

n[s|E[As; | Zs(Ase)] = m[s, t]

for every s,t € {0,1}*. Hence the event m(II, D) = m is the intersection, over s € {0,1}*, of the
independent events

Z Diz,e] = m][s,e], (B.17)

z€I[s]

each of which asks that the sum of n[s] independent copies of the conditioned row vector Ag,o |
Zs(Ase) equal its mean n[s|E[Ase | Zs(Ase)] = m[s, o], an integer vector. It therefore suffices to
show that each event (B.17) has probability at least (N?p) =% under Ry »(- | Zn) with C := 2141,
and then to multiply over the 2% values of s.

Fix s € {0,1}* and put d := 2¥. A nondegenerate d-dimensional lattice sum with fluctuation scale
/N2p suggests mass of order (N 2110)*51/ 2 at its integral mean. Theorem B.5 gives this bound for
the conditioned binomial rows; we verify its hypotheses below. We apply Theorem B.5 with d = 2*,
with its n equal to N, its m equal to n[s], and with 7, := n[t] — 1,—; and ¢; := A[s, ] for t € {0, 1}*,
so that its Ay ~ Bin(n, ¢:) is exactly Ag;. The k — 1 inequalities defining Zs(A ) are of the form
pr-Ase >0 0for 1 <r < k-1, where pu, € {:l:l}{oﬁl}k has entries p,[t] = (=1)*1(=1)1=1 and >’ €
{>,>} is determined by the pair s[r — 1]s[r]; let M be the matrix with rows p1, ..., ug—1. Distinct
rows of M are orthogonal: for r # 7/, flipping bit 7 — 1 of ¢ is a bijection of {0,1}* that negates
[t [t], 8O D per[t] e [t] = 0. We now verify the remaining hypotheses of Theorem B.5, with its
constant T replaced by 2T. By (LA2), we have n; € ((2T)"'N,2T'N) and n[s] € ((2T)~'N,2TN),
and, foreach 1 <r <k —1,

N N
|(Mn),| = (=)= Unft] — (<1 < T—— +1 < 27—,

where the term (—1)*"~1 comes from the indicator 1,—; in 7;. By (LA6), ¢ = \s,t] € (p —
Tp/v/pN,p + Tp/\/pN). Finally, the integrality hypothesis n[s]E[Ase | MAse >' 0] € Z% of
Theorem B.5 is exactly (LA8): the event MAgqe >' 0 is Zy(As,), and n[s|E[As; | Zs(Ase)] =
m[s,t] € Z. Therefore Theorem B.5 gives, with d = 2,

P Z D[z, o] = m[s, o] | Zs(D]z,e]) for all x € II[s] | = Q ((N2p)_2k71)
z€lIl[s]
> (N?p) 7 = (V)
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for all sufficiently large N, where the implied constant in () depends only on 6,k,T, ¢ and is
absorbed by the extra factor (N2p)~'. Multiplying over the 2% values of s gives the result with
Cpe:=)Y,,0s=2F2F141). O

Lemma B.7 (Binomial regularity under the row model). Fiz 6 € (1/2,1), an integer k > 1, and
constants T > 1 and ¢ € (0,1/2). For all sufficiently large N, all p € (T7'N~9 TN, and every
finite set V. with |V| = N, if (y,A) is (T, ¢, p)-locally admissible with y = (II,m, 1) € Yi(V'), then

R (kp(IT, D) | Zn) = 1 — O(N (W)

and

RH,)\ (Hp(H, D) | I, m(H, D) = m) =1 O(N_""(l))_

Proof. For fixed x € M[s] and t € {0,1}*, the tilt bound (LA6) gives |[EAs; — p|II[t]|| < |H[t]| -
Tp/\/PN + Als,t] < T+/pN + 2p, so Chernoff’s inequality gives

P [|4,, — pITIEl| > (pN)/7] = O(N =),

By (LAT) and Fact 3.6, under R (- | Zi) the row Dix,e| has the law of A, conditioned on
Zs(As.). Hence, by Bayes’ rule and (LAT),

_ PllAy = plH[H][] > (pN)*7, Zo(Ase)]

Rus (|Dle, ) = pINE)| > (M) | Zn)

P [Z,(4s.0)]
LA —le[;]ll > PN _ o ey,

A union bound over the 2¥ N pairs (z,t) € V x {0, 1}* gives
R (kp(ILD)° | Zpy) < 28N - O(N W) = O(N (),
which is the first estimate. For the second, Bayes’ rule and Lemma B.6 give
RH,)\ (Hp(H, D)c N {m(H, D) = m} ’ IH)
Ry (m(I1, D) = m | Znr)
Ri (kp(I1, D) | Zny)
(N2p) _CB.G (evvav(b)

—0 (( N2p)Cs(0kT0) N—wu)) — O(N—*),

Ry (kp(ILD)C | Iy, m(II, D) = m) =

APPENDIX C. THE KERNEL: EDGE SPLITTING AND DEGREE REGULARITY

This appendix proves the two results about uniformly random graphs with prescribed degree
sequences that are used in the proof of Proposition 3.10: the edge-count concentration of Lemma C.1,
and the degree-into-a-subset tail bound of Theorem C.2. Both rest on the imported enumeration
theorems of Appendix A.1.

C.1. Edge enumeration. We have the following result, which follows from the graph-case single-
edge expansion in Theorem 1.6 of Liebenau and Wormald [14], whose printed error term may require
correction on its full stated degree domain, and from Theorem 1.5 of Liebenau and Wormald [13].
We discuss this point immediately after the statement, before using the resulting estimate.

Lemma C.1. Fiz a real parameter § € (1/2,1) and a constant T > 1. For all sufficiently large
neZ andpe (T 'n=0 Tn=?), the following are true.
61



(i) Select m € Z satisfying |m—pn(n—1)/2| < Tn’p/\/pn, and selectd € D%T%h such that |d; —
pn| < (pn)¥7 for alli € [n]. Pick a subset U C [n] satisfying |U|,n — |U| > T~ n. Sample
G uniformly at random from all graphs with degree sequence d, and let X = |E(G[U])| (the
number of edges in the induced subgraph on vertex set U). Then,

p[X_ O P ik ]

(ii) Select m € Z satisfying |m—pn(n—1)/2| < Tn?*p/,/pn, and select d € DI such that |d; —
pn| < (pn)¥7 for alli € [n]. Pick a subset U C [n] satisfying |U|,n—|U| > T~ n. Sample G
uniformly at random from all graphs with degree sequence d, and let X = |E(G[U,[n]\ U])]
(the number of edges in the induced bipartite subgraph with vertex sets U and [n]\U ). Then,

B (PCser do) (Zye[n}\U dy)

2m

2 (pn)
P > n“p L
(iii) Select £ € ZN[T~1n, Tn]. Select m € Z satisfying |m—pln| < Tn2p/\/ng, and select (s, t) €
Dﬁfg?g’h such that |s; — pn| < (pn)¥/7 for all i € [] and |t; — pf| < (pn)*7 for all j € [n].
Pick subsets U C [¢] and U’ C [n] satisfying |U|,£ — |U|, |U'|,n — |U'| > T~ n. Sample G
uniformly at random from all bigraphs with degree sequence (s,t), and let X = |E(G[U,U’])]

(the number of edges in the induced bipartite subgraph with vertex sets U and U’). Then,

) (B )], 7]

P||X — > —
m n logn

Remark (The graph-case single-edge input). The error term in the printed statement of Theorem
1.6 of Liebenau and Wormald [14] appears to require correction on its full stated degree domain.

We record the fuller expansion needed here. In the graph case write
2 1 1/7
D:=""  Ap=ditdy—2D, o*:=-> (di-D)p c:= (pn)
n n n

The hypotheses give D = pn, | D —pn| = O(,/pn), and |d; — D| < D"/ for large n. The hypotheses
of the expansion hold because D/(n — 1) < p — 0 and log® n/n = o(p) for every fixed K. The full
expansion in Lemma 7.1(b) and equation (7.4) of [14], with a = 7/12, is

dudy (| (dy—D)dy— D)
D(n—1) D(n—1-D)

Aab(n — 1)02 n Agp +0 (1)2/3> ) . (Cl)

Plab € E(G)] =

D?n(n—1-D) D(n-1) n

The last two displayed terms do not appear in the printed statement of Theorem 1.6. On our
degree window they are respectively O(D~%/7 /n) and O(D~3/7 /n), while the remainder in the fuller
expansion is O(D~%/3/n). All three are o(e), while the quadratic term in (C.1) is O(D'/7/n) = O(e).
Since D(n — 1) = 2m(1 — 1/n) and 1/n < €, the only consequence used below is the unchanged
estimate

Plab € E(G)] = (1 + 0(5))62“:;. (C.2)

The analogous estimate in the bipartite case follows directly from Theorem 1.5 of Liebenau and
Wormald [13].
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Proof. We prove (i); the proof of (ii) is identical, and the proof of (iii) is identical using the bipartite
estimate from Theorem 1.5 of Liebenau and Wormald [13]. Write X := |E(G[U])| and, as in the
preceding remark, e = (pn)/7/n, so that

X = Z luee@)-
{a,b}CU

By (C.2),

2
EX]=(1+0() ) d;i” :ﬁ <Z da> +0((np)8/7),

{a,b}CU aclU

where we used

> dady = %(Z 4.) - % > da ﬁ > da=0(m),

{a,b}CU acU acU acU

and 5. 3, pycr dady = O(en’p) = O((pn)*7).

