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Abstract. Consider a simple undirected graph G on N vertices, with each vertex holding an opin-
ion from one of two options. Starting from the initial opinions on day 1, we run majority dynamics:
on each subsequent day, all vertices simultaneously adopt the majority opinion among their neigh-
bors, retaining their current opinion in case of a tie. A well-studied conjecture of Benjamini, Chan,
O’Donnell, Tamuz, and Tan states that if G is drawn from the random binomial model G(N, p),
and if the starting opinions are chosen uniformly at random, then as long as pN → ∞ the network
will converge to 99% consensus with high probability.

We confirm this conjecture as long as pN ≥ Nε for any fixed ε > 0, showing that full unanimity
is reached with high probability in O(1/ε) days. This result improves on a line of results by
Fountoulakis, Kang, and Makai, who achieve ε = 1/2; Chakraborti, Kim, Lee, and Tran, who
achieve ε = 2/5; and Jaffe, who achieves ε = 1/3.

The proof technique involves iteratively revealing the “opinion histories” for each vertex through
time, keeping track of the degrees between every vertex and each of 2k opinion history classes on
day k. Our analysis of this process requires intricate estimates for degree-constrained random graph
models using graph enumeration tools from the work of McKay and Wormald as well as Canfield,
Greenhill, and McKay, and their extensions by Liebenau and Wormald. In doing so, we connect the
discrete dynamics to a deterministic idealized process, whose leading-order behavior is described
by conditional Gaussian probabilities and expectations.
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1. Introduction

The evolution of opinions held by a network of individuals has been studied extensively because
of its central role in social systems. Even natural mathematical models of opinion dynamics exhibit
complex behavior. One of the most basic is majority dynamics, which has been studied in fields
such as biophysics [15] and psychology [5] since the mid-twentieth century; see the survey of Mossel
and Tamuz [18] for broader context.

Explicitly, let G be a simple graph on a finite vertex set V , and give every vertex an initial
opinion in {±1}. We call the resulting pair g = (G, c) a politicized graph, write gr(g) = G, and write
c1(g) = c for its initial coloring. The opinions evolve in discrete time: on every day, all vertices
simultaneously adopt the majority opinion among their neighbors, retaining their current opinion
in case of a tie. Thus, for k ≥ 1,

ck+1(g)[x] =

⎧⎪⎪⎨⎪⎪⎩
+1 if

∑︁
y∼gr(g)x

ck(g)[y] > 0,

−1 if
∑︁

y∼gr(g)x
ck(g)[y] < 0,

ck(g)[x] if
∑︁

y∼gr(g)x
ck(g)[y] = 0.

It follows from a theorem of Goles and Olivos [8] that on every finite graph this process eventually
reaches either a fixed point or a cycle of period two.

The geometry of the underlying network can affect the outcome in subtle ways, and a substantial
literature studies this interaction. Tran and Vu [21] discovered a striking power of few phenomenon:
in a dense random network, a constant-sized discrepancy in the initial opinion counts is likely to
grow rapidly to consensus. Berkowitz and Devlin [3] sharpened the size of the required discrepancy,
and Sah and Sawhney [19] established a power of one.

The first systematic study of majority dynamics on the Erdős–Rényi random graph was under-
taken by Benjamini, Chan, O’Donnell, Tamuz, and Tan [1]. For a finite set V and p ∈ [0, 1], let
G(V, p) denote the random graph on V in which every pair of vertices is an edge independently with
probability p. Benjamini, Chan, O’Donnell, Tamuz, and Tan posed the following conjecture.

Conjecture ([1, Conjecture 1.5]). Suppose that pN → ∞, and fix any constant η > 0. Run majority
dynamics on G ∼ G(V, p), where |V | = N , from a uniformly random initial coloring c. Then, with
probability tending to 1 as N → ∞, we have⃓⃓∑︂

x∈V
ct((G, c))[x]

⃓⃓
≥ (1− 2η)N
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for all sufficiently large t.

They proved that for p ≥ CN−1/2, unanimity is reached by day four with probability at least
0.4. Much of the intervening work has aimed either to prove this conjecture or to understand how a
prescribed initial lead grows. A uniformly random initial coloring typically has a lead of order

√
N .

Fountoulakis, Kang, and Makai [7] improved the unanimity probability for p ≥ CN−1/2 to 1− ε,
where ε = ε(C) → 0 as C → ∞. Chakraborti, Kim, Lee, and Tran [6] extended the range to
p ≥ CN−3/5 logN , Jaffe [10] reached p ≥ CN−2/3, and Kim and Tran [11] obtained a related
density threshold p ≫ N−2/3 log2/3N . These arguments follow the random process for at most
three days and then use pseudorandom properties of the graph to amplify the lead. As observed in
[11], reaching lower densities requires following the random process for additional days.

There is also a parallel line of work on fixed initial leads. Write 2∆ for the difference between
the initial opinion counts. Extending their dense power of few result, Tran and Vu [20] showed
that above the connectivity threshold, the conditions p∆ ≥ 10 and p∆2 → ∞ suffice for the initial
majority to reach unanimity with high probability. Jaffe [10] showed, in the same density range,
that for suitable constants A,B > 0 it is enough to have

∆ ≥ max
{︂
p−1/2 exp

(︂
A
√︁

log(1/p)
)︂
, Bp−3/2N−1/2

}︂
.

For N−1 log2N ≪ p ≪ N−1/2 log1/4N , Kim and Tran [11] showed that p3/2∆ ≫ N−1/2 logN

suffices. Our theorem instead starts from the
√
N scale corresponding to a uniformly random

initial condition and follows its evolution through every fixed power-law density. Its linear-response
description also suggests the possibility of treating smaller leads, but this would require control of
the error terms at a correspondingly smaller scale.

1.1. Main result. For a finite set V , let Polit(V ) denote the set of politicized graphs on V . We
first state our result for a deterministic initial coloring.

Theorem 1.1. Fix a real parameter θ ∈ (1/2, 1) and a constant T > 1. For all sufficiently large
N ∈ Z, all p ∈ (T−1N−θ, TN−θ), and all τ ∈ [T−1, T ], the following holds.

Let V be a vertex set with |V | = N , and let c : V → {±1} be a coloring such that

|c−1(1)| = ⌊N/2⌋+ ⌊τ
√
N⌋.

Sample G ∼ G(V, p), and let g = (G, c). If

k = 2

⌊︃
1

1− θ

⌋︃
+ 3,

then with probability 1− o(1) we have ck(g)[x] = 1 for every x ∈ V .

We also prove a uniform-density result, with one threshold for every p from a power-law lower
bound through p = 1.

Theorem 1.2 (Uniform density range). Fix θ ∈ (1/2, 1) and T > 1. For every η > 0 there exists
N0 = N0(θ, T, η) such that, for every integer N ≥ N0, every

T−1N−θ ≤ p ≤ 1,

every τ ∈ [T−1, T ], and every deterministic coloring c of a vertex set V with |V | = N and

|c−1(1)| = ⌊N/2⌋+ ⌊τ
√
N⌋,

the graph G ∼ G(V, p) satisfies

P
[︁
cku((G, c))[x] = 1 for every x ∈ V

]︁
≥ 1− η, ku = 2

⌊︃
1

1− θ

⌋︃
+ 3.
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The density quantifier in Theorem 1.2 is simultaneous: N0 is chosen before p and applies to every
density in the displayed interval. Section 6.3 gives a proof sketch, including the response-dependent
stopping argument and the use of the dense-range estimates of Fountoulakis, Kang, and Makai [7]; a
complete Lean proof accompanies the paper, in the repository https://github.com/gopalkgoel/
sparse-majority-dynamics-lean.

In both theorems the probability bound is uniform over the density, bias parameter, and initial
coloring in the displayed ranges. The exponent θ is fixed beforeN tends to infinity, and the threshold
for N may depend on θ and T . Once all vertices agree, they agree forever.

For uniformly random initial opinions, elementary binomial estimates place the absolute initial
lead between two fixed positive multiples of

√
N with probability arbitrarily close to one, by taking

the lower multiple small and the upper multiple large. We may therefore apply Theorem 1.1
uniformly in such a fixed window, reversing the two opinions if necessary, and then let the window
expand.

Corollary 1.3 (Uniformly random initial opinions). Fix a real parameter θ ∈ (1/2, 1) and a constant
T > 1, and let

k = 2

⌊︃
1

1− θ

⌋︃
+ 3.

For all sufficiently large N ∈ Z and all p ∈ (T−1N−θ, TN−θ), the following holds. Let V be a
vertex set with |V | = N , let c : V → {±1} be a uniformly random coloring, and let G ∼ G(V, p) be
independent of c. Then with probability 1− o(1) the coloring ct((G, c)) is constant for every t ≥ k.

Applying the same conditioning and color-flip argument to Theorem 1.2 gives unanimity from
uniformly random initial opinions, uniformly over T−1N−θ ≤ p ≤ 1, by day ku. In particular, for
every fixed ε > 0, uniformly over pN ≥ N ε, unanimity is reached with probability 1−o(1) in O(1/ε)
days. The binomial window argument is given in Section 6.3. This confirms the conjecture of [1]
throughout the polynomial average-degree regime, with unanimity in place of near-unanimity. The
regime in which pN grows more slowly than every positive power of N remains outside these results.

1.2. Overview of key ideas. We now describe the main ideas of the proof. The argument views
majority dynamics as an iteratively revealed degree-constrained random graph process. We transfer
the relevant properties of this dependent process to a tilted independent model, and then compare
its evolution with deterministic parameters governed by conditional expectations of multivariate
Gaussians.

The heuristic is that a small lead grows by a factor of order
√
pN per update. A typical neigh-

borhood contains about pN vertices, and sampling it from a population with a lead of order τ
√
N

produces an excess probability of order τ
√
N
√
pN/N for the leading opinion. Summed across the

vertices, this predicts a lead of order τ
√
N
√
pN on the next day. Since

√
pN ≍ N (1−θ)/2, it takes

roughly 1/(1 − θ) updates for a lead of order
√
N to become macroscopic. This explains both

why earlier analyses of only the first few days encounter a density barrier and why a bounded but
arbitrarily long iterative argument is needed here. Throughout the paper, day 1 means the initial
coloring.

1.2.1. Iterative degree revelation. On day k, we distinguish vertices according to their full opinion
histories. A history is a string s ∈ {0, 1}k, where 0 represents opinion +1 and 1 represents opinion
−1, and we write

Πk(g)[s] =
{︁
x ∈ V : cr(g)[x] = (−1)s[r−1] for every 1 ≤ r ≤ k

}︁
.

These 2k classes form the day-k partition of V . The transition to day k + 1 depends only on each
vertex’s degrees into the day-k classes: for x ∈ Πk(g)[s], the next opinion is determined by the sign
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of ∑︂
t∈{0,1}k

(−1)t[k−1] deg
gr(g)
Πk(g)[t]

x,

together with the tie-breaking rule.
This observation lets us reveal only the randomness needed for the next update. The fine state

consists of the opinion-history partition and the array recording every vertex’s degree into every
class. Given this state, the unrevealed graph is uniform over graphs with the prescribed within-
class and between-class degree sequences. Equivalently, its restrictions to the different class pairs
are independent uniform graphs or bipartite graphs with prescribed degree sequences. This gives a
universal one-step kernel Kk, independent of p and of the initial coloring.

The fine state contains more information than the induction needs. We therefore pass to a coarse
state, which retains the history partition, the total number of edges between every pair of classes,
and whether the degree array satisfies the required regularity bounds. Different fine states with
the same coarse data can have different next-step laws, so this projection is not a lumping of the
fine chain. Conditioning on the coarse state instead averages the universal fine-state kernel over
all compatible fine states. Analyzing this fiber-averaged transition, which is the exact conditional
one-day law, is a key structural step in the proof.

1.2.2. Distributional transference through a solvability tilt. The main obstacle is that conditioning on
the current histories and edge totals introduces substantial dependence. We compare the resulting
degree-array law with a simpler row model in which, for a vertex in class s, its degrees into the
classes t ∈ {0, 1}k are independent binomial variables. Their edge probabilities are allowed a small
tilt from p, written λ[s, t], and the row is conditioned to satisfy the inequalities encoding the vertex’s
opinion history.

The tilt is chosen to reproduce the prescribed edge totals in conditional expectation. The existence
of such a tilt is the solvability condition. Once it holds, concentration may first be proved in the
independent row model and then transferred back to the true coarse fiber law, after imposing the
exact edge totals.

The analytic input enabling this transfer is the asymptotic enumeration of graphs with prescribed
degree sequences, beginning with McKay and Wormald [16,17] and, in the bipartite setting, Canfield,
Greenhill, and McKay [4], and extended across the relevant densities by Liebenau and Wormald
[13, 14]; see also the survey [23]. These enumeration formulae compare the probability masses of
individual degree arrays satisfying suitable regularity bounds in the graph and binomial models;
conditioning on the histories and exact totals then gives the required transference. A polynomial
lower bound for the probability of the exact totals allows us to add that conditioning without losing
the concentration estimates. The multidimensional Berry–Esseen theorem of Bentkus [2] enters the
Fourier local limit estimate used to bound the probability of the exact totals.

The resulting local theorem says, roughly, that from any coarse state satisfying explicit admis-
sibility conditions, the next class sizes and edge totals follow a deterministic local template with
high probability, and the next degree array again satisfies the required regularity bounds. This is
the probabilistic step that can be iterated.

1.2.3. Asymptotic evolution of the history classes. The majority decision for a vertex in a given
history class is governed by an alternating sum of binomial degrees. After centering and scaling by√
pN , the degree row converges to a multivariate Gaussian conditioned on the inequalities recording

the previous majority decisions. Consequently, the local template has a universal limiting description
in terms of conditional Gaussian probabilities and expectations.

Suppose that opinion +1 initially leads by 2τ
√
N + O(1). We construct deterministic idealized

class sizes ˜︁n[s] and edge totals ˜︁m[s, t], depending on (N, p), and universal response coefficients
ε[s]. The idealized quantities describe the evolution of the local template from balanced initial
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data, while ε[s] describes its first-order response to the initial lead. For every fixed day in the
perturbative range, the actual class sizes satisfy⃓⃓

Πk(g)[s]
⃓⃓
= ˜︁n[s] + τ

√
N (
√︁
pN)k−1ε[s] + a smaller error

with high probability. The idealized sizes themselves have leading order ˜︁n[s] ∼ Nν[s]. The propor-
tions ν[s] are defined together with edge-correction parameters µ[s, t] and Gaussian mean parameters
γ[s, t] by a universal recursion independent of N and p. The response coefficients ε[s] evolve through
a companion linearized recursion built from the same Gaussian data. Thus, for each fixed day, all
four families consist of universal real constants.

We emphasize two key points. First, there is no random idealized dynamics that exactly realizes ˜︁n
and ˜︁m. They form a deterministic sequence obtained by iterating the local template from balanced
initial data. Second, although ˜︁n[s] ∼ Nν[s], the available bound⃓⃓˜︁n[s]−Nν[s]

⃓⃓
≤ N√

pN
logℓN

is much larger than the lead scale
√
N(

√
pN)k−1 on days k < 1/(1 − θ). Replacing ˜︁n[s] by the

simpler approximation Nν[s] would therefore obscure the signal we need to track. To extract the
lead at its correct scale, we use the exact color-flip symmetry˜︁n[s] = ˜︁n[s],
so the idealized contributions cancel when the history classes are summed according to their current
opinions. The remaining first-order contribution satisfies

ε[s0] > 0 > ε[s1]

for every history s. Thus the initially leading opinion gains vertices coherently across all history
classes, rather than suffering cancellation between them.

To turn this asymptotic description into an induction, we call a coarse state faithful when its
sizes and edge totals lie within prescribed tolerances of the idealized parameters plus their linear
response to the initial lead. The Gaussian recursion provides the limiting parameters; inverse-
function arguments produce the tilted binomial parameters realizing the required edge totals; and
the local theorem propagates faithfulness from one day to the next.

When k0 := 1/(1 − θ) is an integer, the perturbation reaches the boundary of the linear regime
on day k0. A separate one-sided argument then supplies the needed macroscopic lead on day k0+1.
In all cases, by day ⌊︃

1

1− θ

⌋︃
+ 1

the leading opinion has a lead of at least order N logN/
√
pN .

1.2.4. Contraction phase. At that point we leave the degree-revelation analysis. An argument of
Chakraborti, Kim, Lee, and Tran [6] shows how the jumbledness and minimum-degree properties of
G(V, p) force contraction toward unanimity once the lead is sufficiently large. Specifically, the lead
becomes macroscopic after one further day, and thereafter the set of vertices holding the minority
opinion shrinks by a factor O((pN)−1) on each day. After at most ⌊1/(1− θ)⌋+ 1 additional days
we reach unanimity, yielding the time bound in Theorem 1.1.

1.3. Organization. Section 2 encodes opinion histories as fine states, constructs the universal
transition kernel, and passes to the coarse fiber law used by the induction. Section 3 proves the
one-day local transition theorem by transferring concentration from a tilted independent row model
and then controlling the resampled degree-constrained graph. Section 4 develops the universal
Gaussian recursion and proves the coherence of its linear response. Section 5 constructs the idealized
parameters, defines faithful states, and proves that the actual coarse trajectory remains faithful until
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the lead leaves the perturbative scale. Section 6 combines the resulting lead with the deterministic
contraction phase to prove the fixed power-law theorem and its random-initial-opinions corollary,
then sketches the uniform-density extension. Appendix A collects the comparison results of Liebenau
and Wormald, together with the binomial, graphicality, concentration, and Gaussian-conditioning
tools used throughout. Appendix B proves the comparison between the coarse fiber law and the
conditioned row model. Appendix C derives the edge-splitting and degree-regularity estimates
needed by the transition kernel from single-edge estimates of Liebenau and Wormald. Appendix D
supplies the inverse-function results for the conditional-mean maps underlying the Gaussian and
binomial tilts. Appendix E proves the existence, perturbation, and critical-day statements used in
the idealized evolution.

1.4. Notation and conventions. All asymptotic notation is interpreted as the relevant size pa-
rameter tends to infinity. In a statement which first fixes constants and then quantifies over all
sufficiently large N and over further choices depending on N , the implicit constants and o(1)-terms
may depend on the initially fixed constants but are uniform over all subsequently quantified choices.
Thus, for example, the conclusion of Theorem 1.1 is uniform over p and τ in the stated ranges.

A statement that asserts the existence of a constant names the constant after the statement
and records the parameters on which it depends; for example, Theorem 3.3 produces C3.3 =
C3.3(θ, k, T, ϕ). Within that statement and its proof the constant is written without arguments.
Every later use writes it as the function it is, evaluated at the parameters in force at that point. For
instance, CC.2(θ, T1) is the constant of Theorem C.2 for the parameter value T1 in place of T ; and
the constant of Lemma A.10 with T 1+θ in place of T and with input K is written CA.10(θ, T

1+θ,K).
Constants named C0, C1, . . . or c, c0, . . . inside a proof are internal to that proof.

Parentheses indicate map application, square brackets index structured data, and subscripts index
families and parameters. For example, Πk(g)[s] is the s-part of the partition Πk(g); these objects
are defined in Section 2. We retain the usual probabilistic notation P[·] and E[·].

1.5. Acknowledgments. We thank Mehtaab Sawhney for many valuable ideas and contributions
to this project, including the ideation and early stages.

Statement on AI use. A complete manuscript containing the proof of Theorem 1.1 was written by
the authors without AI assistance by August 2025, with further human revision continuing into early
2026. From August 2025 through August 2026, the authors used GPT-5.5, GPT-5.6, and Claude
Fable to compare versions, trace dependencies, reorganize arguments, and assist with rewriting. In
September 2026, these systems helped restructure the proof according to its logical dependencies
and audit the argument line by line; the audit resolved several minor issues in the original presen-
tation. Between September 6 and 10, GPT-6 Astra produced a complete Lean formalization of the
proof under extensive direction from the authors. Claude Fable separately formalized the required
results of Liebenau and Wormald [13, 14] in a single session after being supplied the two papers.
GPT-6 Astra and Claude Fable were subsequently used to prove and formalize the uniform-density
strengthening, Theorem 1.2, including the dense-range argument based on Fountoulakis, Kang, and
Makai [7]. The authors reviewed and substantially revised the resulting mathematics and exposition.
The mathematical content, final text, and any errors are the responsibility of the authors.

2. Setup

2.1. Politicized graphs and opinion histories. Throughout this section, fix a finite vertex set
V .

We index strings in {0, 1}k from 0 to k − 1, so if s ∈ {0, 1}k, then s = s[0] · · · s[k − 1].
7



For s ∈ {0, 1}2, define

≥s:=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
≥ if s = 00,

< if s = 01,

> if s = 10,

≤ if s = 11.

For every k ≥ 1, define

Partk(V ) :=

⎧⎨⎩Π : {0, 1}k → 2V : V =
⨆︂

s∈{0,1}k
Π[s]

⎫⎬⎭ .

Thus an element of Partk(V ) is a partition of V whose parts are indexed by {0, 1}k.
For every k ≥ 1, the day-k partition of g is the element Πk(g) ∈ Partk(V ) given by

Πk(g)[s] :=
{︂
x ∈ V : cr(g)[x] = (−1)s[r−1] for all 1 ≤ r ≤ k

}︂
.

In particular,
V =

⨆︂
s∈{0,1}k

Πk(g)[s]

for every k ≥ 1, and Πk(g)[s] is exactly the set of vertices whose opinion history through day k is
the binary string s, with 0 representing +1 and 1 representing −1.

For any u ∈ R{0,1}k and s ∈ {0, 1}k, let Is(u) denote the assertion that∑︂
t∈{0,1}k

(−1)t[r−1]u[t] ≥s[r−1]s[r] 0

for all 1 ≤ r ≤ k − 1. For any u ∈ R{0,1}k and s ∈ {0, 1}k+1, let Js(u) denote the assertion that∑︂
t∈{0,1}k

(−1)t[r−1]u[t] ≥s[r−1]s[r] 0

for all 1 ≤ r ≤ k.
For a graph H on V , a vertex x ∈ V , and a subset S ⊆ V , write degHS x for the number of

neighbors of x in S in the graph H. If u[t] = deg
gr(g)
Πk(g)[t]

x, then the rth inequality above records the
sign of the day-r neighbor imbalance around x, with ties resolved according to the day-r opinion of
x. Consequently, for every s ∈ {0, 1}k and b ∈ {0, 1},

Πk+1(g)[sb] =

{︃
x ∈ Πk(g)[s] : Jsb

(︃(︂
deg

gr(g)
Πk(g)[t]

x
)︂
t∈{0,1}k

)︃}︃
.

2.2. State spaces and the iterative degree revelation process. For Π ∈ Partk(V ) and a
graph H on V , define the degree array δ(Π, H) ∈ ZV×{0,1}k by

δ(Π, H)[x, t] := degHΠ[t] x

for x ∈ V and t ∈ {0, 1}k. For d ∈ ZV×{0,1}k , write d[x, •] = (d[x, t])t∈{0,1}k and define

m(Π,d)[s, t] :=
∑︂

x∈Π[s]

d[x, t].

A finite sequence of nonnegative integers is graphical if it is the degree sequence of a simple
graph, and a pair of such sequences is bipartite graphical if it is the pair of side-degree sequences of
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a simple bipartite graph. For Π ∈ Partk(V ), let D(Π) ⊆ ZV×{0,1}k be the set of graph-realizable
degree arrays relative to Π:

D(Π) := {δ(Π, H) : H is a simple graph on V } .
We also call the elements of D(Π) graphical.

We fix some terminology, which recurs throughout. The parts Π[s] of a partition Π ∈ Partk(V )
are called its blocks. A block pair of Π is an unordered pair {s, t} of indices s, t ∈ {0, 1}k; it is
internal if s = t, in which case it refers to the edges inside the single block Π[s], and bipartite
if s ̸= t, in which case it refers to the edges between Π[s] and Π[t]. Every simple graph on V

decomposes into its restrictions to the 2k internal block pairs and the
(︁
2k

2

)︁
bipartite block pairs of

Π, and these restrictions involve disjoint sets of vertex pairs. When several partitions are in play,
we say “block of Π” and “block pair of Π”. Graphicality of an array is a condition block pair by
block pair:

Fact 2.1 (Graphicality is a block-pair condition). Let Π ∈ Partk(V ) and d ∈ ZV×{0,1}k . Then
d ∈ D(Π) if and only if, for each s ∈ {0, 1}k, the sequence (d[x, s])x∈Π[s] is graphical, and for
each pair s, t ∈ {0, 1}k with s ̸= t, the pair of sequences (d[x, t])x∈Π[s] and (d[y, s])y∈Π[t] is bipartite
graphical.

Proof. If d = δ(Π, H), then the restriction of H to Π[s] realizes (d[x, s])x∈Π[s] and the restriction of
H to the pairs between Π[s] and Π[t] realizes the pair (d[x, t])x∈Π[s], (d[y, s])y∈Π[t]. Conversely, given
a graph on each Π[s] and a bipartite graph between each Π[s] and Π[t] realizing these sequences,
their union H is a simple graph on V , because the block pairs involve disjoint sets of vertex pairs,
and δ(Π, H) = d by construction. □

The history constraints select the subset

DI(Π) :=
{︂
d ∈ D(Π) : Is(d[x, •]) for all s ∈ {0, 1}k and x ∈ Π[s]

}︂
.

The day-k state space is

Sk(V ) :=
{︁
(Π,d) : Π ∈ Partk(V ) and d ∈ DI(Π)

}︁
.

For σ = (Π,d) ∈ Sk(V ), we write

part(σ) := Π, deg(σ) := d.

This is the convention we use throughout for structured objects: canonical components are accessed
by named projection maps rather than repeated unpacking.

Every politicized graph g on V determines a state

σk(g) := (Πk(g), δ(Πk(g), gr(g))) ∈ Sk(V ).

This information determines the next partition.

Fact 2.2 (Reconstruction from a fine state). Let k ≥ 1, let V be finite, and let (Π,d) ∈ Sk(V ).
For every simple graph H on V with δ(Π, H) = d and every coloring c : V → {±1} satisfying
c[x] = (−1)s[0] for x ∈ Π[s], the politicized graph g := (H, c) satisfies

cr(g)[x] = (−1)s[r−1] (1 ≤ r ≤ k, s ∈ {0, 1}k, x ∈ Π[s]).

In particular, σk(g) = (Π,d), and every state in Sk(V ) is attainable.

Proof. The assertion for r = 1 is the hypothesis on c. If it holds for some r < k, then for x ∈ Π[s],∑︂
y∼Hx

cr(g)[y] =
∑︂

t∈{0,1}k
(−1)t[r−1] degHΠ[t] x =

∑︂
t∈{0,1}k

(−1)t[r−1]d[x, t] ≥s[r−1]s[r] 0.

9



The last relation is the rth constraint in Is(d[x, •]). Together with cr(g)[x] = (−1)s[r−1], the tie-
breaking rule gives cr+1(g)[x] = (−1)s[r]. This proves the assertion by induction, hence Πk(g) = Π
and σk(g) = (Π,d). A realizing graph H exists because d ∈ D(Π), which proves attainability. □

For σ ∈ Sk(V ), define its refinement Φk(σ) ∈ Partk+1(V ) by

Φk(σ)[sb] := {x ∈ part(σ)[s] : Jsb(deg(σ)[x, •])}

for every s ∈ {0, 1}k and b ∈ {0, 1}. Because for each fixed x ∈ part(σ)[s] exactly one of
Js0(deg(σ)[x, •]) and Js1(deg(σ)[x, •]) holds, this is indeed a partition of V . Moreover, if σ = σk(g),
then Φk(σ) = Πk+1(g).

Definition (The kernel Kk). For every σ = (Π,d) ∈ Sk(V ), define Kk(σ, ·) as follows. For
each s ∈ {0, 1}k, sample a uniformly random simple graph Hs,s on Π[s] with degree sequence
(d[x, s])x∈Π[s]. For each unordered pair {s, t} of distinct elements s, t ∈ {0, 1}k, sample a uni-
formly random simple bipartite graph Hs,t = Ht,s between Π[s] and Π[t] with degree sequences
(d[x, t])x∈Π[s] and (d[y, s])y∈Π[t]. Take all these sampled graphs and bipartite graphs to be mutually
independent.

Given these sampled objects, define D ∈ ZV×{0,1}k+1 by setting, for x ∈ Π[s], t ∈ {0, 1}k, and
b ∈ {0, 1},

D[x, tb] =

{︄
deg

Hs,s

Φk(σ)[tb]
x, t = s,

deg
Hs,t

Φk(σ)[tb]
x, t ̸= s.

Then, for every subset of states A ⊆ Sk+1(V ), set

Kk(σ,A) := P [(Φk(σ),D) ∈ A] .

This is well-defined for every σ ∈ Sk(V ): the sampled objects exist by Fact 2.1, and the pair
(Φk(σ),D) always lies in Sk+1(V ). Indeed, let H be the simple graph on V whose edge set is the
union of the edge sets of the graphs Hs,s and the bipartite graphs Hs,t; these edge sets are disjoint,
so this is well defined. Then D = δ(Φk(σ), H) by construction, so D ∈ D(Φk(σ)). Moreover, if
x ∈ Φk(σ)[sb], then for each 1 ≤ r ≤ k,∑︂

u∈{0,1}k+1

(−1)u[r−1]D[x, u] =
∑︂

t∈{0,1}k
(−1)t[r−1]d[x, t],

because Φk(σ)[t0] ⊔ Φk(σ)[t1] = Π[t] for each t ∈ {0, 1}k, so that D[x, t0] +D[x, t1] = d[x, t] and
the two sums agree term by term. Since x ∈ Φk(σ)[sb], the condition Jsb(d[x, •]) holds, and by the
displayed identity this is the same as the condition Isb(D[x, •]). As this holds for every x ∈ V , we
conclude that D ∈ DI(Φk(σ)), that is, (Φk(σ),D) ∈ Sk+1(V ).

Proposition 2.3. Fix p ∈ (0, 1), a finite set V , and a coloring c : V → {±1}. Sample G ∼ G(V, p),
and let g = (G, c). Then (σk(g))k≥1 is a time-inhomogeneous Markov chain on the finite state spaces
Sk(V ) with transition kernels (Kk)k≥1. Equivalently, for every σ ∈ Sk(V ) with P[σk(g) = σ] > 0
and every A ⊆ Sk+1(V ),

P [σk+1(g) ∈ A | σk(g) = σ] = Kk(σ,A).

Proof. We first explain why the displayed one-step statement, which conditions on the present state
only, is equivalent to the Markov property, which conditions on the whole history (σ1(g), . . . , σk(g)).
The reason is that σk(g) determines the earlier states: for r < k, the block Πr(g)[u] is the union
of the blocks Πk(g)[s] over the strings s whose first r bits form u, and δ(Πr(g), G)[x, u] is the sum
of the entries δ(Πk(g), G)[x, s] over the same strings s. Hence conditioning on σk(g) is the same as
conditioning on the whole history, and it suffices to prove the displayed identity.
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Once σk(g) = (Π,d) is known, the next partition is already determined: it is exactly Φk(σ). The
only remaining randomness in σk+1(g) is the way the degree-constrained edge sets of the block pairs
of Π split across the deterministic refinement Φk(σ).

Condition on σk(g) = (Π,d). Since this state has positive probability, Π is compatible with the
fixed initial coloring c, in the sense that x ∈ Π[s] implies c[x] = (−1)s[0]. Conversely, on the event
δ(Π, G) = d, Fact 2.2 gives σk(g) = σ. Thus, for the present state σ, the event {σk(g) = σ} is
exactly the event {δ(Π, G) = d}.

The random edge sets of the internal and bipartite block pairs of Π are independent in G(V, p),
and the constraints recorded by d involve these disjoint edge sets separately. Therefore the con-
ditional law is a product over the block pairs of Π. Inside Π[s], every simple graph with degree
sequence (d[x, s])x∈Π[s] has the same number of edges, and hence the same conditional probability;
similarly, between Π[s] and Π[t], every simple bipartite graph with degree sequences (d[x, t])x∈Π[s]

and (d[y, s])y∈Π[t] has the same number of edges. Thus the conditional distribution is exactly the
product of uniformly random degree-constrained graphs and bipartite graphs used to define Kk(σ, ·).

It follows that the conditional law of σk+1(g) given σk(g) = σ is Kk(σ, ·), which depends only on
the present state. This is the Markov property. □

2.3. Coarsening the state space. We next record the coarser information that will be propagated
in the inductive estimates. For Π ∈ Partk(V ), define the edge-count space

M(Π) :=
{︂
m ∈ Z{0,1}k×{0,1}k : m[s, t] = m[t, s], m[s, s] ∈ 2Z,

0 ≤ m[s, t] ≤ |Π[s]| (|Π[t]| − 1s=t) for all s, t ∈ {0, 1}k
}︂
.

Thus m[s, t] records the number of edge incidences from Π[s] to Π[t]; for s ̸= t this is the number
of edges between the two parts, while m[s, s] is twice the number of edges inside Π[s]. For every
d ∈ D(Π), the array m(Π,d) defined above belongs to M(Π).

For p ∈ (0, 1) and d ∈ ZV×{0,1}k , let κp(Π,d) denote the assertion that

|d[x, t]− p|Π[t]|| ≤ (p|V |)4/7

for every x ∈ V and t ∈ {0, 1}k.
The day-k coarse state space is the finite set

Yk(V ) := {(Π,m, η) : Π ∈ Partk(V ), m ∈ M(Π), η ∈ {0, 1}} .

For y = (Π,m, η) ∈ Yk(V ), we write

part(y) := Π, edge(y) := m, reg(y) := η.

We use Yk(V ) as a common codomain; not every element of Yk(V ) need arise from a fine state. For
each p ∈ (0, 1), define the coarsening map ρ(p)k : Sk(V ) → Yk(V ) by

ρ
(p)
k (σ) :=

(︁
part(σ),m(part(σ), deg(σ)),1κp(part(σ),deg(σ))

)︁
.

Thus ρ(p)k records the current partition, the edge counts between its parts, and whether the fine
degree array is p-regular in the sense above.

Say that y ∈ Yk(V ) is p-attainable if there exists σ ∈ Sk(V ) such that ρ(p)k (σ) = y. We next
define the fiber law Λ

(p)
y of a p-attainable coarse state y: it is the law of a fine state sampled from

the fiber (ρ(p)k )−1(y), with the weights that the random graph G(V, p) induces on that fiber. Sample
G ∼ G(V, p) and set ˜︁σy(G) := (part(y), δ(part(y), G)) .
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Then Λ
(p)
y is the law of ˜︁σy(G) conditioned on the event that ˜︁σy(G) lies in Sk(V ) and, for this

resulting fine state,
ρ
(p)
k (˜︁σy(G)) = y.

Since p ∈ (0, 1) and y is p-attainable, this conditioning event has positive probability.
Concretely, write Π := part(y) and m := edge(y). Choose independently a uniform graph with

m[s, s]/2 edges inside each Π[s] and a uniform bipartite graph with m[s, t] edges between each
unordered pair of distinct blocks Π[s],Π[t]. The fiber law Λ

(p)
y is the law of (Π,d) for the resulting

degree array, conditioned on the vertexwise histories Is(d[x, •]) and on κp(Π,d) or its negation
according to reg(y). The local estimates use only reg(y) = 1; Proposition 3.7 gives the formal
identification with the auxiliary degree laws.