In order to bound the variance, we estimate Plab € E(G) and cd € E(G)] for two distinct pairs

ab,cd C U. Suppose first that ab and cd share no vertex. Condition on the neighborhoods N¢g(a)
and Ng(b). Given these, the graph G—{a, b} is uniformly distributed among the graphs on [n]\{a, b}
with degree sequence d’, where d, = duy—1yeng(a) — Lweng(v), and it has m’ = m—d, —dy+14e ()
edges. The same corrected expansion applies to this degree sequence, since its entries are within
(pn)¥/7 + O(/pn) of its average 2m’/(n —2) = D + O(p) and the density 2m’/((n — 2)(n — 3)) < p,
&)
2m/
The point is that d], and d; differ from d,. and dq only when ¢ or d is adjacent to a or b. A deterministic
decrease of d. by 1 would change d,d},/(2m’) by a relative 1/(pn), which is much larger than ¢; but
each of the events {ac € E(GQ)}, {bc € E(G)}, {ad € E(G)}, {bd € E(G)} has probability O(p)
conditionally on ab € E(G). (For instance, conditionally on Ng(b) 5 a, the graph G — b is uniform
with a degree sequence that again satisfies the hypotheses of the corrected expansion above, which
gives Plac € E(G) | Ng(b)] = O(p).) Hence E[d.d, | ab € E(GQ)] = dcdq(1 —O(p/(pn))) =
dcdg(1 — O(1/n)), while 1/(2m/) = (1 + O(pn/m))/(2m) = (1 + O(1/n))/(2m) deterministically
on {ab € E(G)}. Since 1/n < g, averaging the previous display over Ng(a), Ng(b) on the event
{ab € E(G)} gives

Pled € E(G) [ Na(a), Na(b)] = (1+ O(e))

dadbdcdd
2m)?
Suppose next that the two pairs share a vertex, say they are ab and be. Conditioning on Ng(a)

as above, the vertex b has degree exactly d, — 1 in G — a on the event {ab € E(G)}, so the same
computation gives only

Plab € E(G) and ¢d € E(G)] =Plab € E(G)]|Plcd € E(G) | ab € E(G)] = (1 + O(¢))

Plab € E(G) and be € E(G)] = <1 +0 <pln>>

dadidc B 2\
(2m)2 - O(p )a

the relative error 1/(pn) here is genuinely larger than ¢, but this case involves only O(n?) ordered
pairs and will be negligible.
Now write E[X?] = > (e.p) Ple; f € E(G)], the sum running over ordered pairs of pairs e, f C U,
and split it according to whether e = f, e # f share a vertex, or e, f are disjoint. The first part is
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E[X] = O(n?p), the second is O(n?) - O(p?) = O(n3p?), and by the disjoint-pair estimate the third

(1+0() Y Plee B(G)PIf € E(G)] = (1+0()) (EIX] +0(n’p?)),

e,f disjoint
since E[X]? = > (e.r) Ple € E(G)|P[f € E(G)] differs from the sum over disjoint pairs by the O(n?)
terms with e = f or e, f sharing a vertex, each of which is O(p?). As E[X]? = O(n%p?) and

n’p 4+ nip? < enp? = n3p2(pn)1/7, we conclude that

1/7
Var X = E[X?] ~ E[X]? = O (n*p2(pn)"/"), 50 VVarX =0 (nzp Wﬁ ) .

Finally, ‘X — = Caer da)2‘ < |X —EX|+ O((pn)®/7) and (pn)*7 = o <n2p (pn)1/7/n>, so the
result follows from Chebyshev’s inequality. g

C.2. Degree regularity. We prove results about the degrees to vertex subsets in random graphs
using the enumeration theorems of Appendix A.1. The calculations mostly follow a simplified version
of those in Appendix A of [6].

Our key result is as follows.

Theorem C.2. Fizx a real parameter 8 € (1/2,1) and a constant T' > 1. There exists a constant
Cco = Cco(0,T) > 0 such that for all sufficiently large n € Z and p € (T™'n=% Tn=%), the
following are true.

(i) Select m € Z satisfying |m — pn(n — 1)/2| < Tn®p/./pn, and select d € DIP" such that
d; = pn + Biy/pn where |3;| < logn. Pick a verter v € [n| and a subset S C [n] with size
h = |S| satisfying h,n — h > T~'n. Pick an integer t € [0,d,] and write t = ph + 7+/ph.
Sample G uniformly at random from all graphs with degree sequence d. If |T| > log!®n
then

Pldea§ v = ] < exp(—Coar).

(ii) Select £ € Z N [T'n,Tn]. Select m € Z satisfying |m — pln| < Tn?p/,/pn, and select
(s,t) € Dblgrgfh such that s; = pn+ o\ /pn and t; = pl + B;+/pl, where |oy|,|3;| < logn for
alli € [4] and j € [n]. Pick a vertex v € [{] and a subset S C [n] with size h = |S| satisfying
h,n —h > T~ 'n. Pick an integer t € [0, s,] and write t = ph + 7v/ph. Sample G uniformly
at random from all bigraphs with degree sequence (s,t). If |7| > 1og'® n, then

P[deg$ v = t] < exp(—Cco7?).
We prove this through a series of lemmas. We begin with a pair of technical estimates.

Lemma C.3. Fiz a real parameter 6 € (1/2,1) and a constant T' > 1. For all sufficiently large
n€Z andpc (T~ 'n=0 Tn=?), the following are true.
(i) Select m € Z satisfying |m — pn(n — 1)/2] < Tn2p/\/]%, and select d, € 7 satisfying
|dy —pn| < \/pnlogn. Then,

n—1)(n— n—1)(n—2)\ ~1
(( 1)( 2)/2)((21)( 2))

m—dv m_2dv N _dv
(n(n—l)/Q) (n(n—l)) -1 = €xXp (O(log n)) P eP
m 2m

(ii) Select ¢ € ZN[T~tn,Tn]. Select m € Z satisfying |m —pln| < Tn2p/\/pn, and select s, € Z
satisfying |s, — pn| < /pnlogn. Then,
()
((éfl)n)

m—=sy

= exp (O(logn)) p~*eP".
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Proof. We prove (i); the proof of (ii) is similar and simpler. (For (ii), the ratio equals ((Zn)!

Tn=n) *
(m=sy)!  (fn—m—(n—sv))

— =) ! whose three logarithms are nlog(¢n) — g5 + O(1/¢), —s,logm + O(p), and
—(n — sy) log(¢n —m) + g5 + O(p) by the same expansions as below; summing them and expanding

I% =14 O(1/,/pn) exactly as in the last step below gives —s, logp + pn + O(logn).)

Note that
(("7,171(_722)/2) B [%]1 [ ol ] [% _ m]!
(n(n:nl)/Q) |:n(n2—1) . (n . 1)}‘ (m — dv)' |:n(n2—1) - (n 1 dv):|' .
We find that
M]l n—2
{ 2| nn—1)
log = Zlog ( — z>
h"%”mn}!l = 2
n—2
B n(n—1) i
_(n—l)log< 5 >+' log<1—n(n_1)>
=0 2
n(n—1) =
=(n—1)log ( 5 > - wo) T O(1/n)
1=0 2
=(n—1)log <n(n2— 1)) —14+0(1/n)
and
m! bl i
= d,logm + O(d?/m)
= d, logm + O(p)
and
|:n(n271) _ m] !
log
["(”2_1) -m—(n—1- dv)}'
n—2—dy
= Z log (n(n2 D) —m—z)
=0
n—2—dy
=(n—-1—d,)log n(n—l)_m + log (1 !
2 n(n—1) m
=0
n—2—dy .
(=1 —dy)log (M= ) L L 0(1/n)
2 n(n—1) m
=0 2
=(n—1-d,)log <n(nQ—1) —m> -1+ 0(p),
> (n=1)(n=2)/
(") nn—D\'™" , (nn=1) N\
(n(nl)m):(l+0(p))(2) < 2 ‘m>



We similarly derive

((nfl)(n%))
o = (L4 0() (n(n = 1) 7" (2m)*® (n(n — 1) — 2m)™ =70

(")
Thus,
n—1)(n— n—1)(n—2)\ 1 n(n— n—2—dy
(¢ Bgdv2)/2) § 2n1),(2dv2)) —(1+00) [n(n — 1)]‘“ (2 D '
(n(n;ll)/2) (n(g;))—l 2m nn=1) _ .,
We see that

n(n—1)1% n?
log ([(2771)] ) =d,log <2m> + O(p)
2m
= —dylogp — dylog <2> + O(p)
pn
2
= —dylogp — dy {”’; - 1] +0(1)
pn
2
= —d,logp — %n + pn + O(logn),

2
where in the third line we used 1% —1=0(1/,/pn), so that d, (1% = ) = O(1), and in the last

line we wrote d, = pn + By/pn with g, := (d, — pn)/\/pn, so that |3,| < logn by hypothesis and
Bor/DN0 (z% — ) = O(logn); and

n(n—1) n—2—dy 1
2

~ n(n—1)

_ 2m 9

Adding these two directly implies the desired result. ([l

Lemma C.4. Fiz a real parameter 6 € (1/2,1) and a constant T' > 1. For all sufficiently large
n€Z andp e (T =0 Tn=?), the following are true.
(i) Select m € 7 satisfying |m — pn(n — 1)/2| < Tn?p/\/pn, and select d € sz%)h such that
d; = pn + Bi\/pn where |B;| < logn. Pick a vertex v € [n] and a subset S C [n] with size
h = |S| satisfying h,n — h > T~ In. Pick an integer t € [0,d,]. Sample G uniformly at
random from all graphs with degree sequence d. We have
(h—ts()) (”_h_l[n]\S(”))
t _
o Enlexp(An)]
(")

where R = R1 U Re is a random set chosen by picking R1 uniformly from (S\t{”}) and Rs

Pldeg$ v = t] = exp (O(log* n))

uniformly from ([”]\(gffj’“})) (if one of these two families is empty, then the corresponding
binomial coefficient vanishes and both sides are 0), and where
Bi pn
o
ier VP iempnqoiur)
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(ii) Select £ € Z N [T~In,Tn]. Select m € Z satisfying |m — pfn| < Tn’p/\/pn, and select
(s,t) € Dblgjﬂfrf’h such that s; = pn + oi\/pn and t; = pl + Bj/pl, where |oy], |B;] < logn

for alli € [{] and j € [n]. Pick a vertex v € [{] and a subset S C [n] with size h = |S|
satisfying h,n —h > T~ In. Pick an integer t € [0,s,]. Sample G uniformly at random from
all bigraphs with degree sequence (s,t). We have

(1) (1)
()

where R = Ry U Ry is a random set chosen by picking Ry uniformly from (f) and Rs

Pldeg$ v = t] = exp (O(log* n)) Er[exp(Ag)]

uniformly from ([S’z]}j), and where

SR

JER p JEM\R

Proof. We prove only (i); the proof of (ii) is similar but uses Theorem A.4 instead of Theorem A.3,
and Lemma C.3(ii) instead of Lemma C.3(i).

Let Pgq denote the uniform distribution on graphs with degree sequence d. Given R C [n] \ {v}
of size d,,, we begin by computing Pg.p,[Ng(v) = R]. To this end, define

dr = (dw — LweRr)wen)\{v}-

Note that 2m = 3,1, di and let mp = m — d,, and let d = 2m/n and dr = 2mp/(n —1). Note
that by Bayes’ theorem,

IP)G n—1,m [dR] (( rr)L(n 2)/2) IP)G n—1,m [dR]
ot et) = 1= o) - gm0 B

where Py m) and Pg,—1,m5) are the degree-sequence laws of Definition A.1: the graphs with degree
sequence d and N¢(v) = R correspond bijectively to the graphs on [n] \ {v} with degree sequence
dg, and the latter number ((nfg(fcf)/?)]}”g(n,l,mm[dR], while the former are ("(";1)/2)]?6;(”7,”) [d]
in total. We compute the remaining two probabilities by appealing to Theorem A.3. Indeed, note
that p = —1 =p+ O(p/\/ﬁ) and y2(d) = O(plog?n), and similarly pur = % =p+O(p/\/pn)
and Y2(dg) = O(plog®n). Thus, by Theorem A.3, we have

e o) (aw 1cr)

((n—l)(n—Q)/Q) ((n—1)(n—2))

m—dy 2m—2dy

Poopa[Na(v) = R] = exp (O(log* n))

(”(”;1)/ 2) Mwepn ()
("5
n—1)(n— n—1)(n—2)y ! n—2
e (ottogty ) Mo (52
-1 n—1 :
(") ("G oem ()
Note that
Hwe[n}\{v} (du,EIjGR) 1 H d; H n—1-—d,
n—1 - (n—1 _ _
[Twew () (a0 ) ier™ 1 e (wur) T
exp(O(1 n—1— i pn
_ x}()il() ))pd”(l—p) 1 duH [1+ \/BPTJ H [ _\/;51.]
dy 1€ER i€[n]\({v}UR)
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2
_ exp(O(lOg TL)) d e—npeXp Z 51 Z \/]%ﬁZ

n—1 /7
( dy ) i€ER 1€[n]\({v}UR)
so by Lemma C.3(i), we have
exp(ARr)
n—1
(")
Now pick R; uniformly from (S \F’}) and Ry uniformly from (["]\C(ll{i}tus)), and let R = R; U Rs.
Under this setup, we have

Poopa[Na(v) = R] = exp (O(log* n))

Pop,[degl v =t] = (h - 1S(U)> <" —h—=1pps(v)

>ER[PG~Pd [Na(v) = R]],

t d, —t
SO
(h—lts(v)) (n—h—l[n]\s(v))
Pldeg$ v = ] = exp (O(log" n)) oy Balep(An)
d'u
as desired. OJ

The following lemma compares E[e*] with ¢®X when X is a sum of small weights over a uniformly
random subset of prescribed size; it is what lets us replace Eg[exp(Ag)] by exp(Er[Ag]) up to a
factor exp(O(log?n)).