For a p-attainable coarse state y ∈ Yk(V ) and every event B ⊆ Yk+1(V ), define

K
(p)
k (y,B) := E

σ∼Λ
(p)
y

[︃
Kk

(︃
σ,
(︂
ρ
(p)
k+1

)︂−1
(B)

)︃]︃
.

Equivalently, to sample from K
(p)
k (y, ·), first sample σ ∼ Λ

(p)
y , then sample σ′ ∼ Kk(σ, ·), and output

ρ
(p)
k+1(σ

′).

Remark (The coarse one-step law is a fiber average). The refinement Φk(σ) is decided vertex by
vertex by the rows d[x, •], so fine states with the same coarse projection can have different next
partitions. For instance, with k = 1 and suitable parameters, rows (a, b) with a > b for every vertex
of Π[0] send all of that block to 00, while replacing half the rows by (a + c, b − c) and half by
(a− c, b+ c), with c > a− b, preserves the edge counts but sends only half of the block to 00. Thus
the coarse process is not a lumping of the fine chain: no kernel Qk satisfies

Kk

(︂
σ, (ρ

(p)
k+1)

−1(B)
)︂
= Qk

(︂
ρ
(p)
k (σ), B

)︂
for all σ ∈ Sk(V ), B ⊆ Yk+1(V ).

The conditional one-step law instead averages over Λ
(p)
y , as proved in Proposition 2.4; this identity

supports induction by the law of total probability. The history constraints can couple the block
pairs in Λ

(p)
y . Section 3 controls this law and then Kk at a typical fine state.

Proposition 2.4 (One-step coarse conditioning). Fix p ∈ (0, 1), a finite set V , and a coloring
c : V → {±1}. Sample G ∼ G(V, p), and let g = (G, c). If y ∈ Yk(V ) satisfies

P
[︂
ρ
(p)
k (σk(g)) = y

]︂
> 0,

then y is p-attainable, and for every B ⊆ Yk+1(V ),

P
[︂
ρ
(p)
k+1(σk+1(g)) ∈ B | ρ(p)k (σk(g)) = y

]︂
= K

(p)
k (y,B).

Proof. Let Π = part(y) and write

Ey :=
{︂
ρ
(p)
k (σk(g)) = y

}︂
, ˜︁σ := (Π, δ(Π, G)) .

Since P[Ey] > 0, the partition Π is compatible with the fixed coloring c: if x ∈ Π[s], then c[x] =

(−1)s[0].
We first identify the event Ey. On Ey we have Πk(g) = Π, hence σk(g) = (Π, δ(Π, G)) = ˜︁σ; in

particular ˜︁σ ∈ Sk(V ) and ρ(p)k (˜︁σ) = y. Conversely, if ˜︁σ ∈ Sk(V ) and ρ(p)k (˜︁σ) = y, the compatibility
of Π with c and Fact 2.2, applied to the graph G, give σk(g) = ˜︁σ. Thus ρ(p)k (σk(g)) = y, and
therefore

Ey =
{︂˜︁σ ∈ Sk(V ), ρ

(p)
k (˜︁σ) = y

}︂
.
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In particular, y is p-attainable. Since σk(g) = ˜︁σ on Ey, conditional on Ey the state σk(g) has law
Λ
(p)
y , which by definition is the law of ˜︁σ conditioned on the event displayed above.
Let A = (ρ

(p)
k+1)

−1(B). Every state σ in the support of Λ(p)
y satisfies P[σk(g) = σ] ≥ P[σk(g) =

σ, Ey] > 0, so Proposition 2.3 applies to it and gives

P [σk+1(g) ∈ A | σk(g) = σ] = Kk(σ,A).

For such σ we also have {σk(g) = σ} ⊆ Ey, because ρ
(p)
k (σ) = y. Hence, by the law of total

probability over the value of σk(g), whose conditional law given Ey is Λ
(p)
y ,

P
[︂
ρ
(p)
k+1(σk+1(g)) ∈ B | Ey

]︂
=
∑︂
σ

P [σk(g) = σ | Ey]P [σk+1(g) ∈ A | σk(g) = σ]

= E
σ∼Λ

(p)
y

[︂
Kk

(︂
σ, (ρ

(p)
k+1)

−1(B)
)︂]︂
,

which is K(p)
k (y,B) by definition. □

3. The local coarse transition theorem

We prove a one-day estimate for the fiber-averaged law K
(p)
k (y, ·): under the local admissibility

conditions below, the next coarse state follows an explicit template up to the stated errors. The
induction applies this estimate through Proposition 2.4.

Definition 3.1 (Local admissibility). Fix k ≥ 1, a finite set V , p ∈ (0, 1), and constants T > 1 and
ϕ ∈ (0, 1/2). Let y = (Π,m, η) ∈ Yk(V ), write N := |V | and n[s] := |Π[s]|, and let

λ ∈ (0, 1){0,1}
k×{0,1}k .

We call λ a tilt. It prescribes, for each block Π[s] and each block Π[t], a binomial success probability
λ[s, t] with which the degrees from vertices of Π[s] into Π[t] will be modeled; the name refers to the
fact that replacing p by a nearby λ[s, t] amounts to an exponential tilt of the binomial law Bin(·, p),
and the role of the tilt is to make an independent binomial model reproduce the prescribed edge
counts m after conditioning on the history constraints (condition (LA8) below). For each fixed
s ∈ {0, 1}k, let As,• denote the {0, 1}k-indexed random vector with independent coordinates

As,t ∼ Bin (n[t]− 1s=t, λ[s, t]) , t ∈ {0, 1}k,

which models the row d[x, •] of a vertex x ∈ Π[s]. We say that (y, λ) is (T, ϕ, p)-locally admissible
if the following conditions hold:
(LA1) The regularity coordinate is true:

reg(y) = 1.

(LA2) The current part sizes are of orderN , and the imbalances tested on earlier days are controlled:

n[s] ≥ T−1N

for every s ∈ {0, 1}k, and ⃓⃓⃓⃓
⃓⃓ ∑︂
t∈{0,1}k

(−1)t[r−1]n[t]

⃓⃓⃓⃓
⃓⃓ ≤ T

N√
pN

for every 1 ≤ r ≤ k − 1.
13



(LA3) The current edge counts have the expected scale:

|m[s, t]− pn[s]n[t]| ≤ T
N2p√
pN

for all s, t ∈ {0, 1}k.
(LA4) The edge-count denominators are positive:

m[s, t] > 0

for all s, t ∈ {0, 1}k.
(LA5) The current edge-count imbalances are separated from their tie thresholds:∑︂

t∈{0,1}k
(−1)t[r−1]m[s, t] ≥s[r−1]s[r] (−1)s[r]T−1 N

2p√
pN

for every s ∈ {0, 1}k and every 1 ≤ r ≤ k − 1.
(LA6) The tilt is controlled:

|λ[s, t]− p| ≤ T
p√
pN

for all s, t ∈ {0, 1}k.
(LA7) The conditioning event is nondegenerate:

P [Is(As,•)] ≥ ϕ

for every s ∈ {0, 1}k.
(LA8) The tilt solves the edge-count constraints:

n[s]E [As,t | Is(As,•)] = m[s, t]

for all s, t ∈ {0, 1}k.
(LA9) The next split is nondegenerate:

ϕ ≤ P [Jsb(As,•) | Is(As,•)] ≤ 1− ϕ

for every s ∈ {0, 1}k and b ∈ {0, 1}.
We refer to these conditions by their labels (LA1)–(LA9) throughout.

Definition 3.2 (The local template). Let k ≥ 1, let n ∈ Z{0,1}k
≥1 , and let λ ∈ (0, 1){0,1}

k×{0,1}k .
For each s ∈ {0, 1}k let As,• = As,•(n, λ) be the {0, 1}k-indexed random vector with independent
coordinates As,t ∼ Bin(n[t] − 1s=t, λ[s, t]); when n[t] = |Π[t]| for a coarse state y = (Π,m, η),
this is the vector of Definition 3.1. Suppose that P[Is(As,•)] > 0 for every s ∈ {0, 1}k, and let
m ∈ R{0,1}k×{0,1}k satisfy m[s, t] ̸= 0 for all s, t. The local template of (n,m, λ) is the triple
(nloc, ℓloc,mloc) defined by

nloc[sb] := n[s]P [Jsb(As,•) | Is(As,•)]

for s ∈ {0, 1}k and b ∈ {0, 1},

ℓloc[sb, t] := n[s]E
[︁
As,t1Jsb(As,•) | Is(As,•)

]︁
for s, t ∈ {0, 1}k and b ∈ {0, 1}, and

mloc[sb, tc] :=
ℓloc[sb, t]ℓloc[tc, s]

m[s, t]

for s, t ∈ {0, 1}k and b, c ∈ {0, 1}. For a coarse state y = (Π,m, η) and a tilt λ such that (y, λ) is
(T, ϕ, p)-locally admissible, the local template of (y, λ) is the local template of ((|Π[s]|)s∈{0,1}k ,m, λ);
conditions (LA7) and (LA4) supply the two hypotheses. The template depends on y only through
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the sizes |Π[s]| and the edge counts m; stating it for arbitrary size vectors n allows the same formulas
to drive the idealized process of Section 5, whose sizes are not the block sizes of any partition.

Theorem 3.3 (Local coarse transition). Fix θ ∈ (1/2, 1), an integer k ≥ 1, and constants T > 1
and ϕ ∈ (0, 1/2). There exists a constant C3.3 = C3.3(θ, k, T, ϕ) > 0 such that the following holds
for all sufficiently large N . Let V be a finite set with |V | = N , let

p ∈
(︂
T−1N−θ, TN−θ

)︂
,

and let y = (Π,m, η) ∈ Yk(V ) be p-attainable. Suppose that (y, λ) is (T, ϕ, p)-locally admissible for
some

λ ∈ (0, 1){0,1}
k×{0,1}k .

Let nloc, ℓloc, and mloc be the local template from Definition 3.2. Let L(p)
k+1(y, λ) ⊆ Yk+1(V ) be the

set of all y′ ∈ Yk+1(V ) such that, writing Π′ := part(y′) and m′ := edge(y′), the following conditions
hold:
(L1) Π′ refines Π one step, in the sense that

Π′[s0] ⊔Π′[s1] = Π[s]

for every s ∈ {0, 1}k.
(L2) The next regularity coordinate is true:

reg(y′) = 1.

(L3) The next part sizes follow the local template:⃓⃓⃓
|Π′[sb]| − nloc[sb]

⃓⃓⃓
≤ C3.3

√
N logN

for every s ∈ {0, 1}k and b ∈ {0, 1}.
(L4) The next edge counts follow the local template:⃓⃓⃓

m′[sb, tc]−mloc[sb, tc]
⃓⃓⃓
≤ C3.3N

2p

√︃
(pN)1/7

N
logN

for every s, t ∈ {0, 1}k and b, c ∈ {0, 1}.
Then

K
(p)
k

(︂
y,L(p)

k+1(y, λ)
)︂
= 1− o(1).

Theorem 3.3 is the only place in the argument where the degree-constrained random graph models
have to be analyzed: its proof is where the transference machinery of Appendix B, which controls the
fiber law Λ

(p)
y , and the degree-constrained graph estimates of Appendix C, which control the kernel

Kk, enter; both rest on the imported enumeration theorems and elementary estimates collected
in Appendix A. Once the theorem is available, the remainder of the analysis is independent of
these tools: it consists of deterministic estimates showing that the local template of Definition 3.2
propagates the quantities we track, together with an induction over days through Proposition 2.4.
The rest of this section is devoted to the proof of Theorem 3.3.

3.1. Ambient degree arrays and auxiliary laws. We next introduce the auxiliary objects used
in the proof of Theorem 3.3. These objects are not part of the state space Sk(V ). They separate
an ambient model of independent binomial rows, the row model RΠ,λ of Definition 3.5 below, from
the graphical degree-array model appearing in the fiber law Λ

(p)
y .
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Definition 3.4 (Ambient degree arrays). For Π ∈ Partk(V ), define

A(Π) :=
{︂
d ∈ ZV×{0,1}k : 0 ≤ d[x, t] ≤ |Π[t]| − 1x∈Π[t] for all x ∈ V, t ∈ {0, 1}k

}︂
.

For d ∈ A(Π), let IΠ(d) denote the assertion that

Is(d[x, •])
holds for every s ∈ {0, 1}k and every x ∈ Π[s]. For C > 0, p ∈ (0, 1), and m ∈ M(Π), let
ΓC,p(Π,m,d) denote the assertion that, writing N := |V |,

1

pN2

∑︂
x∈Π[s]

(︃
d[x, t]− m[s, t]

|Π[s]|

)︃2

≤ C

for every s, t ∈ {0, 1}k.
The ambient space A(Π) should be distinguished from the graphical space D(Π). The independent

binomial model below lives on A(Π); graphicality enters through comparison with the graphical law
and through a support-compatibility lemma, Lemma B.1.

Definition 3.5 (Auxiliary degree-array laws). Fix Π ∈ Partk(V ) and m ∈ M(Π). The event
m(Π, δ(Π, G)) = m has positive probability for G ∼ G(V, p), because the constraints defining
M(Π) are exactly those that make the edge counts m[s, s]/2 inside Π[s] and m[s, t] between Π[s]
and Π[t] realizable by a simple graph. Let GΠ,m be the law of δ(Π, G) conditioned on

m(Π, δ(Π, G)) = m.

We regard GΠ,m as a probability measure on A(Π), supported on D(Π) ∩ {d : m(Π,d) = m}. This
law does not depend on the value of p ∈ (0, 1). Equivalently, GΠ,m is the product, over the block
pairs of Π, of the degree-array laws obtained from a uniformly random simple graph on Π[s] with
m[s, s]/2 edges for each internal block pair {s, s}, and from a uniformly random simple bipartite
graph between Π[s] and Π[t] with m[s, t] edges for each bipartite block pair {s, t}.

For λ ∈ (0, 1){0,1}
k×{0,1}k , let RΠ,λ be the product law on A(Π) under which, independently for

each x ∈ Π[s] and each t ∈ {0, 1}k,
D[x, t] ∼ Bin (|Π[t]| − 1s=t, λ[s, t]) .

We call RΠ,λ the row model : under it the rows D[x, •] are independent, and the law of the row of
x ∈ Π[s] depends only on the block index s.

The following fact, used in Section 3 and in Appendix B, says that conditioning the row model
on the history constraints preserves its product structure. Here As,• is the random row vector of
Definition 3.1, whose law under RΠ,λ is that of D[x, •] for any x ∈ Π[s].

Fact 3.6 (Rows of the conditioned row model). Let Π ∈ Partk(V ) and λ ∈ (0, 1){0,1}
k×{0,1}k , and

suppose P[Is(As,•)] > 0 for every s ∈ {0, 1}k. Under RΠ,λ(· | IΠ), the rows D[x, •], x ∈ V , are
independent, and for x ∈ Π[s] the row D[x, •] has the law of As,• conditioned on Is(As,•). In
particular, for each s the rows (D[x, •])x∈Π[s] are n[s] independent copies of As,• | Is(As,•).

Proof. The event IΠ =
⋂︁

x∈V Is(x)(D[x, •]), where s(x) denotes the block index of x, is an intersec-
tion of one event per row, each depending on that row alone, and it has positive probability by the
hypothesis. Since RΠ,λ is a product over rows, for arrays d ∈ A(Π) satisfying IΠ(d),

RΠ,λ (d | IΠ) =
∏︁

x∈V P
[︁
As(x),• = d[x, •]

]︁∏︁
x∈V P

[︁
Is(x)(As(x),•)

]︁ =
∏︂
x∈V

P
[︁
As(x),• = d[x, •]

⃓⃓
Is(x)(As(x),•)

]︁
,

and RΠ,λ(d | IΠ) = 0 when IΠ(d) fails, which is also the value of the right-hand side. The right-hand
side is a product law with the stated factors. □
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Proposition 3.7 (Fiber law in auxiliary notation). Let p ∈ (0, 1) and let y = (Π,m, 1) ∈ Yk(V ) be
p-attainable. If σ ∼ Λ

(p)
y and D := deg(σ), then D, viewed as an A(Π)-valued random array, has

law
GΠ,m (· | IΠ, κp(Π, ·)) .

Equivalently, for every event E ⊆ A(Π),

Λ(p)
y ({σ : deg(σ) ∈ E}) = GΠ,m (E | IΠ, κp(Π, ·)) .

Proof. By definition, Λ(p)
y is obtained by sampling G ∼ G(V, p), forming

˜︁σy(G) = (Π, δ(Π, G)),

and conditioning on ˜︁σy(G) ∈ Sk(V ), ρ
(p)
k (˜︁σy(G)) = y.

Writing D = δ(Π, G), the first condition says exactly that D ∈ D(Π) and IΠ(D) holds, and the
condition D ∈ D(Π) is automatic because D is the degree array of the graph G. Since y = (Π,m, 1),
the second condition imposes

m(Π,D) = m, κp(Π,D).

Thus Λ
(p)
y is the law of (Π,D) conditioned on the single event {m(Π,D) = m} ∩ IΠ ∩ κp(Π, ·).

Writing B := IΠ ∩ κp(Π, ·) and {m} := {d ∈ A(Π) : m(Π,d) = m}, we therefore have, for every
E ⊆ A(Π),

Λ(p)
y ({σ : deg(σ) ∈ E}) = P [D ∈ E ∩ {m} ∩ B]

P [D ∈ {m} ∩ B]
=

P [D ∈ E ∩ B | D ∈ {m}]
P [D ∈ B | D ∈ {m}]

=
GΠ,m(E ∩ B)
GΠ,m(B)

= GΠ,m (E | B) ,

where the second equality divides numerator and denominator by P[D ∈ {m}] > 0, and the third
is the definition of GΠ,m as the law of D = δ(Π, G) conditioned on {m} (Definition 3.5). □

3.2. Local transference for a coarse fiber. The purpose of this subsection is the following
transference principle: an event whose failure probability under the independent row model RΠ,λ,
conditioned on the history constraints and on the exact block-pair edge counts, is small also has
small failure probability under the fiber law Λ

(p)
y , up to a constant factor and an additive e−N . This

is what allows all subsequent probabilistic computations to be carried out in the row model, where
the rows are independent, rather than in the graphical model. The proof relies on the enumeration
comparison and the second-moment regularity results of Appendix B.

Proposition 3.8 (Local degree-array transference). Fix θ ∈ (1/2, 1), an integer k ≥ 1, and con-
stants T > 1 and ϕ ∈ (0, 1/2). There is a constant C3.8 = C3.8(θ, k, T, ϕ) > 0 such that for all
sufficiently large N the following holds. Let V be a finite set with |V | = N , let

p ∈ (T−1N−θ, TN−θ),

and let y = (Π,m, 1) ∈ Yk(V ) be p-attainable. Suppose that (y, λ) is (T, ϕ, p)-locally admissible.
Then for every event E ⊆ A(Π),

Λ(p)
y (σ : deg(σ) /∈ E) ≤ e−N + C3.8 RΠ,λ (E

c | IΠ, m(Π,D) = m) .

In particular, if RΠ,λ(E | IΠ, m(Π,D) = m) = 1− o(1), then Λ
(p)
y (σ : deg(σ) ∈ E) = 1− o(1).
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Proof. Throughout the proof we abbreviate Γ := ΓCB.3(θ,k,T,ϕ),p(Π,m, ·), κp := κp(Π, ·), and {m} :=
{D ∈ A(Π) : m(Π,D) = m}. By Proposition 3.7, it suffices to prove

GΠ,m (Ec | IΠ ∩ κp) ≤ e−N + C3.8 RΠ,λ (E
c | IΠ, {m}) (3.1)

for a suitable constant C3.8.
Step 1: restriction to Γ. By Lemma B.3,

GΠ,m (Γc | IΠ ∩ κp) ≤ e−N . (3.2)

Since Ec ⊆ Γc ∪ (Ec ∩ Γ), and since GΠ,m(IΠ ∩ κp) ≥ GΠ,m(Γ∩ IΠ ∩ κp), Bayes’ rule and (3.2) give

GΠ,m (Ec | IΠ ∩ κp) ≤ e−N +
GΠ,m (Ec ∩ Γ ∩ IΠ ∩ κp)

GΠ,m (IΠ ∩ κp)
≤ e−N +

GΠ,m (Ec ∩ Γ ∩ IΠ ∩ κp)
GΠ,m (Γ ∩ IΠ ∩ κp)

. (3.3)

Step 2: comparison with the row model. The measure GΠ,m is supported on {m}, so the numerator
and denominator in (3.3) are sums of GΠ,m(d) over arrays d ∈ {m}∩κp ∩Γ. By (LA2), (LA3), and
Lemma B.1, every such array is graphical, and the restriction to Γ in Step 1 is exactly what makes the
bounded-ratio comparison Lemma B.2(ii) available for every such array (on κp alone only the weak
comparison (i) with the factor exp{O((pN)2/7)} holds). Write C1 := C ′

B.2(θ, k, T, CB.3(θ, k, T, ϕ))
for the constant of that comparison. Summing the upper bound GΠ,m(d) ≤ C1RΠ,λ(d | {m}) over
the arrays in the numerator and the lower bound GΠ,m(d) ≥ C−1

1 RΠ,λ(d | {m}) over the arrays in
the denominator,

GΠ,m (Ec ∩ Γ ∩ IΠ ∩ κp)
GΠ,m (Γ ∩ IΠ ∩ κp)

≤ C2
1

RΠ,λ (E
c ∩ Γ ∩ IΠ ∩ κp | {m})

RΠ,λ (Γ ∩ IΠ ∩ κp | {m})
. (3.4)

Step 3: Bayes’ rule in the row model. The event IΠ ∩ {m} has positive RΠ,λ-probability by
Lemma B.6, so we may divide the numerator and the denominator of the right-hand side of (3.4)
by RΠ,λ(IΠ | {m}), which converts both into probabilities conditional on IΠ ∩ {m}:

RΠ,λ (E
c ∩ Γ ∩ IΠ ∩ κp | {m})

RΠ,λ (Γ ∩ IΠ ∩ κp | {m})
=

RΠ,λ (E
c ∩ Γ ∩ κp | IΠ, {m})

RΠ,λ (Γ ∩ κp | IΠ, {m})
≤

RΠ,λ (E
c | IΠ, {m})

RΠ,λ (Γ ∩ κp | IΠ, {m})
. (3.5)

For the denominator, the chain rule together with Lemma B.7 and Lemma B.4 gives

RΠ,λ (Γ ∩ κp | IΠ, {m}) = RΠ,λ (κp | IΠ, {m}) RΠ,λ (Γ | IΠ, κp, {m}) = (1− o(1))(1− o(1)) ≥ 1

2
(3.6)

for all sufficiently large N . Combining (3.3), (3.4), (3.5), and (3.6),

GΠ,m (Ec | IΠ ∩ κp) ≤ e−N + 2C2
1 RΠ,λ (E

c | IΠ, {m}) ,

which is (3.1) with C3.8 := 2C2
1 = 2C ′

B.2(θ, k, T, CB.3(θ, k, T, ϕ))
2; this constant depends only on

θ, k, T, ϕ. The final sentence of the statement follows because the bound holds uniformly in E. □

3.3. Degree-array concentration in a coarse fiber. In this subsection we prove that a degree
array sampled from the fiber law Λ

(p)
y is typical in the three respects that the kernel splitting step

will need: individual degrees are concentrated, the sizes of the parts of the next partition are close
to the local template nloc, and the degree masses carried by these next parts are close to the local
template ℓloc. The proof works in the row model and transfers to the fiber by Proposition 3.8.
We first name the two statistics of a degree array that determine the next partition and its degree
masses.

For Π ∈ Partk(V ), d ∈ A(Π), s ∈ {0, 1}k, and b ∈ {0, 1}, define

Wd[sb] := {x ∈ Π[s] : Jsb(d[x, •])} .
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For s, t ∈ {0, 1}k and b ∈ {0, 1}, define

Ld[sb, t] :=
∑︂

x∈Wd[sb]

d[x, t].

For a fine state (Π,d), Wd[sb] = Φk((Π,d))[sb] is the next part, and Ld[sb, t] is its degree mass into
Π[t], which Kk splits between the next parts t0 and t1. Both quantities are defined on all of A(Π),
including arrays that do not arise from a graph, because the row model lives on this ambient space.

Proposition 3.9 (Fiber degree-array estimates). Fix θ ∈ (1/2, 1), an integer k ≥ 1, and constants
T > 1 and ϕ ∈ (0, 1/2). There exists a constant C3.9 = C3.9(θ, k, T, ϕ) > 0 such that the following
holds for all sufficiently large N .

Let V be a finite set with |V | = N , let

p ∈ (T−1N−θ, TN−θ),

and let y = (Π,m, 1) ∈ Yk(V ) be p-attainable. Suppose that (y, λ) is (T, ϕ, p)-locally admissible, and
let nloc and ℓloc be the local template from Definition 3.2. Sample

(Π,d) ∼ Λ(p)
y .

Then, with probability 1− o(1), the following estimates hold simultaneously:
(R1) Individual degrees are concentrated:

|d[x, t]− p|Π[t]|| ≤
√︁
pN (logN)2/3

for every x ∈ V and t ∈ {0, 1}k.
(R2) The next part sizes follow the local template:⃓⃓⃓

|Wd[sb]| − nloc[sb]
⃓⃓⃓
≤ C3.9

√
N logN

for every s ∈ {0, 1}k and b ∈ {0, 1}.
(R3) The degree masses follow the local template:⃓⃓⃓

Ld[sb, t]− ℓloc[sb, t]
⃓⃓⃓
≤ C3.9

N2p√
N

logN

for every s, t ∈ {0, 1}k and b ∈ {0, 1}.

Proof. We prove the proposition with C3.9 := 1. Let E denote the event that (R1), (R2), and (R3)
hold. We first prove

RΠ,λ (E | IΠ, m(Π,D) = m) = 1− o(1).

By (LA7) the hypothesis of Fact 3.6 holds, so under RΠ,λ(· | IΠ) the rows D[x, •] are independent,
and if x ∈ Π[s] then the row has law

As,• | Is(As,•).

Conditions (LA7) and (LA6) give P[Is(As,•)] ≥ ϕ and |λ[s, t] − p| ≤ Tp/
√
pN . For fixed x ∈ Π[s]

and t, the mean of As,t satisfies

|EAs,t − p|Π[t]|| = |(n[t]− 1s=t)λ[s, t]− p n[t]| ≤ n[t] |λ[s, t]− p|+ λ[s, t]

≤ T
√︁
pN + 2p ≤ 1

2

√︁
pN(logN)2/3

for large N , so Chernoff’s inequality gives

P
[︂
|As,t − p|Π[t]|| >

√︁
pN (logN)2/3

]︂
≤ 2 exp

(︄
−(logN)4/3

24

)︄
= N−ω(1).
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After division by P[Is(As,•)] ≥ ϕ and a union bound over the 2kN pairs (x, t), estimate (R1) fails
with probability N−ω(1) under RΠ,λ(· | IΠ).

For fixed s ∈ {0, 1}k and b ∈ {0, 1}, the random variables in the family
(︁
1Jsb(D[x,•])

)︁
x∈Π[s]

are
mutually independent under RΠ,λ(· | IΠ), with common mean

P[Jsb(As,•) | Is(As,•)].

Therefore |WD[sb]| is binomial with n[s] ≤ N trials and mean nloc[sb] by Definition 3.2, and Cher-
noff’s inequality gives

P
[︂⃓⃓⃓
|WD[sb]| − nloc[sb]

⃓⃓⃓
>

√
N logN

]︂
≤ 2 exp

(︃
− N log2N

2(N/4 +
√
N logN/3)

)︃
= N−ω(1),

which is estimate (R2) with C3.9 = 1.
For fixed s, t ∈ {0, 1}k and b ∈ {0, 1}, put

Xx := D[x, t]1Jsb(D[x,•]), x ∈ Π[s].

The random variables in the family (Xx)x∈Π[s] are mutually independent under RΠ,λ(· | IΠ) and
have mean

E
[︁
As,t1Jsb(As,•) | Is(As,•)

]︁
=
ℓloc[sb, t]

n[s]
,

where the equality is the definition of ℓloc in Definition 3.2. On the high-probability event (R1)
already proved, every Xx is at most D[x, t] ≤ p|Π[t]|+

√
pN(logN)2/3 ≤ 2pN , using |Π[t]| ≤ N and

taking N sufficiently large. Therefore, replacing Xx by the truncated variable X ′
x := Xx1Xx≤2pN

changes the sum
∑︁

x∈Π[s]Xx with probability N−ω(1) only. The truncation also changes the means,
but negligibly: since 0 ≤ Xx ≤ N ,

0 ≤ E[Xx]− E[X ′
x] = E [Xx1Xx>2pN ] ≤ N P[Xx > 2pN ] = N−ω(1),

so
⃓⃓⃓∑︁

x∈Π[s] E[X ′
x]− ℓloc[sb, t]

⃓⃓⃓
≤ n[s]N−ω(1) = N−ω(1), which is negligible against the error term

below. Hoeffding’s inequality applied to the n[s] ≤ N independent variables X ′
x ∈ [0, 2pN ] gives

P

⎡⎣⃓⃓⃓⃓⃓⃓ ∑︂
x∈Π[s]

X ′
x −

∑︂
x∈Π[s]

E[X ′
x]

⃓⃓⃓⃓
⃓⃓ > 1

2

N2p√
N

logN

⎤⎦ ≤ 2 exp

(︄
−
2 · 1

4N
3p2 log2N

N(2pN)2

)︄

= 2 exp

(︃
− log2N

8

)︃
= N−ω(1),

and combining the three displays,⃓⃓⃓⃓
⃓⃓ ∑︂
x∈Π[s]

Xx − ℓloc[sb, t]

⃓⃓⃓⃓
⃓⃓ ≤ 1

2

N2p√
N

logN +N−ω(1) ≤ N2p√
N

logN

with failure probability N−ω(1); this is estimate (R3) with C3.9 = 1. A union bound over the at
most 22k+1 choices of s, t, b gives

RΠ,λ(Ec | IΠ) = N−ω(1). (3.7)
By Lemma B.6,

RΠ,λ (m(Π,D) = m | IΠ) ≥ (N2p)−CB.6(θ,k,T,ϕ). (3.8)
By Bayes’ rule, (3.8), and (3.7),

RΠ,λ (Ec | IΠ,m(Π,D) = m) =
RΠ,λ (Ec ∩ {m(Π,D) = m} | IΠ)

RΠ,λ (m(Π,D) = m | IΠ)
20



≤
RΠ,λ (Ec | IΠ)

(N2p)−CB.6(θ,k,T,ϕ)
≤ (N2p)CB.6(θ,k,T,ϕ)N−ω(1) = N−ω(1).

Hence Proposition 3.8, applied to the event E , gives

Λ(p)
y (σ : deg(σ) /∈ E) ≤ e−N + C3.8(θ, k, T, ϕ)N

−ω(1) = o(1),

which is the claim. □

3.4. Splitting the block-pair graphs under the kernel. We now fix a typical degree array
d from the fiber, in the sense of Proposition 3.9, and study the second stage of the sampling
procedure for K(p)

k : the kernel Kk((Π,d), ·) samples a uniformly random degree-constrained graph
or bipartite graph on each block pair of Π and restricts it to the next partition. The next partition
is deterministic given d, so what has to be shown is that the edges of each block-pair graph split
between the next parts in proportion to the degree masses Ld, and that the new degree array is again
regular. The first statement is a second-moment computation based on the edge probabilities in a
random graph with prescribed degrees (Lemma C.1), and the second is a large-deviation estimate
for a single degree into a subset (Theorem C.2); both are proved in Appendix C.

Proposition 3.10 (Kernel splitting estimates). Fix θ ∈ (1/2, 1), an integer k ≥ 1, and constants
T > 1 and ϕ ∈ (0, 1/2). There exists a constant C3.10 = C3.10(θ, k, T, ϕ) > 0 such that the following
holds for all sufficiently large N .

Let V be a finite set with |V | = N , let

p ∈ (T−1N−θ, TN−θ),

and let (y, λ) be (T, ϕ, p)-locally admissible with y = (Π,m, 1). Let d ∈ DI(Π) satisfy

m(Π,d) = m

together with the estimates (R1) and (R2) of Proposition 3.9. Sample

σ′ = (Π′,D′) ∼ Kk((Π,d), ·).
Then, with probability 1− o(1), the following hold simultaneously:
(S1) The next partition is the deterministic split:

Π′[sb] =Wd[sb]

for every s ∈ {0, 1}k and b ∈ {0, 1}.
(S2) The next degree array is regular: κp(Π′,D′) holds.
(S3) The next edge counts split proportionally to the degree masses:⃓⃓⃓⃓

m(Π′,D′)[sb, tc]− Ld[sb, t]Ld[tc, s]

m[s, t]

⃓⃓⃓⃓
≤ C3.10N

2p

√︃
(pN)1/7

N
logN

for every s, t ∈ {0, 1}k and b, c ∈ {0, 1}.
Proof. Assertion (S1) is deterministic: by the definition of Kk we have Π′ = Φk((Π,d)), and
Φk((Π,d))[sb] =Wd[sb] by the definitions of Φk and Wd.