Lemma C.5. Fiz a real parameter 0 € (1/2,1) and a constant T > 1. For all sufficiently large
n€Z and p € (T~ =0 Tn=?), the following is true.
Fiz real numbers ai,...,a, € R with |a;] < Tlogn/\/pn for all i, and consider an integer
s € [T'pn,Tpn]. Pick & € {0,1}" uniformly at random, and then condition on Y ;& = s. Let
X =>,&a;. Then,
E [e¥] < O(vpn) exp (E[X] + O(log?n)) .

Proof. Let ¢ = s/n, and let Y = ), (;a;, where the (; are independent Ber(¢) random variables.
Since ¢ < p,

E [ey} > P[Bin(n, q) = s|E [ex] > Q(1/\/pn)E [eX] .

Also,
logE [e Zlog 1+q(e —anl%—O(an): X] + O(log®n),
using |a;| < T'logn/,/pn. Combining the two displays proves the claim. O

We are now ready to prove our main result.

Proof of Theorem C.2. We only prove (i), as (ii) has a similar proof but uses Lemma C.4(ii) instead
of Lemma C.4(i).

Define A as in Lemma C.4. We begin by computing its expectation over the randomness of R.
We have

_ t B bt B
Er[AR] = Z 1S\ {v}| \{U}|\ﬁ Z [[n]\ (SU{v})] /o1

zeS\{v} z€n]\(SU{v})

L dv —t \/m
> (i) Pa- Y (1- e
zeS\{v} ( ’S \ {U}|) n z€[n]\(SU{v}) ( Hn} \ (S U {U})’) n
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t 51 dv - t /8:1:
= [—p} + > [ —p] + O(logn)
z€eS h \/]% z€[n]\S n—h \/M

= O(|r|logn + log? n).

We first dispose of the case in which ¢ or d, — ¢ is small. Let € = ¢(T") > 0 be a sufficiently small
constant, and suppose that ¢t < epn or d, —t < epn. The hypergeometric factor in Lemma C.4 is the
probability that a uniformly random d,-subset of [n]\ {v} meets S\ {v} in exactly ¢ elements. This
hypergeometric variable has mean d,(h —1g(v))/(n — 1), which lies in [d,/(2T"),d,(1 — 1/(2T))] for
large n, so for € small enough our ¢ is at distance {2(pn) from the mean, and Hoeffding’s inequality
(which applies to sampling without replacement) bounds the factor by exp(—cpn) for a constant
c=c(T) > 0. Since |Ag| < d,logn/\/pn+/pnlogn = O(,/pnlogn) deterministically, Lemma C.4
gives Pldeg§v = ] < exp (O(log* n) + O(,/prlogn) — cpn) < exp(—cpn/2), while [t — ph| <
max(ph, d,) = O(pn) gives 72 = (t — ph)?/(ph) = O(pn). Hence Pldeg v = t] < exp(—c172) in this
case, for a suitable constant ¢; = ¢1(T") > 0.

We may therefore assume that epn <t < d, —epn. Writing & := 1;cgr, we have A = Zi#v &a;—

Z#U \/%Tlﬁi with a; := 5; (\/% + @) = O(logn/,/pn), and Ry and Ry are independent uniformly
random subsets of S\ {v} and of [n] \ (S U {v}) of sizes t and d, — t respectively; both sizes
are of order pn, hence of order p times the size of the ambient set, which is the hypothesis of
Lemma C.5. Applying that lemma separately to the two pieces, and using log(pn) = O(logn), gives
Egrlexp(Ar)] < exp(Eg[Ag] + O(log®n)) = exp(O(|7|logn + log®n)). Jensen’s inequality supplies
the matching lower bound Eg[er] > eFrlArl 5o in fact Ex[e®r] = exp(O(|7]|logn + log?n)).
Together with Lemma C.4, whose factor exp(O(log*n)) is absorbed into exp(O(|7|logn)) because
|7| > log!® n, we obtain

h_lts (v)) (n—h—di[ﬂ\s (U))

(")
(D)
(&)

where the second line uses (hzl)/(lz) =1—1t/h=1—0O(p) and its two analogues. We now bound

the hypergeometric term. Indeed, we have that
B ()0
(d.) (1)
ti _ p\du—t
= (1+0(1)) (iﬂ) ho(n = h)®™"

ndv

P[deg$ v = t] = exp(O(|7|log n + log® n))

= exp(O(|7]logn + log?®n))

< (1+o0(1)P [\Bin(dv, by g, > <\‘Tﬁ‘1 - logn> \/m}
2(|7|/VT —logn)®
1+ B/ /0 ’

where the second line holds because the ratio of the two sides is exp(O(t?/h+d2/n)) = exp(O(p*n)),
which tends to 1 since 6 > 1/2; the first inequality uses t — d,h/n = 7v/ph — B,\/pnh/n together

with A > T~ 'n and h < n; and the last inequality follows from Hoeffding’s inequality. Thus, since
|7| > 1og'% n, there is some constant ¢; > 0 (depending on T') such that

<2(14o0(1))exp (—

Pldeg$ v = t] < exp(—ca?)
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in this case. Taking Cc 2 := min{cy, co} proves the theorem. O

APPENDIX D. INVERSE-FUNCTION THEOREMS FOR CONDITIONAL-MEAN MAPS

This appendix proves that the map sending the mean of a Gaussian vector to its conditional mean
given a fixed open convex set is a diffeomorphism onto that set, and that a map which is uniformly
close to such a diffeomorphism on compact sets still hits every target in a compact subset of the set,
with a preimage close to the exact one. The first statement is what makes the universal recursion of
Section 4 well defined; the second is what produces the tilts of the idealized process in Appendix E.
The first statement is the classical fact that the mean-value map of a regular exponential family is a
diffeomorphism onto the interior of the convex support; we give the short self-contained proof. The
second is an application of Brouwer’s fixed point theorem. The appendix uses only Appendix A.5.

D.1. Strong bijections.

Definition D.1 (Strong bijection). Let d > 1 and let B C R? be open. A map f: R? — B is a
strong bijection if it is a bijection and both f and f~': B — R? are smooth.

Lemma D.2 (Lipschitz bounds on compact sets). Let f: R — B be a strong bijection and let
K C B be compact. Then there is a constant L = L(f, K) > 1 such that

L y—z2<|f Y y)—f2)|<Lly—2  foraly,z€K.

Proof. We first record that a smooth map h: W — R? on an open set W C R? is Lipschitz on
every compact K C W. For K = () this is immediate, so assume K # (). Since K is compact
and W is open there is p > 0 such that the closed p-neighborhood K, := {z : dist(z, K) < p} is
contained in W the derivative Dh is continuous, hence bounded by some L; on the compact set
K, Ify,z € K and |y — z| < p, the segment from y to z lies in K, and the mean value inequality
gives |h(y) —h(z)| < Lily —z|. If [y —z[ > p, then [h(y) —h(z)| < 2supy [h] < (2supk |h|/p) |y —2|.
So h is Lipschitz on K with constant max{Li,2supy |h|/p}.

Applying this to h = f~' on W = B gives the upper bound with some constant L’. For the lower
bound, the set K’ := f~1(K) is compact, being the image of a compact set under the continuous map
7Y applying the fact to h = f on W = R? gives L” with |f(a)— f(b)| < L"|a—0b| for a,b € K', and
taking a = f~1(y), b= f~1(2) yields |y — z| < L"|f~1(y) — f~1(2)]. Take L := max{L/,L" 1}. O

D.2. The conditional-mean map.

Theorem D.3 (The conditional-mean map is a strong bijection). Let d > 1, let ¥ € R4 pe
positive definite, and let O C RY be a nonempty open convex set. For v € R let X7 ~ N (v,%).
The map

Fo:R¥'—= 0O, Fo(y):=E[X"|X"e€0],
is well defined, that is, its values lie in O, and it is a strong bijection. Its Jacobian at ~y is Cov(X" |
X7 € O)S7L, which is invertible.

Proof. That Fo is well defined with values in O is Lemma A.12. Define

d: R 5 R, o(0) = log/ exp (19 ST — %:ETE_Im) dx.
@]
The integrand is bounded by exp(|9]|z| — $Amin|z|?), Where Apin > 0 is the smallest eigenvalue of
Y71 so the integral converges for every o, and differentiation under the integral sign (justified by
the same Gaussian domination, locally uniformly in 9J) shows that ® is smooth with
Vo) = Eg[X],  V2®(W) = Covy(X),
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where Py denotes the probability measure on O with density proportional to exp(d-x — %.CCTE_ll’).
Since
—3@—-7'E N z-y) =z - Ty -2’z - 727y,
the law of X7 conditioned on {X” € O} is Py,-1.,. Hence
Fo(y) =V®(X™ly) and  DFp(y) = V(X )87 =Cov(X? | XY € 0O)271,  (D.1)

so Fp is smooth, and its Jacobian is invertible because Cov(X? | X7 € O) is positive definite by
Lemma A.12.

Injectivity. By (D.1) and Lemma A.12, V2® is positive definite everywhere, so ® is strictly
convex. If V®(¥) = VO(¢¥') with 9 # ¥, then the strictly convex function ¢t — ®(J + t(¢ — ¥))
would have equal derivatives at t = 0 and ¢t = 1, which is impossible. Hence V& is injective, and so
is Fp = VP o X1

Surjectivity. Fix y € O and consider the smooth function ¥(v) := ®(J) — 9 - y. We show that
V() — oo as || — oo. Since O is open there is n > 0 with B(y,2n) C O. For a unit vector e and
t > 0, the ball B(y+ 3ne, 2n) is contained in B(y, 2n) C O and in the half-space {z : (z—y)-e > n},
S0)

W(te) = log /

exp (t(iL‘ —y)-e— %$T2_1x> dz > log (" mg) = tn + log my,
@

where
mg := vol (B(0, %77)) inf e 2° 7' 5
lz—y|<2n

does not depend on e. Hence ¥ > tn + log mg on the sphere of radius ¢, which exceeds ¥(0) for ¢
large. A continuous function on a closed ball attains its minimum; as V¥ is larger on the boundary of
a large ball than at its center, the minimum over the ball is attained at an interior point ¥*, where
VU (9*) = 0, that is, V®(9*) = y. Thus Fp(X9*) = y.