We record two consequences of the hypotheses that are used repeatedly below. First, by (LA2),
(LA9), and (R2), for all sufficiently large N ,

ϕ

2T
N ≤ |Wd[sb]| ≤ N for all s ∈ {0, 1}k and b ∈ {0, 1}, (3.9)

since |Wd[sb]| ≥ nloc[sb] − C3.9(θ, k, T, ϕ)
√
N logN ≥ ϕn[s] − C3.9(θ, k, T, ϕ)

√
N logN and n[s] ≥

T−1N . Second, by (R1) and (LA2), for all sufficiently large N ,

|d[x, t]− p n[t]| ≤
√︁
pN (logN)2/3 ≤ min

u∈{0,1}k
(p n[u])4/7 for all x ∈ V and t ∈ {0, 1}k, (3.10)
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where the minimum over u is what allows the degrees on either side of a bipartite block pair {s, t}
to be measured against the size of the other block. Finally, put

T1 := max

{︃
T 5/2,

2T

ϕ

}︃
, (3.11)

which is the value of the constant T with which Lemma C.1 and Theorem C.2 are applied be-
low: since every block size n[u] lies in [T−1N,N ], their hypothesis p ∈ (T−1

1 n−θ, T1n
−θ) holds

because T1 ≥ T 1+θ, the hypothesis ℓ ∈ [T−1
1 n, T1n] holds because T1 ≥ T , the edge-count hypoth-

esis |m − pℓn| ≤ T1n
2p/

√
pn (respectively |m − pn(n − 1)/2| ≤ T1n

2p/
√
pn) follows from (LA3)

because TN2p/
√
pN ≤ T 5/2n2p/

√
pn for n ≥ T−1N (in the internal case, where m = m[s, s]/2, the

additional term 1
2p n[s] from pn(n − 1)/2 versus pn2/2 is absorbed, since pn ≤ n3/2

√
p), and the

subset-size hypotheses hold by (3.9) because T1 ≥ 2T/ϕ.
We prove (S3). Suppose first that s ̸= t. UnderKk((Π,d), ·), the bipartite graph between Π[s] and

Π[t] is uniformly random among all bipartite graphs with side-degree sequences (d[x, t])x∈Π[s] and
(d[y, s])y∈Π[t]; it has exactly

∑︁
x∈Π[s] d[x, t] = m(Π,d)[s, t] = m[s, t] edges. We apply Lemma C.1(iii)

to this bipartite graph with ℓ = n[s], n = n[t], U = Wd[sb], U ′ = Wd[tc], and with the constant
T of that lemma equal to T1: the hypotheses on p, on ℓ, on the edge count m[s, t], and on the
subset sizes hold by the discussion following (3.11), and the degree hypotheses hold by (3.10) with
u = t (the lemma measures the deviations of both degree sequences, of (d[x, t])x∈Π[s] from p n[t] and
of (d[y, s])y∈Π[t] from p n[s], in units of (pn)4/7 = (p n[t])4/7). Since

∑︁
x∈Wd[sb]

d[x, t] = Ld[sb, t],∑︁
y∈Wd[tc]

d[y, s] = Ld[tc, s], andm(Π′,D′)[sb, tc] is the number of edges betweenWd[sb] andWd[tc],
the lemma gives ⃓⃓⃓⃓

m(Π′,D′)[sb, tc]− Ld[sb, t]Ld[tc, s]

m[s, t]

⃓⃓⃓⃓
≤ C1N

2p

√︃
(pN)1/7

N
logN

with probability 1− o(1), where C1 := 2T : the lemma is stated with n = n[t] ∈ [T−1N,N ], and its
error term n2p

√︁
(pn)1/7/n logn is at most T 3/7N2p

√︁
(pN)1/7/N logN because n−6/7 ≤ T 6/7N−6/7

(the factor 2 in C1 is not needed here; it is needed in the internal case with b = c below).
Now suppose s = t. Under Kk((Π,d), ·), the graph on Π[s] is uniformly random among all graphs

with degree sequence (d[x, s])x∈Π[s]; it has exactly m[s, s]/2 edges. The hypotheses of Lemma C.1(i)
and (ii) are verified exactly as above, with n = n[s], U =Wd[sb], and the constant T of the lemma
equal to T1. If b = c, the quantity m(Π′,D′)[sb, sb] is twice the number X of edges inside Wd[sb],
and Ld[sb, s]

2/m[s, s] is twice the centering (
∑︁

x∈Wd[sb]
d[x, s])2/(4 ·m[s, s]/2) of Lemma C.1(i), so

that lemma gives⃓⃓⃓⃓
m(Π′,D′)[sb, sb]− Ld[sb, s]

2

m[s, s]

⃓⃓⃓⃓
= 2

⃓⃓⃓⃓
⃓⃓⃓X −

(︂∑︁
x∈Wd[sb]

d[x, s]
)︂2

4 ·m[s, s]/2

⃓⃓⃓⃓
⃓⃓⃓ ≤ C1N

2p

√︃
(pN)1/7

N
logN,

where the factor 2 is absorbed by C1 = 2T . If b ̸= c, thenWd[sc] = Π[s]\Wd[sb] andm(Π′,D′)[sb, sc]
is the number of edges between Wd[sb] and Wd[sc], so Lemma C.1(ii) gives⃓⃓⃓⃓

m(Π′,D′)[sb, sc]− Ld[sb, s]Ld[sc, s]

m[s, s]

⃓⃓⃓⃓
≤ C1N

2p

√︃
(pN)1/7

N
logN.

A union bound over the at most 22k+2 choices of s, t, b, c proves (S3) with C3.10 := C1.
It remains to prove (S2). Fix a vertex x ∈ Π[s] and a new part Π′[tc] = Wd[tc]. If t = s, then

D′[x, tc] is the degree of x into the subset Wd[sc] of Π[s] in the uniformly random graph on Π[s]
with degree sequence (d[z, s])z∈Π[s]; if t ̸= s, it is the degree of x into the subset Wd[tc] of Π[t] in
the uniformly random bipartite graph between Π[s] and Π[t] with the side-degree sequences above.
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We apply Theorem C.2(i) in the first case and Theorem C.2(ii) in the second, with n = n[t] (and
ℓ = n[s] in the bipartite case), v = x, S = Wd[tc], and the constant T of that theorem equal to
T1: the hypotheses on p, on ℓ, on the edge count, and on the size of S hold by the discussion
following (3.11), and the degree hypotheses |αi|, |βj | ≤ log n from (R1), because n[u] ≥ T−1N gives√
pN (logN)2/3 ≤

√
T
√︁
p n[u] (logN)2/3 ≤

√︁
p n[u] log n[t] for u ∈ {s, t} and all sufficiently large

N . Now the event that κp(Π′,D′) fails at the entry (x, tc) is the event that D′[x, tc] = t′ for some
integer t′ with |t′ − p|Wd[tc]|| > (pN)4/7. Writing such a t′ as t′ = p|Wd[tc]| + τ

√︁
p|Wd[tc]|, we

have |τ | ≥ (pN)4/7/
√
pN = (pN)1/14 ≥ log100N for all sufficiently large N , so Theorem C.2, whose

constant is CC.2(θ, T1) here, bounds the probability of this event by∑︂
t′

exp
(︁
−CC.2(θ, T1)τ

2
)︁
≤ O(pN) exp

(︂
−CC.2(θ, T1)(pN)1/7

)︂
= N−ω(1)

for each fixed x and tc. A union bound over all x ∈ V and the 2k+1 choices of tc gives (S2) with
probability 1− o(1). □

3.5. Proof of the local coarse transition theorem. The proof assembles the two preceding
propositions along the two-stage sampling procedure that defines K(p)

k (y, ·): a fiber sample σ ∼ Λ
(p)
y

is typical by Proposition 3.9, a kernel sample from a typical σ is well behaved by Proposition 3.10,
and the conclusions of the two propositions combine into the four defining conditions of L(p)

k+1(y, λ).
The only computation left is to replace the degree masses Ld appearing in (S3) by their local
templates ℓloc.

Proof of Theorem 3.3. We prove the theorem with

C3.3 := C3.9(θ, k, T, ϕ) + C3.10(θ, k, T, ϕ).

By the definition of K(p)
k (y, ·), we may sample from it by first sampling

σ = (Π,d) ∼ Λ(p)
y ,

then sampling
σ′ = (Π′,D′) ∼ Kk(σ, ·),

and finally setting y′ := ρ
(p)
k+1(σ

′). We must show that y′ satisfies (L1), (L2), (L3), and (L4) with
probability 1− o(1).

Step 1: the fiber sample. Every σ in the support of Λ(p)
y lies in Sk(V ) and satisfies ρ(p)k (σ) = y;

hence
d ∈ DI(Π) and m(Π,d) = m. (3.12)

By Proposition 3.9, with probability 1 − o(1) over σ ∼ Λ
(p)
y , the array d also satisfies (R1), (R2),

and (R3). Fix such a d for the rest of the proof. Then (3.12), (R1), and (R2) are exactly the
hypotheses on d in Proposition 3.10.

Step 2: the kernel sample. By Proposition 3.10, with probability 1− o(1) over σ′ ∼ Kk((Π,d), ·),
uniformly in the array d fixed in Step 1, the conclusions (S1), (S2), and (S3) hold. Fix such a σ′.

Step 3: verification of (L1)–(L4). By (S1), Π′[sb] =Wd[sb] for all s ∈ {0, 1}k and b ∈ {0, 1}. Since
for each x ∈ Π[s] exactly one of Js0(d[x, •]) and Js1(d[x, •]) holds, we have Wd[s0]⊔Wd[s1] = Π[s],
which is (L1). By (S2) and the definition of ρ(p)k+1, we have reg(y′) = 1κp(Π′,D′) = 1, which is (L2).
By (S1) and (R2),⃓⃓⃓

|Π′[sb]| − nloc[sb]
⃓⃓⃓
=
⃓⃓⃓
|Wd[sb]| − nloc[sb]

⃓⃓⃓
≤ C3.9(θ, k, T, ϕ)

√
N logN ≤ C3.3

√
N logN,

which is (L3).
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It remains to prove (L4). Fix s, t ∈ {0, 1}k and b, c ∈ {0, 1}, and writem′ := edge(y′) = m(Π′,D′).
Recall that m[s, t] > 0 by (LA4). By the definition of mloc, the triangle inequality, and (S3),⃓⃓⃓

m′[sb, tc]−mloc[sb, tc]
⃓⃓⃓
≤ C3.10(θ, k, T, ϕ)N

2p

√︃
(pN)1/7

N
logN

+

⃓⃓
Ld[sb, t]Ld[tc, s]− ℓloc[sb, t]ℓloc[tc, s]

⃓⃓
m[s, t]

.

(3.13)

We bound the last term. Since Wd[tc] ⊆ Π[t] and m(Π,d) = m by (3.12), we have

0 ≤ Ld[tc, s] ≤
∑︂

x∈Π[t]

d[x, s] = m[t, s] = m[s, t],

and since 1Jsb(As,•) ≤ 1, condition (LA8) gives

0 ≤ ℓloc[sb, t] ≤ n[s]E [As,t | Is(As,•)] = m[s, t].

Writing

Ld[sb, t]Ld[tc, s]− ℓloc[sb, t]ℓloc[tc, s]

=
(︂
Ld[sb, t]− ℓloc[sb, t]

)︂
Ld[tc, s] + ℓloc[sb, t]

(︂
Ld[tc, s]− ℓloc[tc, s]

)︂
and applying (R3) to both differences, we obtain⃓⃓

Ld[sb, t]Ld[tc, s]− ℓloc[sb, t]ℓloc[tc, s]
⃓⃓

m[s, t]
≤
⃓⃓⃓
Ld[sb, t]− ℓloc[sb, t]

⃓⃓⃓
+
⃓⃓⃓
Ld[tc, s]− ℓloc[tc, s]

⃓⃓⃓
≤ 2C3.9(θ, k, T, ϕ)

N2p√
N

logN.

Finally,

N2p

√︃
(pN)1/7

N
logN = (pN)1/14 · N

2p√
N

logN,

and (pN)1/14 ≥ 2 for all sufficiently large N , so the bound just obtained is at most

C3.9(θ, k, T, ϕ)N
2p

√︃
(pN)1/7

N
logN.

Inserting this into (3.13) gives (L4) with C3.3 = C3.9(θ, k, T, ϕ) + C3.10(θ, k, T, ϕ).
Steps 1 and 2 each fail with probability o(1), so y′ ∈ L(p)

k+1(y, λ) with probability 1− o(1) under

the sampling procedure defining K(p)
k (y, ·). This proves the theorem. □

4. The universal recursion

The local coarse transition theorem describes one day of the coarse process from an admissible
state in terms of its local template, which is a functional of the current sizes, edge counts, and tilt.
To run the theorem for a bounded number of days we need to know, ahead of time, states around
which the template can be controlled uniformly: these are the faithful states of Section 5, defined by
comparison with an idealized process. The idealized process is, to first order, governed by universal
numbers that do not depend on N or p: proportions ν[s] of vertices in each history class, first-order
corrections µ[s, t] to the edge densities between classes, and linear responses ε[s] of the class sizes to
the initial imbalance. This section defines these numbers through a recursion driven by conditioned
Gaussian vectors, and proves the sign facts about them on which the whole argument rests: the
responses are coherent, ε[s0] > 0 > ε[s1], so that the imbalance is amplified rather than washed
out.

24



Nothing in this section depends on N , p, or the setup of Sections 2 and 3, except through the
assertions Is and Jsb of Section 2, which are statements about real vectors. The analytic input is
Appendix D. For a string s ∈ {0, 1}k we write s for its bitwise complement.

4.1. Gaussian row models and the conditional-mean map.

Definition 4.1 (Gaussian row model). Fix k ≥ 1. For ν ∈ R{0,1}k
>0 and γ ∈ R{0,1}k×{0,1}k , the Gauss-

ian row model with means γ and variances ν is the family of random vectors Ws,• = (Ws,t)t∈{0,1}k ,
s ∈ {0, 1}k, with all coordinates independent and

Ws,t ∼ N (γ[s, t], ν[t]) .

For s ∈ {0, 1}k, x ∈ R{0,1}k , and 1 ≤ r ≤ k, define the linear forms

Zs,r(x) := (−1)s[r]
∑︂

t∈{0,1}k
(−1)t[r−1]x[t] (1 ≤ r ≤ k − 1), Zs,k(x) :=

∑︂
t∈{0,1}k

(−1)t[k−1]x[t],

and the open cone

Cs :=
{︂
x ∈ R{0,1}k : Zs,r(x) > 0 for all 1 ≤ r ≤ k − 1

}︂
,

with Cs = R{0,1}k when k = 1. Thus Cs is the set of vectors satisfying every inequality of Is strictly,
and for b ∈ {0, 1} the set Cs ∩{(−1)bZs,k > 0} is the set of vectors satisfying every inequality of Jsb

strictly.

Since a Gaussian vector with positive variances lies on a given hyperplane with probability 0, we
have P[Is(Ws,•)] = P[Ws,• ∈ Cs] > 0 and P[Jsb(Ws,•)] = P[Ws,• ∈ Cs, (−1)bZs,k(Ws,•) > 0] > 0, so
all conditional expectations below are well defined, and conditioning on Is(Ws,•) or on Jsb(Ws,•)
is the same as conditioning on the corresponding open set. The k linear forms Zs,1, . . . , Zs,k are
linearly independent (their coefficient vectors are pairwise orthogonal).

Proposition 4.2 (The conditional-mean map is a strong bijection). Fix k ≥ 1, s ∈ {0, 1}k, and
ν ∈ R{0,1}k

>0 . For γ ∈ R{0,1}k let W γ be the random vector with independent coordinates W γ [t] ∼
N (γ[t], ν[t]). Then

Fs,ν : R{0,1}k → Cs, Fs,ν(γ) := E [W γ |W γ ∈ Cs] ,
is well defined, that is, its values lie in Cs, and it is a strong bijection in the sense of Definition D.1.

Proof. For k = 1 the cone Cs is all of R{0,1}, the conditioning is on a sure event, and Fs,ν is the
identity, which is a strong bijection. Let k ≥ 2, and let Ms ∈ R(k−1)×2k be the matrix whose rth
row is the coefficient vector µr of Zs,r, that is, µr[t] = (−1)s[r](−1)t[r−1]. Then Cs = {x :Msx > 0}.
The rows are nonzero, and they are pairwise orthogonal: for r ̸= r′, flipping bit r − 1 of t is a
bijection of {0, 1}k that changes the sign of µr[t]µr′ [t], so

∑︁
t µr[t]µr′ [t] = 0. Hence Ms has rank

k − 1, and Corollary D.4 with d = 2k, M =Ms, and Σ = diag(ν), which is positive definite, shows
that Fs,ν = FCs is a strong bijection onto Cs. □

4.2. Proportions and edge-density corrections.

Definition 4.3 (The universal sequences ν, γ, µ). We define, for every k ≥ 1, numbers ν[s] > 0
for s ∈ {0, 1}k and γ[s, t], µ[s, t] ∈ R for s, t ∈ {0, 1}k, by induction on k.

For k = 1: ν[0] = ν[1] := 1/2, and γ[s, t] = µ[s, t] := 0 for all s, t ∈ {0, 1}.
Step k → k + 1: suppose ν and µ are defined on {0, 1}k and satisfy

(ν[t]µ[s, t])t∈{0,1}k ∈ Cs for every s ∈ {0, 1}k (4.1)
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(Lemma 4.4 shows that this holds). Let

γ[s, •] := F−1
s,ν

(︂
(ν[t]µ[s, t])t∈{0,1}k

)︂
(s ∈ {0, 1}k),

with Fs,ν the map of Proposition 4.2, and let Ws,•, s ∈ {0, 1}k, be the Gaussian row model with
means γ and variances ν, so that

E [Ws,t | Is(Ws,•)] = ν[t]µ[s, t] for all s, t ∈ {0, 1}k. (4.2)

For s, t ∈ {0, 1}k and b, c ∈ {0, 1} define

ν[sb] := ν[s]P [Jsb(Ws,•) | Is(Ws,•)] , (4.3)

µ[sb, tc] :=
1

ν[t]
E [Ws,t | Jsb(Ws,•)] +

1

ν[s]
E [Wt,s | Jtc(Wt,•)]− µ[s, t]. (4.4)

The Gaussian row model Ws,• attached to day k in this definition is used throughout the section;
we refer to it as the day-k Gaussian row model. The meaning of the three sequences is the follow-
ing. In the idealized process of Section 5, a vertex of the history class s has degree vector whose
fluctuations, in units of

√
pN , are governed by Ws,•: the class s has proportion ν[s] of the vertices,

its members have on average
√
pN ν[t]µ[s, t] more neighbors in class t than the trivial pNν[t], a

relative excess of µ[s, t]/
√
pN , and γ[s, •] is the mean that makes a Gaussian row conditioned on

the history Is reproduce these excesses.

Lemma 4.4 (The recursion is well defined). For every k ≥ 1 the quantities of Definition 4.3 are
defined on {0, 1}k, and:

(i) ν[s] > 0 for every s ∈ {0, 1}k, and
∑︁

s∈{0,1}k ν[s] = 1;
(ii) µ[s, t] = µ[t, s] for all s, t ∈ {0, 1}k;
(iii) (4.1) holds, that is, Zs,r

(︁
(ν[t]µ[s, t])t

)︁
> 0 for every s ∈ {0, 1}k and 1 ≤ r ≤ k − 1.

Proof. We prove by induction on k that the day-k quantities are defined and satisfy (i)–(iii). For
k = 1, ν[0] = ν[1] = 1/2 are positive and sum to 1, µ ≡ 0 is symmetric, and (iii) is vacuous because
Cs = R{0,1}; also γ = 0 = F−1

s,ν (0), since Fs,ν is the identity for k = 1.
Suppose the claims hold for some k ≥ 1. By (iii), condition (4.1) holds, so γ[s, •] is defined

through Proposition 4.2, the day-k Gaussian row model is defined, and (4.2) holds. All conditional
expectations in (4.3) and (4.4) are defined because P[Jsb(Ws,•)] > 0, as noted after Definition 4.1.
We verify the three claims on {0, 1}k+1.

(i): ν[sb] > 0 because P[Jsb(Ws,•) | Is(Ws,•)] > 0. For a vector x satisfying Is(x), exactly one
of Js0(x) and Js1(x) holds, since the two differ only in the kth inequality, which is ≥s[k−1]0 in one
and ≥s[k−1]1 in the other, and these two relations are complementary. Hence

ν[s0] + ν[s1] = ν[s] (P[Js0(Ws,•) | Is(Ws,•)] + P[Js1(Ws,•) | Is(Ws,•)]) = ν[s],

and summing over s gives
∑︁

u∈{0,1}k+1 ν[u] =
∑︁

s∈{0,1}k ν[s] = 1.
(ii): the right-hand side of (4.4) is invariant under exchanging (s, b) with (t, c), because µ[s, t] =

µ[t, s] by the induction hypothesis.
(iii): fix s ∈ {0, 1}k and b ∈ {0, 1}, and let x ∈ R{0,1}k+1 be the vector x[u] := ν[u]µ[sb, u]. For

t ∈ {0, 1}k, (4.4) gives

x[t0] + x[t1] =
ν[t0] + ν[t1]

ν[t]
E [Ws,t | Jsb(Ws,•)]

+
1

ν[s]

∑︂
c∈{0,1}

ν[tc]E [Wt,s | Jtc(Wt,•)]− (ν[t0] + ν[t1])µ[s, t].
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The first coefficient is 1 by (i). In the second term, ν[tc] = ν[t]P[Jtc(Wt,•) | It(Wt,•)] by (4.3),
and since Jt0 and Jt1 partition It, the law of total expectation gives

∑︁
c P[Jtc | It]E[Wt,s | Jtc] =

E[Wt,s | It(Wt,•)] = ν[s]µ[t, s] by (4.2); so the second term equals ν[t]µ[t, s]. The third term is
−ν[t]µ[s, t]. By (ii) the last two cancel, and

x[t0] + x[t1] = E [Ws,t | Jsb(Ws,•)] (t ∈ {0, 1}k). (4.5)

Now let 1 ≤ r ≤ k. For u = tc ∈ {0, 1}k+1 we have u[r−1] = t[r−1], and (sb)[r] = s[r] for r ≤ k−1
while (sb)[k] = b. Hence, by (4.5),

Zsb,r(x) = (−1)(sb)[r]
∑︂
t

(−1)t[r−1] (x[t0] + x[t1]) =

{︄
E [Zs,r(Ws,•) | Jsb] if 1 ≤ r ≤ k − 1,

(−1)b E [Zs,k(Ws,•) | Jsb] if r = k,

where Jsb abbreviates Jsb(Ws,•). Conditioning on Jsb(Ws,•) is conditioning on the nonempty open
convex set Cs ∩ {(−1)bZs,k > 0}, on which the linear forms Zs,r (r ≤ k − 1) and (−1)bZs,k are
positive; by Lemma A.12 the conditional mean of Ws,• lies in this set, so all the displayed quantities
are positive. Thus x ∈ Csb, which is (4.1) on {0, 1}k+1. □

Lemma 4.5 (Bit-flip symmetry). For every k ≥ 1 and s, t ∈ {0, 1}k,

ν[s] = ν[s], γ[s, t] = γ[s, t], µ[s, t] = µ[s, t].

Consequently
∑︁

t∈{0,1}k(−1)t[r−1]ν[t] = 0 for every 1 ≤ r ≤ k.

Proof. Let R : R{0,1}k → R{0,1}k be the reflection (Rx)[t] := x[t], an involution. Substituting u = t

and using (−1)t[i] = −(−1)t[i],

Zs,r(Rx) = (−1)1−s[r]
∑︂
u

(−1)1−u[r−1]x[u] = Zs,r(x) (1 ≤ r ≤ k − 1),

Zs,k(Rx) =
∑︂
u

(−1)1−u[k−1]x[u] = −Zs,k(x).

Consequently RCs = Cs, and R maps Cs ∩ {(−1)bZs,k > 0} onto Cs ∩ {(−1)bZs,k > 0}; in words, R
carries the strict forms of Is and Jsb to those of Is and Js b.

We prove the three identities by induction on k; for k = 1 they hold because ν[0] = ν[1] and
γ = µ = 0. Suppose they hold on {0, 1}k. If W has independent coordinates W [t] ∼ N (γ[t], ν[t])
and ν[t] = ν[t], then RW has independent coordinates (RW )[t] =W [t] ∼ N ((Rγ)[t], ν[t]); therefore

Fs,ν(Rγ) = E [RW | RW ∈ Cs] = RE [W |W ∈ Cs] = RFs,ν(γ),

that is, Fs,ν ◦ R = R ◦ Fs,ν , and hence F−1
s,ν ◦ R = R ◦ F−1

s,ν . The vector vs := (ν[t]µ[s, t])t satisfies
vs[t] = ν[t]µ[s, t] = ν[t]µ[s, t] = vs[t] by the induction hypothesis (applied to the pair (s, t)), so
vs = Rvs, and therefore γ[s, •] = F−1

s,ν (Rvs) = Rγ[s, •], which is γ[s, t] = γ[s, t]. It follows that the

day-k Gaussian row model satisfies Ws,•
d
= RWs,•, and by the first paragraph the events Is(Ws,•)

and Js b(Ws,•) correspond, up to null sets, to Is(Ws,•) and Jsb(Ws,•) under this identification.
Hence

P
[︁
Js b(Ws,•) | Is(Ws,•)

]︁
= P [Jsb(Ws,•) | Is(Ws,•)] , E

[︁
Ws,t | Js b(Ws,•)

]︁
= E [Ws,t | Jsb(Ws,•)] ,

and (4.3), (4.4) give ν[s b] = ν[sb] and µ[s b, t c] = µ[sb, tc], completing the induction. Finally, for
1 ≤ r ≤ k, pairing t with t in

∑︁
t(−1)t[r−1]ν[t] shows that the sum equals its own negative, hence

vanishes. □
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4.3. The linear response.

Lemma 4.6 (Conditional covariance). For every k ≥ 1 and s ∈ {0, 1}k, the matrix

Σs := Cov (Ws,• | Is(Ws,•)) ∈ R{0,1}k×{0,1}k ,

with entries Σs[t, t
′] = E[Ws,tWs,t′ | Is(Ws,•)] − E[Ws,t | Is(Ws,•)]E[Ws,t′ | Is(Ws,•)], is positive

definite, where Ws,• is the day-k Gaussian row model.

Proof. Conditioning on Is(Ws,•) is conditioning on the nonempty open convex set Cs, and Ws,• is
Gaussian with the positive definite covariance diag(ν). Lemma A.12 applies. □

Definition 4.7 (The universal sequences ε, β). We define, for every k ≥ 1, numbers ε[s] for
s ∈ {0, 1}k and β[s, t] for s, t ∈ {0, 1}k, by induction on k.

For k = 1: ε[0] := 1 and ε[1] := −1.
Step k → k + 1: suppose ε is defined on {0, 1}k, and let Ws,• be the day-k Gaussian row model.

For s ∈ {0, 1}k let β[s, •] ∈ R{0,1}k be the unique solution of the linear system∑︂
t′∈{0,1}k

β[s, t′] Σs[t
′, t] = ε[t] (t ∈ {0, 1}k), (4.6)

which exists by Lemma 4.6; equivalently, the random variable Bs :=
∑︁

t′∈{0,1}k β[s, t
′]Ws,t′ satisfies

Cov(Bs,Ws,t | Is(Ws,•)) = ε[t] for every t. For s ∈ {0, 1}k and b ∈ {0, 1} define

ε[sb] := ν[sb] (E [Bs | Jsb(Ws,•)]− E [Bs | Is(Ws,•)]) . (4.7)

The role of these quantities will be made precise in Section 5. There, an initial imbalance of τ
√
N

vertices will be represented, relative to the balanced idealized process, by the first-order class-size
displacement τ

√
N
√
pN

k−1
ε[s] on day k, together with an effective-tilt displacement τ

√
pN

k−1

√
N

β[s, t]

in direction t. Equation (4.6) is the compatibility relation that will make this tilt reproduce the
neighboring class-size responses ε[t], while (4.7) is the corresponding linearized update through the
next majority decision.

Lemma 4.8 (Symmetries of ε). For every k ≥ 1 and s, t ∈ {0, 1}k:
(i) ε[s0] + ε[s1] = 0;
(ii) ε[s] = −ε[s] and β[s, t] = −β[s, t].

Proof. (i): by (4.7), (4.3), and Lemma 4.4(i),

ε[s0] + ε[s1] = ν[s]
∑︂

b∈{0,1}

P [Jsb(Ws,•) | Is(Ws,•)]E [Bs | Jsb(Ws,•)]− ν[s]E [Bs | Is(Ws,•)] = 0,

because Js0 and Js1 partition Is and the law of total expectation applies.
(ii): we prove ε[s] = −ε[s] by induction on k, deriving the identity for β along the way. For k = 1

it is ε[1] = −ε[0]. Suppose ε[t] = −ε[t] for all t ∈ {0, 1}k. With R the reflection of the proof of
Lemma 4.5, that proof gives Ws,•

d
= RWs,• with corresponding conditioning events, hence

Σs[t, t
′
] = Cov

(︂
Ws,t,Ws,t

′ | Is
)︂
= Cov

(︁
Ws,t,Ws,t′ | Is

)︁
= Σs[t, t

′].

Define β′[t] := −β[s, t]. Then for every t,∑︂
t′

β′[t′] Σs[t
′, t] = −

∑︂
t′

β[s, t
′
] Σs[t

′
, t] = −

∑︂
u

β[s, u] Σs[u, t] = −ε[t] = ε[t],
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by (4.6) for s and the induction hypothesis. So β′ solves (4.6) for s, and by uniqueness β[s, t] =
−β[s, t] for all t, that is, β[s, t] = −β[s, t]. Consequently, under the identification Ws,• = RWs,•,

Bs =
∑︂
t

β[s, t]Ws,t =
∑︂
u

β[s, u]Ws,u = −Bs,

and since the conditioning events correspond, (4.7) together with ν[s b] = ν[sb] gives ε[s b] = −ε[sb].
□

Theorem 4.9 (Coherence of the linear response). For every k ≥ 1 and s ∈ {0, 1}k,
ε[s0] > 0 and ε[s1] < 0.

Proof. By Lemma 4.8(i) it suffices to prove ε[s0] > 0. We proceed by induction on k, using at day
k the following consequence of the statement for smaller k:

Sk :=
∑︂

t∈{0,1}k
(−1)t[k−1]ε[t] > 0. (4.8)

For k = 1, S1 = ε[0] − ε[1] = 2 by definition; for k ≥ 2, grouping t = t′b with t′ ∈ {0, 1}k−1 gives
Sk =

∑︁
t′(ε[t

′0]−ε[t′1]) = 2
∑︁

t′ ε[t
′0] by Lemma 4.8(i), which is positive by the statement for k−1.

We also use ∑︂
t∈{0,1}k

(−1)t[r−1]ε[t] = 0 (1 ≤ r ≤ k − 1), (4.9)

which holds because for r ≤ k − 1 the bit t[r − 1] depends only on t′ when t = t′b, so the sum is∑︁
t′(−1)t

′[r−1](ε[t′0] + ε[t′1]) = 0.
Fix k ≥ 1 and s ∈ {0, 1}k, let W := Ws,• be the day-k Gaussian row model, and write Zr :=

Zs,r(W ) for 1 ≤ r ≤ k. Up to null sets, Is(W ) is the event E := {Z1 > 0, . . . , Zk−1 > 0} and
Js0(W ) is E ∩ {Zk > 0}. Let G be the linear span of the centered variables Wt − EWt, t ∈ {0, 1}k,
a finite-dimensional space of centered jointly Gaussian random variables, with the inner product
⟨X,Y ⟩ := E[XY ] = Cov(X,Y ); in G, orthogonal families are independent. The centered variables
Zr := Zr − EZr and B := Bs − EBs lie in G. The Zr, 1 ≤ r ≤ k, are linearly independent: their
coefficient vectors are nonzero and pairwise orthogonal in R{0,1}k (see the proof of Proposition 4.2),
and a ↦→

∑︁
t a[t](Wt − EWt) is injective because its image has variance

∑︁
t a[t]

2ν[t] > 0 for a ̸= 0.
Step 1: the covariances of Bs with the constraints. By (4.6), Cov(Bs,Wt | E) = ε[t] for every t,

so by linearity

Cov(Bs, Zr | E) = (−1)s[r]
∑︂
t

(−1)t[r−1]ε[t] = 0 (1 ≤ r ≤ k − 1),

Cov(Bs, Zk | E) =
∑︂
t

(−1)t[k−1]ε[t] = Sk > 0,

by (4.9) and (4.8).
Step 2: Bs is independent of the history constraints. Decompose B =

∑︁
r<k αrZr + X with

X ∈ G orthogonal to Z1, . . . , Zk−1 (orthogonal projection). Then X is independent of (Zr)r<k, and
since E is an event of (Zr)r<k, under the law conditioned on E the variable X is still independent
of (Zr)r<k; hence Cov(X,Zr | E) = 0 for r < k, and Step 1 gives

0 = Cov(Bs, Zr | E) =
∑︂
r′<k

αr′Cov(Zr′ , Zr | E) (1 ≤ r ≤ k − 1).

The matrix (Cov(Zr′ , Zr | E))r′,r<k is the covariance of the nondegenerate Gaussian vector (Zr)r<k ∈
Rk−1 conditioned on the open orthant E, hence positive definite by Lemma A.12. Therefore αr = 0
for all r, and B = X: the centered variable Bs − EBs is independent of (Zr)r<k. (For k = 1 there
is nothing to prove in this step.)
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Step 3: the component of Zk orthogonal to the constraints. Decompose Zk =
∑︁

r<k δrZr+Y with
Y ∈ G orthogonal to Z1, . . . , Zk−1. By linear independence Y ̸= 0, so Var(Y ) > 0. The pair (X,Y )
is independent of (Zr)r<k, so conditioning on E does not change its joint law, and using Step 2,

Sk = Cov(Bs, Zk | E) = Cov
(︂
X,
∑︂
r<k

δrZr + Y
⃓⃓⃓
E
)︂
= Cov(X,Y ).

Write X = αY +X ′ with α := Cov(X,Y )/Var(Y ) = Sk/Var(Y ) > 0 and X ′ ∈ G orthogonal to Y ;
then X ′ is orthogonal to Y and to all Zr, r < k, hence independent of (Y, (Zr)r<k).

Step 4: the conditional means. Since Bs = EBs +X and X is independent of E with mean 0, we
have E[Bs | E] = EBs, and (4.7) reads

ε[s0] = ν[s0]E [X | E ∩ {Zk > 0}] .
Put U := −EZk −

∑︁
r<k δrZr, a function of (Zr)r<k, so that {Zk > 0} = {Y > U}. The variable

X ′ is centered and independent of (Y,U,1E), so E[X ′ | E ∩ {Y > U}] = 0 and

E [X | E ∩ {Zk > 0}] = αE [Y | E ∩ {Y > U}] = α
E [1E ϕ(U)]

P [E ∩ {Y > U}]
, ϕ(u) := E [Y 1Y >u] ,

where we conditioned on (Zr)r<k and used that Y is independent of (U,1E). For a centered Gaussian
Y with positive variance, ϕ(u) > 0 for every u ∈ R: if u ≥ 0 then Y 1Y >u ≥ 0 with positive
probability of being positive, and if u < 0 then ϕ(u) = EY − E[Y 1Y≤u] = −E[Y 1Y≤u] > 0. Since
P[E] > 0, we get E[1Eϕ(U)] > 0, hence E[X | E ∩ {Zk > 0}] > 0, and ε[s0] > 0 because ν[s0] > 0
by Lemma 4.4(i). □

Corollary 4.10 (Sign identities). For every k ≥ 1:
(i)
∑︁

t∈{0,1}k(−1)t[r−1]ε[t] = 0 for every 1 ≤ r ≤ k − 1, and
∑︁

t∈{0,1}k ε[t] = 0;
(ii)

∑︁
t∈{0,1}k(−1)t[k−1]ε[t] = 2

∑︁
t′∈{0,1}k−1 ε[t′0] > 0, where for k = 1 the right-hand side is

read as 2ε[0] = 2;
(iii)

∑︁
t∈{0,1}k(−1)t[r−1]ν[t] = 0 for every 1 ≤ r ≤ k;

(iv) Zs,r

(︁
(ν[t]µ[s, t])t

)︁
> 0 for every s ∈ {0, 1}k and 1 ≤ r ≤ k − 1.