Smoothness of the inverse. Fp is a smooth bijection R? — O whose Jacobian is everywhere
invertible, so by the inverse function theorem it is a local diffeomorphism around every point; hence
its inverse is smooth on O. g

Corollary D.4 (Conditional means on a cone). Let d > 1, let 0 <r <d, let M € R™% have rank
r, and let ¥ € R¥9 be positive definite. Let Cpr := {x € R?: Mz > 0}, where Mx > 0 means that
every coordinate is positive, so that Cyy = R® when r = 0. Then Cys is a nonempty open convex set,
and the map F¢,, of Theorem D.3 is a strong bijection R — Cyy.

Proof. Cy is the intersection of r open half-spaces, hence open and convex. It is nonempty: since
M has rank r, the map x — Mz is onto R", so some x has Mz = (1,...,1). Apply Theorem D.3
with O = Cy,. O

D.3. Solving perturbed equations.

Theorem D.5 (Perturbation of a strong bijection). Let d > 1, let B C R? be open, let f: R = B
be a strong bijection, let K C B be compact, and let Cy > 0. Put Ry := maxyex |f~1(y)| + 1 when
K #0, and Ry := 1 when K = (). There exist g > 0 and C > 0, depending only on f, K, and Cj,
such that the following holds. Let 0 < & < &g and let g: R — R? be a continuous map with

sup [g(z) — f(z)] < Coe.

z|<Rg
Then for every y € K there is x € RY with

@)=y and |o— )| <Ce
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In particular this applies to B = Cpr as in Corollary D.4 and, for T > 1, to the compact set
Kr = {y €Cm |yl < T and Iillil (My); > T~ }

(the closed cube [T, T)* when r = 0), with Ry, €9, and C depending only on d, M, f, Co, and T.

Proof. If K = (), the conclusion is vacuous, so take eg = C' = 1. Assume henceforth that K # 0.
Since K is compact and B is open, rg := %dist(lC,Rd \ B) is positive (with ro := 1 if B = R9),
and K’ := {z : dist(z,K) < ro} is a compact subset of B. Let L := L(f,K’) be the constant of

Lemma D.2, and put
) 1
= C .= LC(Cy.
€0 := min { Co I Co} ) 0

Fix ¢ € (0,£0), a map g as in the statement, and y € K, and let zg := f~'(y), so that |zo| < Ro—1.
For z in the closed ball B(xg,1) we have || < Ry, hence |f(z) — g(z)] < Coe < r¢, so the point

2(z) =y + f(z) —g(2)

lies in K’ C B, and h(x) := f~!(2(x)) is defined. The map h: B(zg,1) — R? is continuous, being a
composition of continuous maps, and by Lemma D.2 on X',

|h(z) — xol = [f ' (2(2)) — f ' (y)| < L|2(z) —y| < LCoe < 1.

Thus h maps B(zg,1) into itself, and by Brouwer’s fixed point theorem [9, Corollary 2.15] it has
a fixed point z*. Then f(z*) = z( ) =y + f(z*) — g(z¥), that is, g(z*) = y, and the displayed

inequality with z = z* gives |z* — f~(y)| < LCpe = Ce.
For the last assertion, ICp is closed and bounded, hence compact, and it is contained in Cps; the
constants then depend on Cr only through d, M, and T. ]

APPENDIX E. THE IDEALIZED PROCESS: EXISTENCE, PERTURBATION, AND THE EDGE DAY

This appendix proves the theorems of Section 5. Its inputs are the Gaussian approximations
of Appendix A.2 (Theorems A.6 and A.7), the inverse-function theorems of Appendix D, and the
universal recursion of Section 4. Throughout, § € (1/2,1) and T > 1 are fixed, N is large, p €

(T7'N=Y TN=?), and for a size vector n € Z{>01’1}]c and a tilt A\ we write A, q(n,\) for the row

vector of Definition 3.2. For s € {0,1}* we write M, € {0, £1}*=1*2" for the matrix whose rth
row is the coefficient vector of the form Z;, of Definition 4.1, and >’e€ {>, >}k*1 for the relation
such that Zs(z) is the assertion Mgz > 0 (Definition 3.1 and the proof of Lemma B.6); the rows of
My are nonzero and pairwise orthogonal.

E.1. Uniqueness of tilts.

Lemma E.1 (The conditioned mean map is injective). Let d > 1, let n € Z>1, let M € R and
let >'€ {>,>}". Suppose that the set S :={a € [[;¢4{0,...,m} : Ma =" 0} is not contained in an
affine hyperplane of R%. For q € (0,1)? let A4 have independent coordinates A} ~ Bin(ny, q;). Then
P[M A% >" 0] > 0 for every q, and the map

(0,1)% — R4, qg—E[A7| MAT>"0],
18 1njective.
Proof. Every point a of the box [[,{0,...,n:} has P[A? = a] =[], (at)qt (1 —q)m* >0, and S

is nonempty (a set contained in no affine hyperplane contains d + 1 affinely independent points),
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so PIMA? >' 0] = P[A? € 5] > 0. Write ¥y := log %, which is a bijection (0, 14 — R4, and

() =1L (Zi) Since gyt (1 — q¢)™" =% = eV (1 — g™,

P[AY=a| A€ §] = (”) exp(V-a—y(¥) (ae8), v©)=log) (Z) ea,

a

The function 1 is smooth on R¢ (a logarithm of a finite positive sum of exponentials), and differ-
entiating gives Vi(9) = E[A7 | A7 € S] and VZ¢(9) = Cov(A9 | A9 € S). For u € R?\ {0},
u! V2p(9)u = Var(u - A7 | A9 € S), and this vanishes only if u - a is constant over S (all points
of S have positive conditional probability), that is, only if S lies in an affine hyperplane, which
is excluded. Hence ) is strictly convex, so Vi is injective (if Vi (¢) = V(') with 9 # ¢, the
strictly convex function ¢ — (9 + t(¢" — ¢)) would have equal derivatives at 0 and 1), and so is
g V(0(g)). O

In the applications below, M = My or M = My, (defined in Lemma E.3 below), and S contains
every lattice point of a box of side y/pN around a point pn + +/pN zg with xg interior to the cone,
so that the hypothesis of Lemma E.1 holds for large V.

E.2. Gaussian limits of the binomial row model. We first record the regularity of the Gaussian
functionals that appear as limits.

Lemma E.2 (Regularity of Gaussian functionals). Let d > 1, 0 < r < d, let M € R™4 have
rank v, and let P C R? x RY ) x R" be compact. For (m,v,u) € P let X ~ N(m,diag(v)) and let

Ey = {x € RY: Mz > —u}, the inequality holding coordinatewise. Then there are constants cp > 0
and Lp such that P[X € &,] > ¢p on P, and each of the functions

(m, v, u) — P [X < gu] , E [Xt]-XESu] , E [XtXt’]-XESu] (t, t S [d])

is Lipschitz on P with constant Lp. Consequently the conditional expectations E[X; | X € &, and
E[X: Xy | X € &,], and the conditional covariances, are Lipschitz on P as well.

Proof. Since M has rank r, the linear map = — Mz is onto R", so &,, the preimage of the closed
orthant {z > —u}, has nonempty interior, and P[X € &,] > 0. The functions in the statement
are continuous in (m,v,u): in (m,v) by dominated convergence, and in u because the boundary of
&, is a finite union of hyperplanes, which is Lebesgue-null. A positive continuous function on the
compact set P is bounded below, which gives cp.

For the Lipschitz bounds, enlarge P to a compact rectangular box in R? x R‘io x R". All variances
on this box remain bounded away from zero, and the box contains the line segments used in the
mean value inequality below. Proving the bounds on this box suffices for the original set. Write ¢y, 5
for the density of X and let h be one of the functions 1, x4, ;2. The partial derivatives Oy, Ym0 =

Te—Mmy (It—mz)2 1

T O and Oy, P, = ( G E)SOWU are bounded in absolute value by C(1+|z|*)@m. ()

for a constant C' depending on P, and (1 + |z|?)|h(z)|¢m. () is integrable uniformly over P; hence
(m,v) — fgu h ¢m» is continuously differentiable with derivatives bounded on P, uniformly in w,
and therefore Lipschitz in (m,v). For the dependence on u, let u,u’ € R" and write Z := M X. The
symmetric difference &, A &, is contained in |J;,{z : —max(u;,u}) < (Mz); < —min(u;, u})}, so

/ h(pm,v _/
Eu &

u

< ZE [|M(X)|1{Z; € Ji}], Ji := [~ max(u;, uj), — min(u;, uf)] .

hm
/ i<r

Each Z; is a nondegenerate Gaussian variable whose variance is bounded below on P, so its density

is bounded by a constant C’; and given Z; = z, the vector X is Gaussian with mean affine in

z and bounded covariance, so E[|h(X)| | Z; = 2] < C”"(1 + 2%). Integrating over z € J; gives
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E[|M(X)|1{Z; € Ji}] < C"C" sup,c s, (1 + 2*) |u; — uf|, which is at most a constant times |u — u/| on
the compact set P. The conditional quantities are quotients of Lipschitz functions by the function
P[X € &,], which is Lipschitz and bounded below by cp; hence they are Lipschitz. O

The next lemma is the bridge between the binomial row models of Section 3 and the Gaussian row
models of Section 4. For s € {0,1}* and b € {0,1} let My, € R¥*2" be the matrix whose rows are
the rows of M; followed by (—1)® times the coefficient vector of Zs , and >/, € {>, >}* the relation
such that Jg(x) is the assertion Mgz leb 0; as for My, the rows of My, are nonzero and pairwise
orthogonal. For u € R let J%(x) be the assertion “Zy(z) and (—1)°(Zs x(x) + u) > 07, the majority
decision with its threshold shifted by u; thus J9(z) is Je(2) with a strict last inequality, which is
immaterial for Gaussian vectors. The shift appears because the binomial row model centered at pn

has Zs (pn) # 0 when the sizes 1 are not balanced between the two opinions.