Proof. (i): for k ≥ 2 and 1 ≤ r ≤ k − 1, write t = t′b with t′ ∈ {0, 1}k−1; the bit t[r − 1] = t′[r − 1]

does not depend on b, so the sum is
∑︁

t′(−1)t
′[r−1](ε[t′0] + ε[t′1]) = 0 by Lemma 4.8(i). The same

grouping without the sign gives
∑︁

t ε[t] = 0 for k ≥ 2, and for k = 1 it is ε[0] + ε[1] = 0. (ii):
for k ≥ 2, (−1)t[k−1] = (−1)b when t = t′b, so the sum is

∑︁
t′(ε[t

′0] − ε[t′1]) = 2
∑︁

t′ ε[t
′0] by

Lemma 4.8(i), which is positive by Theorem 4.9; for k = 1 the sum is ε[0]− ε[1] = 2. (iii) is the last
assertion of Lemma 4.5, and (iv) is Lemma 4.4(iii). □

Lemma 4.11 (Universal nondegeneracy constants). For every k ≥ 1 there are constants ϕ∗k ∈
(0, 1/2) and ς∗k > 0, depending only on k, such that for the day-k Gaussian row model and all
s ∈ {0, 1}k, b ∈ {0, 1}, 1 ≤ r ≤ k − 1,

P [Is(Ws,•)] ≥ ϕ∗k, ϕ∗k ≤ P [Jsb(Ws,•) | Is(Ws,•)] ≤ 1− ϕ∗k, Zs,r

(︁
(ν[t]µ[s, t])t

)︁
≥ ς∗k .

Proof. There are finitely many quantities involved: 2k probabilities P[Is(Ws,•)], 2k+1 conditional
probabilities P[Jsb(Ws,•) | Is(Ws,•)], and 2k(k − 1) numbers Zs,r((ν[t]µ[s, t])t). Each P[Is(Ws,•)] is
positive, as noted after Definition 4.1. Each P[Jsb | Is] is positive for the same reason, and is less
than 1 because P[Js0 | Is] + P[Js1 | Is] = 1 (proof of Lemma 4.4) with both terms positive. Each
Zs,r((ν[t]µ[s, t])t) is positive by Corollary 4.10(iv). Let ϕ∗k be one half of the minimum of all the
probabilities P[Is], P[Jsb | Is], and 1− P[Jsb | Is], so that ϕ∗k ∈ (0, 1/4] and the first two displayed
inequalities hold; and let ς∗k be the minimum of the numbers Zs,r((ν[t]µ[s, t])t) when k ≥ 2, and
ς∗1 := 1. □
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These constants are the universal versions of the admissibility conditions (LA5), (LA7), and
(LA9): in Section 5 the binomial row models attached to faithful states are shown to be close to
the day-k Gaussian row model, and ϕ∗k, ς

∗
k supply the constants ϕ and T−1 there.

5. The idealized process and faithful states

The local coarse transition theorem is applied one day at a time, starting from the day-1 coarse
state, for a bounded number Kθ of days. To do so we need a set of coarse states on which its
hypotheses hold uniformly and which is mapped into itself, up to the 1 − o(1) probability, by the
fiber-averaged transition. This section defines that set, the faithful states, as the coarse states
whose sizes and edge counts follow an idealized process attached to (N, p), perturbed linearly in the
direction given by the universal responses ε of Section 4, up to a polynomially small error. The
idealized process is deterministic; it is the local template of Definition 3.2 iterated on itself, with
sizes rounded to integers, and its tilts exist by the inverse-function theorems of Appendix D. The
section states the results and the definitions; the proofs are in Appendix E.

Throughout, θ ∈ (1/2, 1) is fixed and we write

Dθ :=

⌊︃
1

1− θ

⌋︃
+ 1,

the number of days for which the idealized process is needed. The integer 1
1−θ , when 1

1−θ ∈ Z, plays
a special role (Theorem 5.5); we then write k0 := 1

1−θ .

5.1. The idealized process.

Definition 5.1 (Logit tilt). For p ∈ (0, 1), N ≥ 1, g ∈ R, and v > 0, let

ΛN,p(g, v) :=

p
1−p e

g/(v
√
pN)

1 + p
1−p e

g/(v
√
pN)

∈ (0, 1),

the success probability whose log-odds exceed those of p by g/(v
√
pN). By Taylor expansion,

ΛN,p(g, v) = p+ g
v
p(1−p)√

pN
+O

(︁ g2
v2

p
pN

)︁
uniformly for |g|/v bounded.

Theorem 5.2 (The idealized process). Fix θ ∈ (1/2, 1), an integer D ≥ 1, and T > 1. There is a
constant ℓ = ℓ(θ,D, T ) ≥ 1 such that for all sufficiently large N and all p ∈ (T−1N−θ, TN−θ) there
exist, for 1 ≤ k ≤ D, vectors

˜︁nk ∈ Z{0,1}k , ˜︁mk ∈ R{0,1}k×{0,1}k , and, for 1 ≤ k ≤ D − 1, ˜︁λk ∈ (0, 1){0,1}
k×{0,1}k ,

written ˜︁n[s], ˜︁m[s, t], ˜︁λ[s, t] for s, t ∈ {0, 1}k, with the following properties.
(i) (Base case.) ˜︁n[0] = ˜︁n[1] = ⌊N/2⌋, and ˜︁m[s, t] = p ˜︁n[s] (˜︁n[t]− 1s=t) for s, t ∈ {0, 1}.
(ii) (Solvability.) For 1 ≤ k ≤ D − 1 and all s, t ∈ {0, 1}k: ˜︁n[s] ≥ 1, ˜︁m[s, t] > 0, and, writing˜︁As,• := As,•(˜︁nk, ˜︁λk) for the row vector of Definition 3.2,

P
[︂
Is( ˜︁As,•)

]︂
> 0 and ˜︁n[s]E [︂ ˜︁As,t | Is( ˜︁As,•)

]︂
= ˜︁m[s, t].

Moreover ˜︁λk is the unique element of (0, 1){0,1}k×{0,1}k with this property.
(iii) (Evolution.) For 1 ≤ k ≤ D−1, if (˜︁nloc, ˜︁ℓloc, ˜︁mloc) denotes the local template of (˜︁nk, ˜︁mk, ˜︁λk),

then for all s, t ∈ {0, 1}k and b, c ∈ {0, 1},

˜︁n[sb] = ⌊︂˜︁nloc[sb]⌋︂ and ˜︁m[sb, tc] = ˜︁mloc[sb, tc].

(iv) (Symmetry.) ˜︁n[s] = ˜︁n[s], ˜︁m[s, t] = ˜︁m[s, t], and ˜︁λ[s, t] = ˜︁λ[s, t] for all s, t.
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(v) (Asymptotics.) For 1 ≤ k ≤ D and all s, t ∈ {0, 1}k,

|˜︁n[s]−Nν[s]| ≤ N√
pN

logℓN,

⃓⃓⃓⃓ ˜︁m[s, t]− p ˜︁n[s] ˜︁n[t](︃1 + µ[s, t]√
pN

)︃⃓⃓⃓⃓
≤ p ˜︁n[s] ˜︁n[t] logℓN

pN
,

and for 1 ≤ k ≤ D − 1,⃓⃓⃓˜︁λ[s, t]− ΛN,p (γ[s, t], ν[t])
⃓⃓⃓
≤ logℓN

N
.

By (i), (ii), and (iii), the family is determined by (N, p); we call it the idealized process and suppress
its dependence on N and p.

The bound on |˜︁n[s]−Nν[s]| in Theorem 5.2(v) is too large to resolve the imbalance τ
√
N
√
pN

k−1

on days k < 1
1−θ . Faithfulness therefore tracks the actual sizes around ˜︁n[s], with error polynomially

smaller than the imbalance.

5.2. Faithful coarse states.

Definition 5.3 (Faithful coarse states). Fix θ ∈ (1/2, 1) and T > 1, and let N be large enough
that Theorem 5.2 applies with D = Dθ and this T ; let p ∈ (T−1N−θ, TN−θ), let V be a set with
|V | = N , and let 1 ≤ k ≤ Dθ. For T ′ ≥ 1, δ > 0, and τ > 0, the set G(p)

k (T ′, δ, τ) ⊆ Yk(V ) of
(T ′, δ, τ)-faithful coarse states consists of the y = (Π,m, 1) ∈ Yk(V ) such that, writing n[s] := |Π[s]|,

(F1)
⃓⃓⃓
n[s]− ˜︁n[s]− τ

√
N
√︁
pN

k−1
ε[s]
⃓⃓⃓
≤ T ′√N

√︁
pN

k−1
N−δ for every s ∈ {0, 1}k;

(F2)

⃓⃓⃓⃓
⃓m[s, t]− ˜︁m[s, t]

(︄
1 + τ

√
pN

k−1

√
N

(︃
ε[s]

ν[s]
+
ε[t]

ν[t]

)︃)︄⃓⃓⃓⃓
⃓ ≤ T ′

√
pN

k−1

√
N

N−δN2p for all s, t ∈ {0, 1}k.

In particular reg(y) = 1 for every faithful state.

The two scales in Definition 5.3 are those of the imbalance: on day k the leading side is ahead by
order

√
N
√
pN

k−1 vertices, which is o(N) exactly when k < 1
1−θ + 1, and the edge counts respond

at relative order
√
pN

k−1
/
√
N . The next two theorems are the deterministic core of the induction:

a faithful state is admissible with an explicit tilt, and its local template is faithful on the next day.
Their proofs are in Appendix E.

Theorem 5.4 (Perturbed evolution). Fix θ ∈ (1/2, 1), an integer k with 1 ≤ k < 1
1−θ , and

constants T > 1 and δ > 0. There exist constants T1 = T1(θ, k, T, δ) ≥ T , δ1 = δ1(θ, k, T, δ) > 0,
and ϕ1 = ϕ1(θ, k, T, δ) ∈ (0, 1/2) such that for all sufficiently large N , all p ∈ (T−1N−θ, TN−θ), all
τ ∈ [T−1, T ], and every y = (Π,m, 1) ∈ G(p)

k (T, δ, τ) with Π ∈ Partk(V ), |V | = N , the following hold,
where n[s] := |Π[s]|. There is a unique tilt λy ∈ (0, 1){0,1}

k×{0,1}k such that, with As,• := As,•(n, λy),

P [Is(As,•)] > 0 and n[s]E [As,t | Is(As,•)] = m[s, t] for all s, t ∈ {0, 1}k,
and it satisfies:

(a) (y, λy) is (T1, ϕ1, p)-locally admissible.
(b) For all s, t ∈ {0, 1}k, writing

ϑy[s, t] := log
λy[s, t] (n[t]− 1s=t − p ˜︁n[t])

(1− λy[s, t]) p ˜︁n[t] and ˜︁ϑ[s, t] := log
˜︁λ[s, t] (˜︁n[t]− 1s=t − p ˜︁n[t])(︂

1− ˜︁λ[s, t])︂ p ˜︁n[t] ,

we have ⃓⃓⃓⃓
⃓ϑy[s, t]− ˜︁ϑ[s, t]− τ

√
pN

k−1

√
N

β[s, t]

⃓⃓⃓⃓
⃓ ≤ T1

√
pN

k−1

√
N

N−δ1 .
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(c) The local template (nloc, ℓloc,mloc) of (y, λy) satisfies, for all s, t ∈ {0, 1}k and b, c ∈ {0, 1},⃓⃓⃓
nloc[sb]− ˜︁n[sb]− τ

√
N
√︁
pN

k
ε[sb]

⃓⃓⃓
≤ T1

√
N
√︁
pN

k
N−δ1 ,⃓⃓⃓⃓

⃓mloc[sb, tc]− ˜︁m[sb, tc]

(︄
1 + τ

√
pN

k

√
N

(︃
ε[sb]

ν[sb]
+
ε[tc]

ν[tc]

)︃)︄⃓⃓⃓⃓
⃓ ≤ T1

√
pN

k

√
N

N−δ1N2p.

The quantity ϑy[s, t] in (b) is the effective tilt of the law Bin(n[t]−1s=t, λy[s, t]) around the center
p ˜︁n[t] in the sense of the first formula of Lemma A.5, and ˜︁ϑ[s, t] is that of the idealized law; the
statement says that the tilt of a faithful state is the idealized tilt shifted by τ

√
pN

k−1

√
N

β[s, t], which is

the tilt that reproduces the size shifts τ
√
N
√
pN

k−1
ε[t] of the neighboring blocks (Definition 4.7).

When 1
1−θ = k0 is an integer, the normalized perturbation

√
pN

k0/
√
N is of constant order, so

the error in the linearization behind Theorem 5.4 need not be smaller than its main term. More
explicitly, if

β0 :=

√
pN

k0−1

√
N

,

then the current part-size displacement β0N =
√
N
√
pN

k0−1 is still o(N), but the resulting dis-
placement of the next majority statistic, measured in its natural

√
pN standard-deviation scale,

is

β0
√︁
pN =

√
pN

k0

√
N

= Θ(1).

Thus the next conditional split probabilities differ from their balanced values by a fixed amount,
and multiplying by part sizes of order N produces an order-N displacement. At this terminal step˜︁n[s] = Nν[s] + o(N), so it is enough to record a macroscopic signed gap from Nν[s], rather than
a finer linear-response expansion around ˜︁n[s]. The following theorem makes this argument uniform
and gives the macroscopic lead on the next day.

Theorem 5.5 (The edge day). Fix θ ∈ (1/2, 1) with k0 := 1
1−θ ∈ Z, and constants T > 1 and δ > 0.

There exist constants T1 = T1(θ, T, δ) ≥ T , δ1 = δ1(θ, T, δ) > 0, ϕ1 = ϕ1(θ, T, δ) ∈ (0, 1/2), and
ζ = ζ(θ, T ) > 0 such that for all sufficiently large N , all p ∈ (T−1N−θ, TN−θ), all τ ∈ [T−1, T ],
and every y = (Π,m, 1) ∈ G(p)

k0
(T, δ, τ) with Π ∈ Partk0(V ), |V | = N , the following hold, where

n[s] := |Π[s]|. There is a unique tilt λy with P[Is(As,•)] > 0 and n[s]E[As,t | Is(As,•)] = m[s, t] for
all s, t ∈ {0, 1}k0, where As,• := As,•(n, λy), and it satisfies:

(a) (y, λy) is (T1, ϕ1, p)-locally admissible.
(b) |λy[s, t]− ΛN,p(γ[s, t], ν[t])| ≤ p√

pN
N−δ1 for all s, t ∈ {0, 1}k0.

(c) The local template of (y, λy) satisfies (−1)b
(︁
nloc[sb]−Nν[sb]

)︁
≥ ζN for all s ∈ {0, 1}k0 and

b ∈ {0, 1}.

5.3. The faithful trajectory. The next proposition compares the errors of Theorem 3.3 with the
tolerances of Definition 5.3; it is where the constant C3.3 is evaluated at the admissibility parameters
produced by Theorem 5.4.

Proposition 5.6 (The local theorem preserves faithfulness). Fix θ ∈ (1/2, 1), an integer k with
1 ≤ k < 1

1−θ , and constants T > 1, δ > 0; let T1, δ1, ϕ1 be the constants of Theorem 5.4, and put

T2 := 2T1, δ2 := min
{︁
δ1,

1−θ
8

}︁
.

For all sufficiently large N , all p ∈ (T−1N−θ, TN−θ), all τ ∈ [T−1, T ], and every y ∈ G(p)
k (T, δ, τ),

with λy the tilt of Theorem 5.4 and L(p)
k+1(y, λy) the set of Theorem 3.3 formed with the constant
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C3.3(θ, k, T1, ϕ1),
L(p)
k+1(y, λy) ⊆ G(p)

k+1(T2, δ2, τ).

Proof. Let y′ ∈ L(p)
k+1(y, λy), and write Π′ := part(y′), m′ := edge(y′); by (L2), y′ = (Π′,m′, 1).

Write C := C3.3(θ, k, T1, ϕ1) and let (nloc, ℓloc,mloc) be the local template of (y, λy). For (F1) at
day k + 1, the triangle inequality, (L3), and Theorem 5.4(c) give, for all s ∈ {0, 1}k and b ∈ {0, 1},⃓⃓⃓

|Π′[sb]| − ˜︁n[sb]− τ
√
N
√︁
pN

k
ε[sb]

⃓⃓⃓
≤ C

√
N logN + T1

√
N
√︁
pN

k
N−δ1 .

Since δ2 ≤ δ1, the second term is at most T1
√
N
√
pN

k
N−δ2 . For the first, because k ≥ 1 and

δ2 ≤ (1− θ)/8,√︁
pN

k
N−δ2 ≥ (pN)1/2N−δ2 ≥ T−1/2N (1−θ)/2−δ2 ≥ T−1/2N3(1−θ)/8,

so C logN ≤ T1
√
pN

k
N−δ2 for large N . Hence the left-hand side is at most 2T1

√
N
√
pN

k
N−δ2 =

T2
√
N
√
pN

k
N−δ2 . For (F2) at day k + 1, similarly, by (L4) and Theorem 5.4(c),⃓⃓⃓⃓

⃓m′[sb, tc]− ˜︁m[sb, tc]

(︄
1 + τ

√
pN

k

√
N

(︃
ε[sb]

ν[sb]
+
ε[tc]

ν[tc]

)︃)︄⃓⃓⃓⃓
⃓

≤ CN2p

√︃
(pN)1/7

N
logN + T1

√
pN

k

√
N

N−δ1N2p.

The first term is at most T1
√
pN

k

√
N
N−δ2N2p as soon as C(pN)1/14 logN ≤ T1

√
pN

k
N−δ2 , and

√
pN

k
/(pN)1/14 ≥ (pN)3/7 ≥ T−3/7N3(1−θ)/7, while δ2 ≤ (1 − θ)/8 < 3(1 − θ)/7; so this holds

for large N . Both conditions of Definition 5.3 therefore hold with the constants (T2, δ2), and
y′ ∈ G(p)

k+1(T2, δ2, τ). □

Proposition 5.7 (Day one). Fix θ ∈ (1/2, 1) and T > 1, and put δ0 := 1−θ
4 . For all sufficiently

large N , all p ∈ (T−1N−θ, TN−θ), and all τ ∈ [T−1, T ], the following holds. Let V be a set with
|V | = N , let c : V → {±1} satisfy |c−1(1)| = ⌊N/2⌋ + ⌊τ

√
N⌋, sample G ∼ G(V, p), and let

g = (G, c). Then

P
[︂
ρ
(p)
1 (σ1(g)) ∈ G(p)

1 (1, δ0, τ)
]︂
= 1− o(1).