Lemma E.3 (Gaussian limits of the binomial row model). Fiz 0 € (1/2,1), k > 1, s € {0,1}%,
T >1,¢>1, and R > 0. There are constants {' = l'(k,{), co = co(k,T,R) > 0, and C =
C(0,k,T,¢,R) such that for all sufficiently large N, allp € (T7'N=9 TN, every £ € (0,T], and
every 1 € Z OB with

Inlt] - Nwft]] < —

N
logt N It M, <6, Z < T——,
og for all t, M|, <& JoN | Zs 1 (n)] < VN

the following holds with € := 1%\7 + & and uy = pZsy(n)/vVpN € [-T,T]. For o € R{0.1}
with ||o|| < R, let A° have independent coordinates A7 ~ Bin(n[t] — Ls—s, Anp(o[t], v[t])) and let
W have independent coordinates W ~ N (olt],v[t]). Then all of the following quantities on the
binomial side are smooth functions of o, and for all t,t' € {0,1}* and b € {0,1}:
() PIZ.(W?)] > coy and BTS (W) = co; [PIZ.(4%)] = PIL(W?)]| < Ce; and [PLT(4%) |
I,(A”)] = P[7," (W) | Z(W?)]| < Ce;
E[A] | Z,(A%)] — pnt
(i) A7 | Zo(A")] = plt] —E[W? | Z,(W)]| < Ce, and the same with Ts(A°) replaced by
VPN .,
T(A%) and Z,(W?) by J,"(W7);

A7, A9 | T, (A0
(ii) Cov( t’p;\[‘ A7) _ Cov(Wy, Wi !IS(W"))‘ < Ce.

If moreover |Zs ()| < 5%, then |uy| < € <¢, and (i) and (ii) hold with J;"(W°) replaced by
Tss(W7). In particular F, (o) = E[W? | Z,(W?)] is the vector on the Gaussian side of (ii).

3

Proof. Write d := 2%, j := n[t] — 1,—, and let N be large enough that 7; € (3 Nv[t],2Nv]t]) for all

t. Put
ar//pn;
U[ﬂ\/”7 i
p = ——1 [ =2, so that A t,v[t]) = ;
c= oV Np(olt], v[t]) 14 2o/l
—p

and |og| < R4/2/v[t]. Let T1 be a constant, depending on 0, k, T, R, exceeding 27", 2/ min, v[t],
and max; R\/2/v[t]. We apply Theorem A.6 with d, n = N, the constant T}, n = 1/, « as above,
and p € {1,z4,z4xp}, once with (M,>") = (M, >)) and once with (M,>") = (Mg, >";); its
hypotheses hold because n, € (T;'N,TiN), || < Th, p € (Ty "N~ TiN=9), and M/, <
Mmoo +1 < TN/VpN +1 < TIN/y/pN, while [Mgn'|l, = max{||[M||l | Zsr(n)[} <
max{||Msn|| o , | Zsx(n)|} +1 <T1N//pN. Its conclusion is, for each admissible p and M,

deg p—1
E [p(A% — pn')1paos0] = E [p(X)1arxs—pry] + O (\/pN B logtd N) , (E1
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where X has independent coordinates X; ~ N(\/pn; ou, pn;), and the events {MA? >" 0} are
T,(A%) and Jg(A?) respectively.
Normalization. Put X := X/1/pN, which has independent coordinates X; ~ N (7hy, 0¢) with

. olt]n} o . R [log!N 1 X logf N 1
TNV TN i — oft]] < v \ VpN TN [ = vl < VPN TN

and the event {MX > —pMn'} is {MX > —u} with u := pMy//\/pN. For M = M, ||ul,, <
&+ p/v/pN < 2. For M = Mg, the first £ — 1 coordinates of u are those of the previous case
and the last is (—1)°pZ; 1 (0')/vPN = (=1)(u, + O(p/+/PN)), so that {M4X > —u} is, up to a

A~

shift of the first k£ — 1 thresholds by O(e) and of the last by O(p/v/pN) < O(e), the event J,"(X).
Dividing (E.1) by /pN”,

E [,0 <w> 1MAU>/O] —F [p(X)lMXziu} +0 <bg5\/;iNN> . (E.2)

Comparison of the Gaussian functionals. Apply Lemma E.2 with M € {Ms, Mgy} and the
compact parameter set P of all (m,v,u) with ||m|,, < 2R/min, v[t], Sv[t] < v, < 2v[t], and
|lull,, < 2T 4+ 1. For large N the triple (/m,0,u) lies in P, and so does the triple (o,v,0) for
M = M;, respectively (o,v,(0,...,0, (—1)bun)) for M = My,; the two triples are at distance
O(log? N/\/pN + € + p/v/pN) = O(e) from each other. Hence the right-hand side of (E.2) differs
by O(e) from E[p(W)1z, woy] for M = M, respectively from ]E[p(W")ljzzn(WU)] for M = Mg,

where we used that {M;W? > 0} and {MyW° > —(0,...,0,(=1)bu,)} coincide with Zs(W?) and
jz”(WU) up to null sets. Taking ¢’ := 5+ d + ¢, we conclude that for p € {1, z¢, xpxyp },

S
Ao‘ _ /
E [,0 <\/p—]€n) 1IS(A”):| =E [p(W7)1z,qwe)] + O(e), (E.3)
and the same with Js(A%) and J,," (W) in place of Z;(A) and Z,(W?).

Uniform denominator bounds. The lower probability bound in Lemma E.2 applies also at the
actual parameters (m,0,u) € P. Choose ¢y > 0 as the minimum of these compact-family lower
bounds over the finitely many matrices Mg and My, with s € {0,1}* and b € {0,1}. Equation (E.2)
with p = 1 gives, for each of these matrices,

5+d
P[MAUZ/O]ZCO—O M Zcﬁ
vDpN 2

uniformly for sufficiently large N. The error tends to zero uniformly in the density window, regard-
less of £ € (0,T7]; the later error O(e) need not tend to zero. Thus both the binomial history and
child-event probabilities are bounded away from zero before we divide the raw-moment comparisons.

Conclusion. The lower bounds P[Z;(W?)] > ¢ and P[7,," (W?)] > ¢ follow from the choice of ¢y

S
and Lemma E.2 at the parameters (o, v,0) and (o, v, (0,...,0,(—1)%u,)). The two approximation
bounds of (i) are (E.3) with p = 1, the second after dividing the J version by the Z version and
using the Gaussian lower bound ¢y and the binomial lower bound ¢/2 just proved. For (ii), (E.3)
with p = 2, and p =1 gives
E[AS | Z,(A%)] — pn.  E[W?1 o] + Ofe
[ t ’ S( )] P _ [ t Is(:V )] ( ) :E[Wta |IS(W0)] +O(€)’
VPN PIZ,(W7)] + O(e)
and pn; differs from pn[t] by at most p < +/pN €; the J version is identical. For (iii), use p = xpxy, 4,
xyp, and 1 in the same way. Finally, if | Z; ;(n)| < {N/y/pN then |u,| < & <€, and by Lemma E.2 the
Gaussian quantities with the event J,"(W?) differ from those with Jg(W?) by O(e). Smoothness
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in o: each binomial quantity is a rational function, with positive denominator, of the finitely many
values Ay, (o[t], v[t])*(1 — Anp(at], v[t]))" ¢, which are smooth in o. O

E.3. The linear response of the binomial row model.

Lemma E.4 (Linear response to a small tilt). Fiz § € (1/2,1), an integer k with 1 < k < 135,
s€{0,1}*, T > 1, and R > 0. There are constants k = k(0,k) > 0 and C = C(0,k, T, R) such that
for all sufficiently large N, allp € (T7'N=0 TN=9), all 7 € [T}, T], and every n € 701" ith,
[n[t] — nlt]| < TVNVpN ™ for all t, the following holds, where (7, m, \) is the idealized process
of Theorem 5.2 with D = Dy and ES,. = As,.(ﬁk,xk). Write By := \/]Wk_l/\/ﬁ. For o € RIO1}
with ||o|| . < R let ¢° € (0, 1)1 be defined by

q°[t] (n[t] — L=y — pnt])
(1 —q°[t]) pnlt]

s, #] (A[t] — Ls=¢ — pTilt])

(1 s, t]) piift]
and let A have independent coordinates Ay ~ Bin(n[t] — 1s=¢, q°[t]). Then ¢° and the quantities
below are smooth in o, |q°[t] — p| < Cp/v/pN, and for all t € {0,1}* and b € {0,1}:

(1) ‘E[Ag ‘ IS(AU)] — m[sat]/ﬁ[s]

760 pN
of Lemma 4.6;

(ii) with Wy the day-k Gaussian row model,

log

=d[s,t]+7Bo0lt], Vs, ]:=log

— (3s0)[t]] < ON7T", where Xy is the conditional covariance

P[JTb(A%) | To(A%)] — PlT(Ase) | Zo(Asa)]
7B0vVPN

Yol (EBWap | Ta(We)] = EWyp | T (Wsa)])| < ONTF

(if) |ELA7 | T(A7)] ~ ElAss | Ta(Ase)]| < CrBopN;
(iv) P[Zs(A?%)] > ¢5/4 and ¢;/2 < PlTp(A%) | (A7) < 1 — ¢ /2, with ¢} the constant of
Lemma 4.11.

Proof. Write d := 2% and ¢, := pn[t]. Since k(1 — 6) < 1, the number ¢; := (1 — k(1 — 0)) is
positive and
k

VPN
Bor/pN = L < TH2N-e (E.4)

s0 Bov/pN 1og®M N — 0. We use Theorem 5. 2( ) throughout; in particular n[t] < N, m[s, t]/n[s| —
et = aipls, ]/vpN +O0(log! N) = O(v/pN), and |X[s, t] - p| = O(p/v/pN) (because Ay, (v,v) —p =
O(p/+/pN) and log N/N < p/+/pN for large N).

The tilt. By definition, logit ¢7[t] = logit X[s, t] + log % + 7Poolt], and the middle term

O(|n[t] — n[t]|/N) = O(By) by the hypothesis on n. Hence |logit ¢°[t] — logit s, 1| = O(Bo),
so |¢7[t] — Als,t]] = O(pBo) and |¢°[t] — p| = O(p/+/pN); smoothness in o is clear. Now apply
Theorem A.7 with d, n = N, a sufficiently large constant 77 = T1(6,k,T, R) > T in place of T,
reference sizes 7y := n[t], trial counts 7} := n[t] — 14— and 7 := nft] — Ls—, success probabilities
q:= X[s, o] and ¢ := ¢, and p € {1, x;}, once with (M, >) and once with (Mg, >, ). Its hypotheses
hold for large N: p € (T7'N=C TyN=9); 7y < N; |l — | < 1; | — ] < < TVNpN* ' +

1 < TYWF2N//pN by (EA); |§ — plylae — p| = O(p/+/pN); and its tilt vector is exactly 8, =
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7800[t], by the definition of ¢, so |||, < TRBy < T1/(v/pNlog? N) by (E.4). Writing F; :=
max{p, ||3]|%, pN log? N}, the conclusions are, for the event Z, (and identically for Ji),

PZ(A%)] = P+ ByJy + O(Elog? N), (E.5)
t/
E [(Atg — Ct)]-IS(AU)] = Etﬁ + Z ﬁtht/t + O(El\/pN 10g3 N), (E6)

tl

where P := P[Z,(A)], Ey := E[A; — ¢, | Z(A)], Jy := Cov(Ay, 1IS(X))’ and Ky := E[(Ay —cy) (A —
Ct)lzs(g)] —E[Ay — cy] E,P; here A := A, ,. By Theorem 5.2(ii), By = s, t]/7i[s] — ¢ = O(v/pN).
By Lemma E.3 applied with n = ny, (so ||Msn]||, = 0 by Theorem 5.2(iv) and Corollary 4.10(iii),
and we may take £ = \/pN/N) and with o the vector & defined by Ay ,(d[t], v[t]) = A[s, ], which
satisfies |7 — 7[s, o]||, = O(log’ N/\/pN) by (v) and is therefore bounded, we have P> ®7/2,
P[T(A) | Zo(A)] = v[sb]/v[s] + O(eo), and

Kt’t_Jt’Et -7 = , logz/N VPN
A B al Ay, Ay | I,(A)) = pN St Neo), = ., (E.
5 = Cov (Av, A | T(A)) = pN Sl 1]+ OpNe), 1=~ + 1=, (BT)

where the first equality is a direct expansion of the definitions. The second is Lemma E.3(iii) together
with the Lipschitz dependence of the Gaussian conditional covariance on the mean (Lemma E.2),
which converts the covariance of W7 given Z, into X, at the cost of O(log? N/v/pN). Also |Jy| <

Var(Ay), which is O(y/pN), and |Ky| = O(pN).
Proof of (i). Dividing (E.6) by (E.5), with u := )", ByJy|P = O(||Bllo VPN) = O(Bo/PN),

_ E:P+ Y, By Ky + O(E1/pN log® N)
P (1+u+O(B log? N))

~ Kyy — JyE
—F, +Zﬁt,% +0 (Em/leogg’N—i-ﬁgpN«/pN) :
t/

E[A7 | Z5(A%)] — ¢

where the last error collects the second-order terms u2E; and u S BK/ ]5, both O(82pN+/pN), and
E; - O(Eylog? N) = O(E;1+/pN log? N). Substituting E; = m/[s,t]/n[s] — ¢; and (E.7), and dividing
by 78opN, the main term becomes (X50)[t] + O(€p) and the error terms become

Nlog® N B2pNlog? Nv/pN log® N plog® N
O<P\/p g" N fopNlog VPN log +ﬁ0m> —0 \\CiNk_l-kﬁo\/]Wlog‘r’N :
7

BopN BopN

using Bl < TRBy and By = \/piNkfl/\/N. The first term is at most \/plog® N and the
second is O(N~“log® N) by (E.4); together with ¢¢ = O(log” N/y/pN), all are O(N~%) for
k= 1 min{c1,0/2, (1 — 0)/2} and large N.

Proof of (ii). Write Pj = P[Jsb(;{)] and Jt(,b) = Cov(ﬁt/, 1Jb(ﬁ))' Dividing the Jg version of
(E.5) by the Z version, ’

~ B =

P[JTw(A%) | Zs(A7)] = ]];J + Zﬂtr (Jﬁ — P‘LJtl> + O (E1 log? N + ngN) ,
m

P P2

(b) = ~ ~ ~ ~ ~
and a direct expansion gives J% — % = % (E[At/ | Ta(A)] —E[Ay | IS(A)]>. By Lemma E.3(i)
and (ii) at o, together with the Lipschitz dependence on the mean of Lemma E.2, this equals
7




VPN S (B[W,pr | T(Wi)] = E[Wap | Ts(Ws)]) + O(vpNeo). Dividing by 7yy/pN and using

By = TPoo[t'] gives the main term of (ii); the errors are O(¢g) from the main term and

0 <plog2N N 58pN10g4N N ﬁgpN > _0 \flog
BovPN BovPN BovpN ) VPN

Proof of (iii). Dividing the Jg versions of (E.6) and (E.5), exactly as in the proof of (i) but with
Je in place of T, and with the lower bound P; > P¢k/4 the difference E[A? | Ju(A%)] — E[A,; |
Ta(A)] equals 3, By Cov(Ay, Ay | Tu(A)) plus the error O(E;+/pN log® N + 2pN+/pN); the sum
is O(]|B]| PN) = O(7BopN) and the error is smaller, by the computation in the proof of (i).

Proof of (iv). By (E.5), P[Z,(A%)] = P + O(Bov/pN + E1log? N), and P > ¢7/2, so the first
bound holds for large N by (E.4). By (ii), P[Ju(A%) | Z5(49)] = P[Tw(A) | Zo(A)] + O(Byy/pN) =

v[sb]/v[s] + O(eo + Bov/pN), and v[sb]/v[s] = P[Ts(Wse) | Zs(Wse)] € [¢},1 — ¢f] by (4.3) and
Lemma 4.11. ]

+60\/leog N) O(N™").

E.4. Proof of Theorem 5.2.

Proof of Theorem 5.2. Throughout, constants implicit in O(-) depend only on 6, D, and T, and
“for large N” means for N exceeding a threshold depending on the same parameters, unlformly in
pe (TN TN-?). We write A := As. when s is fixed.

The reﬂectzon. Let R be the reflection (Rz)[t] := z[t] of the proof of Lemma 4.5. For every real
vector z, every s € {0,1}*, and every b,
Zs(Rz) <— ZIs(x) and Ja(Rz) = JT.3(x), (E.8)

including ties. Indeed, with Y; := Y~ (—1)*I"=Uz[u], the rth inequality of Zs(Rx) reads
-Y; Zs[rfl]s[r] 0,

and by inspection of the table defining >, the assertion —Y >, 0 is equivalent to ¥ >_5 0 for
each of the four pairs ab: for instance, —Y > 0 holds if and only if Y < 0, which is Y >1; 0. The
same applies to the kth inequality of Jgp.

Day one. Define ny and mq by (i). Then (iv) holds at £ = 1, and so does (v) with any ¢ > 1:
[n[s] — N/2| < 1, and |mls,t] — pn[s|n[t]| = pn[s]ls=¢ < pn[s]n|t] k;gN because n[t] > N/3; recall
v[s] =1/2 and p =0 at day 1

Induction. Suppose that for some 1 < k < D — 1 the vectors n;, m; (j < k) and Xj (j<k-1)
have been constructed so that (i)—(iv) hold as far as they concern these vectors, and (v) holds for

j < k with an exponent £, depending only on k. We construct Xk, Ng+1, and mg41, and prove (ii)—
(v) for them with an exponent ¢;; depending only on k; the theorem then follows with ¢ := {p,
since logh N < log’? N.

Step 1: the sizes are balanced. By (iv) at day k, pairing ¢ with ¢ gives Zs ,(ng) = 0 for all s and
1 <r < k; that is, Myny = 0 and Z, ,(ng) = 0.

Step 2: existence of A\g. Fix s € {0,1}*. Let vy := (v[tluls, t])ieqo,1yx, which lies in Cs with
Zsr(vs) > ¢f for 7 < k —1 by Lemma 4.11, and let 7" be a constant, depending only on k, with
T' > 2maxgy v[t)pfs,t]| + 1 and T" > 2/¢}. Consider the compact set v C Cs of Theorem D.5
for M = Mj, the strong bijection f := Fj,: RO Cs of Proposition 4.2, and the radius
Ry 1= maxyeic, \FST,} (y)| + 1, a constant depending only on k. Apply Lemma E.3 with n := ng,
exponent ¢, radius Ry, and & := log" N/+/pN, where ¢/ = ¢'(k,€},) is the exponent of that lemma;

its hypotheses hold by (v) at day k and Step 1, and € = 210g€l N/y/pN. For o € RO} let A% be
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as in that lemma, that is, A7 = A ¢(nk, A7) with A7[s, t] := Ay p(ct], v[t]), and define

L (ELAT | T4 pil]
“)’< VN )mmﬁ

The map g is defined and smooth on all of RO}, P[Zs(A7)] > 0 for every o because A% has full
support on its box and, for large N, the box contains points satisfying Z; (Step 4 below exhibits
many), and the conditional expectation is a rational function with positive denominator of the
smooth functions A\7[s,t]. By Lemma E.3(ii), supjs|<g, [9(0) — Fsu(0)| < Coe for a constant Cy
depending only on 8, k,T. Let

o) = (ﬁl[sa t]/nls] — pni] ) .

VPN

By (v) at day k, m[s,t]/n[s] = pn[t](1 + %) + O(log’ N) and 7[t]/N = v[t] + O(log®* N/\/pN),

=0 <1°\‘°jj;N) , (E.9)

so y®) € K for large N by the choice of 7”. Theorem D.5 (with & := €, which is below its &g for
large N) yields oy € RIOD* with g(oy) = ) and |og — F;l,l(y(s))\ < Ce. Since Fy ) (vs) = 7[s, o]
by Definition 4.3, Lemma D.2 on K7 and (E.9) give

log?" N
wfwmmu=0<f%> 0" = max{fy, ('}, (E.10)

whence

-

Set A[s,t] := A\%[s,t] = AN p(ost], v[t]). Then gsj. = A%, and g(o,) = y® says exactly that
ni[s] E[Asy | Z.(A)] = mls, t] for all t. Together with i[s] > 1, m[s,t] > 0 (from (v)) and P[Z,(A)] >
0, this is (ii) except for uniqueness.

Step 3: the tilt estimate. Since dgAn p(g,v) = Anp(g9,v)(1 — Anp(g,v))/(vv/PN) = O(p/+/PN)
for bounded g/v, (E.10) gives |\[s, t] —Anp(y[s, t], v[t])| = O(ﬁ : lo\g/;TVN) = O(log" N/N), which
is the last bound of (v) at day k once £1 > ¢ + 1.

Step 4: uniqueness. Apply Lemma E.1 with d = 2%, g, := a[t] — 14—y, M = M, and >'=>". Let
po == ;i /2"1 and let B be the box of all a € 701" with |a[t] — prft] — v/pNvs[t]| < /PN po for all ¢.
For a € B, Step 1 gives Mya = /DN M;(vs +w) with ||w|| < po, s0 Zs(a) > PN (si —2kpg) >0
for all r < k — 1; hence every a € B satisfies Zs(a) strictly, and B C S for large N (when B lies
inside [[,{0,...,7}). A box of integer points of side at least 2 contains d + 1 affinely independent

points, so S is not contained in an affine hyperplane, and Lemma E.1 shows that X[s, o] is the unique
tilt with the solvability property for the row s. This completes (ii).

Step 5: symmetry of the tilt. Define N'[s,t] := A[5,1]. The row vector Af, := A, +(ng, \') has

independent coordinates Af; ~ Bin(n[t] — 1=, \[5,7]) = Bin(a[f] — 1. 7, A[S,]), using nft] = nft];
this is the law of A_3, so AL, 4 RAvg,.. By (E.8) and (ii) for the row 3,

E[AL, | T,(4,)] =E | A | Ts(A5.)| = mfs,f _ s,

ns] nfs]

so X'[s, e] has the solvability property for the row s, and by uniqueness \' = X, that is, X[E, t] = X[s, t].

Step 6: day k+1 and its symmetry. The local template (ﬁloc,@“, m!°%) of (g, My, A\x) is defined,

since the hypotheses of Definition 3.2 are part of (ii); define ngi; and mgyq by (iii). By the

symmetry of 7 and Xk, Alg,. 4 Rgs,., and by (E.8) the events Ig(gg’.) and %E(Eg,) correspond
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to Zs (AS o) and jsb(fL’ ) under this identification. Hence 7i°¢[sb] = 7'o¢[sb], £°¢[5b, ] = £1°¢[sb, t],
and therefore m'°°[5b,1¢| = m!°°[sb, tc], which is (iv) at day k + 1.

Step 7: asymptotics at day k + 1. Fix s,t and b,c. Let W, be the day-k Gaussian row model,
whose means are (s, e]. By Lemma E.3(i) and (ii) at 0 = o, (with Z ;(ny) = 0 by Step 1, so the
events Jg, are unshifted), followed by the Lipschitz dependence on the mean of Lemma E.2 and
(E.10),

P 7(A) | ()| = PTa(Wse) | Z(W, H+O()—ﬂ§+0@% (E.11)
E[Zmljgﬁb}zpﬁhb% PN (E[Wsy | Ta(Wse)] + O(€")), (E.12)

with ¢’ := log" N/v/pN, where (E.11) uses (4.3). By Definition 3.2 and (E.11), n'¢[sb] =
A[s] P[Tw(A) | Zo(A)] = Nusb] + O(N€"), using ni[s] = Nv[s] + O(N€”); the floor changes this
by at most 1, which proves the size bound of (v) at day k + 1 with any £, > ¢” + 1. For the edge
counts, write eg,; = V[ ]TIE[W, st | Tov(Ws,e)], so that p[sb, tc] = egp s + €te,s — pfs, t] by (4.4). Since

@Oc[sb, t] = n'°[sb] E[Asy | Tep(A )] and \/]WV[t]/(pﬁ[t]) = (1+0(¢"))/v/pN, (E.12) gives
Jloc _ ﬁloc s 7 Csb,t e’
0°[sb, t] = [sb] pmi[t] <1+\/1W+O<\/]W>>’

and likewise for /1°¢[tc, s]. Divide the product by ml[s, t] = pr[s|a[t](1+u[s, t] /v/pPN+O(log’ N/pN))
and expand; the second-order terms are O(1/pN), and we obtain

s c,s 7t 1 ZNN
ﬁz[sb,tc] :pﬁloc[sb] ﬁlOC[tC} (1 i Esb,t +€\t/l;w N[S ] +0 ( OiN ))

~loc ~loc :U’[Sb7 tc] loggn N
=pn°sblntc] | 1 + + O .
Pl 7] ( N pN

Replacing 72'°° by 7341 changes the right-hand side by a relative O(1/N), which is absorbed. This
proves the edge-count bound of (v) at day k 4+ 1 with fx41 := ¢ + 1, and completes the induction.
Finally, since (i), (iii), and the uniqueness in (ii) determine the family recursively, it depends only
on (N, p). O

E.5. Proof of Theorem 5.4.

Proof of Theorem 5.4. Throughout, constants implicit in O(-) and thresholds for “large N” depend
only on 6, k, T, 0; they are uniform in p, 7, and y. Let £ = £(0, Dy, T) be the exponent of Theorem 5.2,
put

/T)Nkfl . Y IOgEN
/80 = Cl = *(1—]{3(1—(9)) >0, € = 5
VN 2 VPN

and recall from (E.4) that Go/pN < TF/2N=¢. in particular By < 1/y/pN for large N, and
" < N~(=0)/4 for large N. Let xk = (6, k) be the exponent of Lemma E.4, and define

01 1= %min{f@, 0, c1, %9},
so that N9, €, and By are all O(N~2%1), and 1//pN, Bov/pN, €, N7% are all at most N~ for
large N. Fix y = (II,m, 1) € Q,ip) (T,0,7) and write n[ ] := |II[s]|. Conditions (F1) and (F2) read

nm:ﬁm+&N@f ) (E.13)
mls, 1] = s, ] <1 + 780 ( [’i])) +0 (ﬁON*5N2p) : (E.14)



and Theorem 5.2(v) gives nft] = Nv[t](1 + O(€”)) and m[s,t] = pn[s|n[t](1 + uls,t]/v/pN +
O(e"/v/pN)). In particular |n[t] — n[t]] < TofoN with Ty := T(max;|e[t]| + 1), so Lemma E.4
applies to n with T5 in place of T'; we use it with the radius Ry specified in Step 1, and write A°,
q° for the objects of that lemma for the row s, and A= A57.
Step 1: the tilt. Fix s. Let f(o) := Y40, a linear bijection of R{01}* by Lemma 4.6, hence
a strong bijection onto B = ROV Jet K := [~R., R.J{®Y" with R. := max, [e[t]| + 1, and let
Ry = max, ek |X;'y/| + 1, a constant depending only on k. Define

_ (E[A7 | Z,(A%)] — m]s, t]/n[s] s) . (mls,t]/n[s] —m[s,t]/ns]
glo) = ( 760 pN ) v = ( 760 pN >

The map g is continuous on R{0.1}* (it is smooth, by Lemma E.4, whose argument for smoothness
does not use the bound on ¢), and Lemma E.4(i) gives supj,<g, [9(c) — f(o)] < CoN7". We
compute y*). By (E.13) and N/7i[s] = v[s] 1 (1 + O(¢")), n[s] = A[s] (1 + 7Boe[s] /v[s] + O(BoN % +
Boe”)), and dividing (E.14) by this,

, .
te{0,1}k te{0,1}k

”ﬁf;]t] = @F;]t] (1 + rﬁoi[[?] +0 (601\7*5 + Boe” + BS)) +0 (,BON*‘SNp) :

Since m[s,t]/n[s] = pNv[t](1 + O(€")), this gives

”Z[[Séf] - ﬁ%[[sé]ﬂ = 70opNelt]+ O (BopN (N0 +¢"+ o) )

that is,
y®) :E#—O(N*‘u—e"—kﬂo) =€+O<N7261) (E.15)

by the choice of 6y, so y(*) € K for large N. Theorem D.5 with £ := N~* yields o, with g(o,) = y(*)
and |o, — X5 y®)| < CN~*; since X is symmetric, (4.6) says X,4[s, o] = ¢, so by (E.15)

low = Bls. olll = O (N72) (E.16)

and in particular [|os||, < Ro for large N. Set A\y[s,t] := ¢7*[t]. Then A,q(n,\y) = A%, and
g(os) = y'®) says exactly that n[s] E[As; | Zs(Ase)] = m[s,t] for all ¢; moreover P[Z5(As4)] > 0 by
Lemma E.4(iv). By the definition of ¢° in Lemma E.4, ¥,[s, t] = ¥[s, t] + 75o0s[t], so (E.16) gives

Iy[s,1] — I[s, 1] — 7BoBls, t]\ = 700 |os[t] — Bs,t]| = O (,BON—%) ,

which is (b) once T} exceeds the implied constant.

Step 2: uniqueness. As in Step 4 of the proof of Theorem 5.2, apply Lemma E.1 with n; :=
n[t] — 1s—¢: for a in the box of integer points with |a[t] — pn[t] — /pNuvs[t]] < /pNpo, where
vs == (V[tlu[s, 1)) and po = <} /28+L) we have Msa = pMgn + /pN M;(vs + w) with |lw|, < po;
by (E.13), the pairing symmetry of Theorem 5.2(iv), and Corollary 4.10(i), [|Msn|, = O(ByN'2),
so p||Msn| ., = O(V/pN - Bov/PNN79) = o(\/pN), and every such a satisfies Zs(a) strictly for large
N. Hence the support is not contained in an affine hyperplane, and \,[s, o] is the unique tilt of the
row s with the solvability property.

Step 3: admissibility. We verify (LA1)—(LA9) for (y,\,) with ¢1 = ¢} /4 and a constant T}
depending only on 6, k,T,5. (LA1) is part of Definition 5.3. (LA2): n[s] = Nv[s](1+ O(¢" + 8y)) >
N/Ty once T1 > 2/mingv[s]. For 1 < r < k — 1, by (E.13), the pairing symmetry of n, and
Corollary 4.10(i),

Z( )t[r 1]

t

TBONZ 1)1l
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which is at most T1N/v/pN because o/pN < T*/2. (LA3) and (LA4): multiplying the expansions
of n[s] and n[t] from (E.13),
— olel @ ﬂ -6 " 2
prlsinl] = plslil (1 + 6o (V[S] + um) +0 (BN + o + ) )

and comparing with (E.14) and the expansion of m[s, t| gives

— pnls|n(t] = pnls|n[t] - L logéN -5 ¢ 2| sz
mls,t] ~ prlsjnlt] = pisJil] O(m* eI G+ +Bo>—0<\/p—>,

where the first two terms are the p[s,t]//pN of mls,t] and its error, the third is the error term
of (E.14) divided by pn[s]n[t] < pN?, and the last two come from the expansion of pn[s|n[t]; the
last three are O(By) = O(1//pN) because By/pN = \/]Wk/\/N < TRR2NKEA=0-1)/2 < Tk2 1n
particular m[s, t] = pn[s|n[t](1 + o(1)) > 0. (LA5): fix s and 1 <r < k — 1. In all four cases of the
relation >._1j4[,), the condition is implied by (1) (— 1)t =ms, ¢] > 277 N?p//pN. By
(E.14) and the expansion of m,

Sl )= il S0V (1422 ) (1780 (G + o))

t t

N2 i
—i—O( %\Gf +50N5N2p)

N
VPN

2
+0 <\]/VpTZ\)/ <e"+ﬁolog2N+/30N75 pN)) ,
all three error terms being o(N?p/y/pN), where we used Y,(—1)!""Un[t] = 0 (pairing), n[t] =
Nv[t] + O(N€"), nt]/v[t] = N + O(N€”), and By < 1/4/pN. The second bracketed term van-
ishes by Corollary 4.10(i), and Zs,(vs) > ¢f by Lemma 4.11; hence (—1)*I" S (=1)1—tms, ] >
sv[slsi N?p/+/pN for large N, which is (LA5) once Ty > 4/(min, v[s]s}). (LA6) is the bound
l¢°[t] —p| < Cp/+/pN of Lemma E.4. (LAT) and (LA9) are Lemma E.4(iv) with ¢ = ¢} /4. (LAS)
was established in Step 1. This proves (a).

= pnls]

(—1)* Z, . (vs) + 760N Z(—l)t[’“—ﬂg[t]]

Step 4: the template sizes. Fix s, b, and let (ﬁloc,@‘)c, m!°®) be the local template of (7ug, My, Xk),

so that 71°¢[sb] = n[s] P[Tw(A) | Zs(A)], 7[sb] = |n¢[sb]], and m[sb, tc] = Mm'[sh,tc] by Theo-
rem 5.2(iii). By Lemma E.4(ii) at o, then (E.16), then (4.7),

nioc[s v[s
P[%b(As,o) | IS(AS,.)] = ﬁ[i]b] + TBO\/}W U[[SI]] ZB[Svt/] (E[Ws,t’ | tysb] - Il'--1:[‘/1/5,17 | Is])
+0 (50\/])7]\7]\[_261)
I o )

where Jg and Z, abbreviate Jg(Wse) and Zs(Wse). Multiplying by n[s] = n[s] + BoN(re[s] +
O(N—%)) and using 1'°[sb]/n[s] = v[sb]/v[s] + O(¢"), which follows from Theorem 5.2(v) at days k
and k + 1 since n'°[sb] € [n[sb], n[sb] + 1), together with n[s] = Nv[s](1+ O(" + o)),

v|sb]

v[s]

n°[sb] = 7'°[sb] + 760N \/pN e[sb] + 7o Nels]
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+0 (BON\/pW (N‘%l + €'+ ﬂo) + BN (N‘5 + e”)) .

Now 789N+/pNe[sb] = T\/N\/]Wks[sb] 0 < n'°°[sh] — 7n[sb] < 1, and every remaining term is
O(BoN+/pN - N791): the third term because 1/y/pN < N7% and the error terms because N =201,
", Bo, and N0 are all at most N~% for large N, by the choice of §;. This is the size bound of (c).

Step 5: the template edge counts. Fix s,t,b c. By Deﬁnition 3.2, Eloc[sb,t] = nl°°[sb] E[As; |
Jep(Ase)] and £°°[sb, t] = 7°°[sb] B[A, s | Jup(A)], where B[Ay; | Jup(A)] = pilt] + O(vpN) < pN
by Lemma E.3(ii). By Lemma E.4(iii), E[As: | Jsp(Ase)] = E[As: | Ts(A )](1 + O(Bo)), and
therefore

°¢[sb, t] £°[tc, 5]
ms, t]

By Step 4 and 7'°°[sb] = Nv[sb](1 4+ O(¢")),

oo S0 (o (6 )

and likewise for tc; by (E.14), m[s,t]/m[s,t] = 1 4+ O(By). Multiplying out, with m!°°[sb,tc] =
m[sb, tc] < N?p and second-order terms O(33pN),

m'°¢[sb, tc] = ml[sb, tc] <1 + 760/ PN (i[[zl;]] + iEj))
+0 (NQp <ﬂ0\/pTV (N—51 + e”) +Bo+ BSpN)) :

Since fov/pN = \/ka/\/N, the main term is the one in (c¢). In the error, Sy = Bo/pN - (1/+/pN)
and B2pN = Bov/pN - foy/pN are both at most Boy/pN N~ for large N, and ¢ < N9 by the

choice of §1; so the error is O(By/pNN 9 N?p). This is the edge-count bound of (c¢) and completes
the proof, with 77 the maximum of 7" and the finitely many constants required above. O

nloc[sb] . nloc[tc] ~mls, ]
nloc[sb] mloclte] mls, t]

mi°°[sb, te] = = m!°°[sb, tc] - - (1+0(bo)) -

E.6. Proof of Theorem 5.5.

Proof of Theorem 5.5. Throughout, constants implicit in O(-) and thresholds for “large N” depend
only on 6,T,9, uniformly in p, 7, and y. Write k := ko, let £ be the exponent of Theorem 5.2 with
D = Dy, and put

vakil 1" logeN
yr el =

= , = , w :=pN? e (T71,T).
Since k(1 — 0) = 1, we have pN = wN'~? and hence the exact identity
N k/2
Bor/pN p — k2 ¢ (T‘k/Q,Tk/2> , (E.17)

Put ¢’ := min{d, (1-0)/4} and 4, := 5’/2. Fixy = (II,m,1) € g,(f)(T, J,7), write n[s| := |II[s]|, and
note that (E.13) and (E.14) hold verbatim (they are (F1) and (F2)), as do n[t] = Nv[t](1 + O(€"))
and ls, ] = pA{s[lA)(1 + uls, 1/VBN + O(¢"j /o))

Step 1: the actual sizes as an input to Lemma E.3. By (E.13), |n[t] — Nv[t]] < %logéN +

O(BoN) < %log“lN for large N, by (E.17). By (E.13), the pairing symmetry of Theo-

rem 5.2(iv), and Corollary 4.10(i),

M.n = 78N Me + O (/BON“‘S) —0 (ﬁONH) —0 <N5\/]1;N> :
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so the hypothesis | Mn||,, < ¢N/y/pN of Lemma E.3 holds with & := C¢ N~ for a constant C.
On the other hand, by Corollary 4.10(ii),

pZsp(n) p ( 1-5 k)2 =5
Uy = L2k 780N Sy, + O(BoN )) = 7 w"28, + O(N7Y), (E.18)
" VN VN
where Sy = >, (— 1)1 left] = 23 peqops-1 €[] > 05 so that for large N, un € [Umin, Umax]
with vy = %Tﬁlfk/sz > 0 and Umax = 2T1+k/25k, constants depending only on 6,7. In

particular | Z; ;(n)| < T3N/+/pN for a constant T3. We apply Lemma E.3 with 7 := n, the constant
max{7, T3}, the exponent ¢ + 1, the radius Ry of Step 2 of the proof of Theorem 5.2, and this &;
its e satisfies ¢ = O(log” N/v/pN + N=%) = O(N~). For o € RIOU" Jet 47 = Ago(n, A7) with
A[s,t] := AN p(c]t], v[t]) be the row vector of that lemma.

Step 2: the tilt. Fix s and define

g(o) == <E[Ata | Z,(A%)] —pn[t]) y(s) — (m[s,t]/n[s] —pn[t]) ;
VDN t, VPN t’

As in Step 2 of the proof of Theorem 5.2, g is smooth on R{O’l}k, and Lemma E.3(ii) gives

SUp|s|<p, [9(0) — Fs (o) = O(N_‘s/). We compute y®). Exactly as in Step 1 of the proof of
Theorem 5.4 (that computation did not use k < 1—19),

ms,t ms,t elt

Tl (4 2l

n|s] ns] V[t

]
]
while pn[t] = pn[t] + pBoN(7e[t] + O(N~?)) by (E.13). Subtracting, and using m[s,]/n[s] =

pnt](1 + pls,t]/v/pN + O(¢" //pN)) and n[t ]/V[ ] = N1+ O(¢")), the two terms involving [t
cancel to first order:

mls,t] _ palt] = pilt] uls.t] L p1Boclt] (ﬁ[t] - N) 1O <pN50 (N—5 T+ Bo) + L Ne”)

= (Vluls, 1),

+ O (ﬁON + Boe” + 60)) +0 (ﬁoN"sz) ;

nls] VPN v[t] VPN
~ N[Sa ﬂ ) " pNEH
= t N N .
P”H\/]WﬂLO(P ﬁo( G +50>+ N
Dividing by +/pN and using (E.17), which gives 8pv/pN = O(1) and By = O(1/y/pN),
y® = v+ 0 (N“5 +é' 4 Bo) =v,+0 (N“S’) : (E.19)

With 7" and K7v as in Step 2 of the proof of Theorem 5.2, y(®) € Kqv for large N, and Theorem D.5
with & := N~ yields o, with g(os) = y® and, by Lemma D.2 and (E.19),

o =5 o)l = O (N). (E.20)

Set \y[s,t] := Anp(os[t],v]t]), so that Age(n,\,) = A%, P[Zy(Ase)] > 0, and g(os) = y® is
the solvability identity n[s]E[As: | Zs(Ase)] = m[s,t]. Since d;An, = O(p/+/pN) on bounded
sets, (E.20) gives |\, [s,t] — Anp(V]s, t], v[t])] = O(N~¥p/\/pN) < N~%p/\/pN for large N, which
is (b). Uniqueness follows from Lemma E.1 exactly as in Step 2 of the proof of Theorem 5.4:
pl|Msn|,, = O(pNN//pN) = O(N~°\/pN) = o(y/pN), so the box of lattice points around
pn + /pNus of side 2¢/pN¢; /2 lies in the support.

Step 3: admissibility. Conditions (LA1), (LA2), (LA3), (LA4), (LA5), and (LAS8) are verified
exactly as in Step 3 of the proof of Theorem 5.4, whose computations used only (E.13), (E.14),
the asymptotics of 7 and 7, Corollary 4.10(i) for » < k — 1, and the bounds 3y < T%/2/\/pN and
BoN~%/pN < TF2N=9_all of which hold here by (E.17). (LA6): |\,[s,t] —p| < |[Anp(ys,t], v[t]) —
p| + O(p/v/pN) = O(p/+/pN) by Definition 5.1. (LA7): by Lemma E.3(i) at o, Lemma E.2, and
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(E.20), P[Zs(Ase)] = P[Zs(Ws )] + O(N~) > ¢ /2 for large N, where W o is the day-k Gaussian
row model. (LA9): by Lemma E.3(i) at o5 with the shifted events, P[Js(Ase) | Zs(Ase)] =
P74 (W) | Zy(W)] + O(N~?), and P[J4" (W7)] > ¢ for both b, where ¢y depends only on
k,T, Ro; since the two events partition Zs(WW7¢) up to a null set, the conditional probability lies in
[co,1 — co], and (LA9) holds with ¢ := min{¢},co}/4 for large N. This proves (a) with 77 the
maximum of T" and the constants required.

Step 4: the shifted decision. Let W := W, o be the day-k Gaussian row model and, for u € R, let

v[sb]
V[s]

mp(u) =P [Tg(W) | Zs(W)], so that mp(0) =

by (4.3). For u > 0, J%(W) 2 J%(W) and mo(u) — mo(0) = P[—u < Zs (W) < 0 | Zs(W)], while
m1(u) —m1(0) = —(mo(u) —m(0)) because mp(u)+m1(u) = 1. The coefficient vectors of Z, 1,..., Zs
are linearly independent, so z — (Zs1(x),..., Zsk(z)) maps RO onto R¥, and the conditional
law of Z, (W) given W € C, has a density that is positive on all of R (the set CsN{Z; = 2} is a
nonempty relatively open subset of the hyperplane for every z, and the density of W is positive).
Hence mp(u) — m9(0) > 0 for every u > 0, and since it is continuous in u, taking the minimum over
U € [Umin, Umax] and the finitely many s € {0, 1}* gives a constant ¢’ > 0 depending only on 6, T

Thus n
1 (o () VL8
(1) (ol - 2

Step 5: the template sizes. By Definition 3.2, Lemma E.3(i) at o5 with the shifted events,
Lemma E.2 (Lipschitz dependence on the mean, at the fixed shift u, ), and (E.20),

n'°°[sb] = n[s] P [Tsp(Asse) | Ts(Ase)] = ns] (ﬂb(un) + 0 N*5')> .
Therefore, by (E.21), uy,, € [tmin, Umax), and |n[s] — Nv[s]| = O(Ne” + ByN) = o(N),

(—1)° (nloc[sb] - Nu[sb]) = n[s] (=1)° (m,(un) - ”[Sb]> + 38y s = Nuls]) + 0 (Nl—é’)

v[s] vs]
> n[s]¢" — o(N) > 3v[s]¢'N — o(N),

) > (¢ for all u € [Umin, Umax] and b € {0,1}. (E.21)

which is at least (N for large N with ¢ := %mins v[s]¢’, a constant depending only on 6 and T.
Thus the fixed displacement of the conditional split probability contributes the order-N first term,
while the discrepancy of the parent size and the Gaussian-comparison error are both o(/N). This is

(c). O
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