Proof. Write Π := Π1(g), d := δ(Π, G), n[s] := |Π[s]|, and y := ρ
(p)
1 (σ1(g)) = (Π,m,1κp(Π,d))

with m[s, t] =
∑︁

x∈Π[s] d[x, t]. By definition, Π[0] = c−1(1) and Π[1] = c−1(−1), so n[0] = a :=

⌊N/2⌋+⌊τ
√
N⌋ and n[1] = N−a. At day 1 we have ˜︁n[0] = ˜︁n[1] = ⌊N/2⌋, ˜︁m[s, t] = p˜︁n[s](˜︁n[t]−1s=t),

ν[0] = ν[1] = 1
2 , and ε[0] = 1 = −ε[1], so ε[s]/ν[s] = 2(−1)s for s ∈ {0, 1}.

Sizes. Deterministically, |n[0]− ˜︁n[0]− τ
√
N | = |⌊τ

√
N⌋ − τ

√
N | < 1 and |n[1]− ˜︁n[1] + τ

√
N | =

|N − 2⌊N/2⌋ − ⌊τ
√
N⌋+ τ

√
N | < 2, while the tolerance in (F1) is

√
NN−δ0 ≥ 2 for large N .

Edge counts. For s ̸= t, m[s, t] is the number of edges of G between Π[s] and Π[t], a Bin(n[s]n[t], p)

variable; and m[s, s] is twice the number of edges inside Π[s], twice a Bin(
(︁
n[s]
2

)︁
, p) variable. In

both cases Em[s, t] = pn[s](n[t] − 1s=t) and Varm[s, t] ≤ 2N2p, so by Chernoff’s inequality, with
probability 1− o(1),

|m[s, t]− pn[s] (n[t]− 1s=t)| ≤ 2N
√
p logN for all s, t ∈ {0, 1}. (5.1)

Next, n[s] = ˜︁n[0] + (−1)s⌊τ
√
N⌋+ 1s=1(N − 2⌊N/2⌋), and since ⌊τ

√
N⌋/˜︁n[0] = 2τ/

√
N +O(1/N)

(recall τ ≤ T ), both n[s] and n[s]−1 equal (˜︁n[0]−1)
(︁
1+(−1)s 2τ√

N
+O( 1

N )
)︁

with the corresponding
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1 ∈ {0, 1}. Hence

pn[s] (n[t]− 1s=t) = ˜︁m[s, t]

(︃
1 +

2τ√
N

(︁
(−1)s + (−1)t

)︁
+O

(︃
1

N

)︃)︃
= ˜︁m[s, t]

(︃
1 +

τ√
N

(︃
ε[s]

ν[s]
+
ε[t]

ν[t]

)︃)︃
+O(Np),

the cross term 4τ2/N being part of the O(1/N). Combining with (5.1), the left-hand side of
(F2) is at most 2N

√
p logN + O(Np) ≤ 3N

√
p logN , while the tolerance is N−δ0N3/2p. Since

√
p ≥ T−1/2N−θ/2, the ratio of the tolerance to N√

p logN is at least T−1/2N (1−θ)/2−δ0/ logN =

T−1/2N (1−θ)/4/ logN , which tends to infinity; so (F2) holds for large N on the event (5.1).
Regularity. For x ∈ V and t ∈ {0, 1}, d[x, t] = degGΠ[t] x ∼ Bin(n[t]−1x∈Π[t], p), whose mean differs

from pn[t] by at most p. By Chernoff’s inequality, P[|d[x, t]− pn[t]| > (pN)4/7] ≤ 2 exp(−c(pN)1/7)
for an absolute constant c > 0 and large N , and a union bound over the 2N pairs (x, t) gives
P[¬κp(Π,d)] ≤ 4N exp(−c(pN)1/7) = o(1), since (pN)1/7 ≥ T−1/7N (1−θ)/7. On the intersection of
the two events, y = (Π,m, 1) ∈ G(p)

1 (1, δ0, τ). □

Theorem 5.8 (The faithful trajectory). Fix θ ∈ (1/2, 1) and T > 1, and let Kθ := ⌈ 1
1−θ⌉, so that

Kθ = Dθ if 1
1−θ /∈ Z and Kθ = k0 = Dθ − 1 otherwise. There exist constants T ∗ = T ∗(θ, T ) > 1

and δ∗ = δ∗(θ, T ) > 0 such that for all sufficiently large N , all p ∈ (T−1N−θ, TN−θ), and all
τ ∈ [T−1, T ], the following holds. Let V , c, G, and g = (G, c) be as in Proposition 5.7. Then with
probability 1− o(1):

(i) ρ(p)k (σk(g)) ∈ G(p)
k (T ∗, δ∗, τ) for every 1 ≤ k ≤ Kθ;

(ii) if 1
1−θ = k0 ∈ Z, then in addition (−1)s[k0] (|Πk0+1(g)[s]| −Nν[s]) ≥ ζ

2N for every s ∈
{0, 1}k0+1, where ζ = ζ(θ, T ∗) is the constant of Theorem 5.5 for the parameters (θ, T ∗, δ∗);
we arrange T ∗ ≥ T , so that these parameters cover the ranges of p and τ .

Proof. Write yj := ρ
(p)
j (σj(g)) for the day-j coarse state of g, and Gj(T

′, δ′) := G(p)
j (T ′, δ′, τ). Note

that Gj(T
′, δ′) ⊆ Gj(T

′′, δ′′) whenever T ′ ≤ T ′′ and δ′ ≥ δ′′, since the tolerances in Definition 5.3
increase.

Constants. Define (T ◦
j , δ

◦
j ) for 1 ≤ j ≤ Kθ recursively: T ◦

1 := T and δ◦1 := 1−θ
4 ; and for

1 ≤ j < Kθ (so that j < 1
1−θ ), let (T2, δ2) be the constants of Proposition 5.6 for the parameters

(θ, j, T ◦
j , δ

◦
j ), and put T ◦

j+1 := max{T2, T ◦
j } and δ◦j+1 := δ2. These depend only on θ and T ; T ◦

j is
nondecreasing in j, and δ◦j is nonincreasing because δ2 ≤ δ1 < δ in Proposition 5.6 and Theorem 5.4.
Set T ∗ := T ◦

Kθ
≥ T and δ∗ := δ◦Kθ

; then Gj(T
◦
j , δ

◦
j ) ⊆ Gj(T

∗, δ∗) for every j ≤ Kθ.
Induction. We show by induction on j that P[yj ∈ Gj(T

◦
j , δ

◦
j )] = 1 − o(1) for 1 ≤ j ≤ Kθ. For

j = 1 this is Proposition 5.7, since 1 ≤ T ◦
1 . Let 1 ≤ j < Kθ and suppose the claim holds for j. Fix

y ∈ Gj(T
◦
j , δ

◦
j ) with P[yj = y] > 0. By Proposition 2.4, y is p-attainable and P[yj+1 ∈ B | yj = y] =

K
(p)
j (y,B) for every B ⊆ Yj+1(V ). Since T ◦

j ≥ T , the ranges p ∈ (T−1N−θ, TN−θ) and τ ∈ [T−1, T ]

are contained in those of Theorem 5.4 with the parameters (θ, j, T ◦
j , δ

◦
j ), and that theorem provides

the tilt λy and constants T1, ϕ1, depending only on θ, T , such that (y, λy) is (T1, ϕ1, p)-locally
admissible. Since T1 ≥ T ◦

j ≥ T , the range of p is also contained in that of Theorem 3.3 with the

parameters (θ, j, T1, ϕ1), which gives K(p)
j (y,L(p)

j+1(y, λy)) = 1 − o(1), where, by the convention of
Section 1.4, the o(1) is a function of N alone, uniform over all p in the range and all admissible (y, λ).
By Proposition 5.6 with the parameters (θ, j, T ◦

j , δ
◦
j ), L

(p)
j+1(y, λy) ⊆ Gj+1(T2, δ2) ⊆ Gj+1(T

◦
j+1, δ

◦
j+1).
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Therefore

P
[︁
yj+1 ∈ Gj+1(T

◦
j+1, δ

◦
j+1)

]︁
≥

∑︂
y∈Gj(T

◦
j ,δ

◦
j )

P[yj=y]>0

P[yj = y]K
(p)
j

(︂
y,L(p)

j+1(y, λy)
)︂

≥ (1− o(1))P
[︁
yj ∈ Gj(T

◦
j , δ

◦
j )
]︁
= 1− o(1),

which completes the induction. Since there are finitely many days, a union bound gives (i): with
probability 1− o(1), yj ∈ Gj(T

◦
j , δ

◦
j ) ⊆ Gj(T

∗, δ∗) for all 1 ≤ j ≤ Kθ.
The integer case. Suppose 1

1−θ = k0 ∈ Z, so Kθ = k0. Fix y ∈ Gk0(T
∗, δ∗) with P[yk0 = y] > 0.

Theorem 5.5 with the parameters (θ, T ∗, δ∗), whose ranges contain ours since T ∗ ≥ T , provides
λy and constants T ′

1, ϕ
′
1, ζ such that (y, λy) is (T ′

1, ϕ
′
1, p)-locally admissible and its local template

satisfies (−1)b(nloc[sb] − Nν[sb]) ≥ ζN for all s ∈ {0, 1}k0 , b ∈ {0, 1}. Since T ′
1 ≥ T ∗ ≥ T , the

density range is contained in that of Theorem 3.3 with the parameters (θ, k0, T
′
1, ϕ

′
1). By that

theorem and Proposition 2.4, conditionally on yk0 = y, with probability 1− o(1) the state yk0+1 lies
in L(p)

k0+1(y, λy), and then (L3) gives, for every s ∈ {0, 1}k0 and b ∈ {0, 1},

(−1)b (|Πk0+1(g)[sb]| −Nν[sb]) ≥ ζN − C3.3(θ, k0, T
′
1, ϕ

′
1)
√
N logN ≥ ζ

2N

for large N , where we used part(yk0+1) = Πk0+1(g). Summing over y as above and combining with
(i) at day k0 gives (ii), since for s ∈ {0, 1}k0+1 the sign (−1)s[k0] is (−1)b when s is written as s′b. □

5.4. The lead. For a politicized graph g on V and k ≥ 1, define the lead on day k by

∆k(g) :=
∑︂

s∈{0,1}k
(−1)s[k−1] |Πk(g)[s]| =

⃓⃓
ck(g)

−1(1)
⃓⃓
−
⃓⃓
ck(g)

−1(−1)
⃓⃓
, (5.2)

the number of vertices holding opinion +1 on day k minus the number holding −1; the two expres-
sions agree because x ∈ Πk(g)[s] has ck(g)[x] = (−1)s[k−1].

Corollary 5.9 (The lead at the end of the expansion phase). Fix θ ∈ (1/2, 1) and T > 1, and let
K := ⌊ 1

1−θ⌋+ 1 = Dθ. For all sufficiently large N , all p ∈ (T−1N−θ, TN−θ), and all τ ∈ [T−1, T ],
with V , c, G, g as in Proposition 5.7,

P
[︃
∆K(g) ≥ N√

pN
logN

]︃
= 1− o(1).

Proof. Let T ∗, δ∗ be the constants of Theorem 5.8, and let E be its event of probability 1− o(1). It
suffices to show that ∆K(g) ≥ N√

pN
logN on E for large N .

Suppose first that 1
1−θ /∈ Z, so that K = Kθ. On E, condition (F1) at day K with the constants

(T ∗, δ∗) gives, for every s ∈ {0, 1}K ,

|ΠK(g)[s]| = ˜︁n[s] + τ
√
N
√︁
pN

K−1
ε[s] +O

(︂√
N
√︁
pN

K−1
N−δ∗

)︂
.

Summing with the signs (−1)s[K−1]: the first sum
∑︁

s(−1)s[K−1]˜︁n[s] vanishes, because pairing s
with s and using ˜︁n[s] = ˜︁n[s] (Theorem 5.2(iv)) shows that it equals its own negative; the second
is τ

√
N
√
pN

K−1
SK with SK :=

∑︁
s(−1)s[K−1]ε[s] = 2

∑︁
s′∈{0,1}K−1 ε[s′0] > 0 by Corollary 4.10(ii).

Hence, for large N ,

∆K(g) ≥ τSK
√
N
√︁
pN

K−1
−O

(︂√
N
√︁
pN

K−1
N−δ∗

)︂
≥ SK

2T

√
N
√︁
pN

K−1
.

Finally
√
N
√
pN

K−1/︁(︁ N√
pN

logN
)︁
=

√
pN

K
/(
√
N logN) ≥ T−K/2N (K(1−θ)−1)/2/ logN → ∞,

because K = ⌊ 1
1−θ⌋+ 1 > 1

1−θ gives K(1− θ) > 1. So ∆K(g) ≥ N√
pN

logN for large N .
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Suppose now that 1
1−θ = k0 ∈ Z, so that K = k0 + 1. On E, Theorem 5.8(ii) gives

(−1)s[K−1] (|ΠK(g)[s]| −Nν[s]) ≥ ζ
2N for every s ∈ {0, 1}K .

Sum over the 2K strings s and use
∑︁

s(−1)s[K−1]ν[s] = 0, which is Corollary 4.10(iii) with r = K:

∆K(g) =
∑︂

s∈{0,1}K
(−1)s[K−1]|ΠK(g)[s]| ≥ N

∑︂
s

(−1)s[K−1]ν[s] + 2K
ζ

2
N = 2k0ζN,

which exceeds N√
pN

logN for large N . □

6. Proof of the main theorem

The proof has two phases. In the expansion phase, Corollary 5.9 gives a lead of at least N√
pN

logN

after K = ⌊ 1
1−θ⌋ + 1 days. In the contraction phase, one further update reduces the minority to

at most N/5 vertices, after which each update contracts it by a factor at most 16C2
J/(pN). This

is a deterministic consequence of two properties that G(V, p) has with high probability, minimum
degree and jumbledness, using the argument of [6].

6.1. The contraction phase.

Definition 6.1 (Jumbled graphs). Let G be a graph on V , let p ∈ (0, 1), and let β > 0. For
U,W ⊆ V let eG(U,W ) be the number of pairs (u,w) ∈ U ×W with uw ∈ E(G); for disjoint U,W
this is the number of edges between U and W , and in general eG(U,W ) =

∑︁
u∈U degGW u. The

graph G is (p, β)-jumbled if

|eG(U,W )− p|U ||W || ≤ β
√︁

|U ||W | for all U,W ⊆ V.

Lemma 6.2 (Pseudorandomness of G(V, p)). There is an absolute constant CJ > 0 such that the
following holds. Fix a real parameter θ ∈ (1/2, 1) and a constant T > 1. For all sufficiently large
N ∈ Z and p ∈ (T−1N−θ, TN−θ), if V is a set with |V | = N and G ∼ G(V, p), then with probability
1− o(1) every vertex of G has degree at least 0.9 pN and G is

(︁
p, CJ

√
pN
)︁
-jumbled.

Proof. The degree of a vertex is a Bin(N−1, p) variable with mean p(N−1) ≥ 0.95pN for largeN , so
by Chernoff’s inequality it is less than 0.9pN with probability at most exp(−cpN) for an absolute
constant c > 0; a union bound over the N vertices gives probability at most N exp(−cpN) =
o(1), because pN ≥ T−1N1−θ ≫ logN . For jumbledness we use [6, Lemma 4.1], restating [12,
Corollary 2.3], in the range log2N ≤ pN and p ≤ 0.99: with probability 1− o(1), G(V, p) is (p, β)-
jumbled with β = O(

√
pN). Both restrictions hold uniformly in our density window for large N ,

since pN ≥ T−1N1−θ ≫ log2N and p ≤ TN−θ = o(1). □

The next lemma uses the argument of [6, Lemma 4.2], with numerical constants sufficient for the
minimum-degree bound above. Its update rule retains the current opinion in a tie, as in Section 2.

Lemma 6.3 (One day of majority dynamics on a jumbled graph). Let G be a (p, β)-jumbled graph
on a set V with |V | = N ≥ 1, let c : V → {±1} be any coloring, let g = (G, c), and let j ≥ 1. Write
Mi := ci(g)

−1(−1).
(i) If ∆j(g) ≥ 10β/p, then |Mj+1| ≤ N/5.
(ii) If every vertex of G has degree at least 0.9pN and |Mj | ≤ N/5, then

|Mj+1| ≤
16β2

(pN)2
|Mj |.
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Proof. Write U :=Mj+1, x := |U |, and m := |Mj |, so that ∆j(g) = N − 2m. A vertex v ∈ U has at
least as many neighbors in Mj as in its complement: either strictly more of its neighbors hold −1
on day j, or there is a tie and v already holds −1. Thus

1
2 deg

G
V v ≤ degGMj

v, and hence 1
2eG(U, V ) ≤ eG(U,Mj).

Both conclusions are immediate if x = 0, so assume x > 0.
(i): Jumbledness gives

1
2

(︁
pxN − β

√
xN
)︁
≤ 1

2eG(U, V ) ≤ eG(U,Mj) ≤ pxm+ β
√
xm.

Using m ≤ N and ∆j(g) = N − 2m, we obtain

10βx ≤ px∆j(g) ≤ β
√
xN + 2β

√
xm ≤ 3β

√
xN.

Since β > 0, squaring and canceling x > 0 gives 100x ≤ 9N , and therefore x ≤ 9N/100 ≤ N/5.
(ii): The minimum-degree bound and the same majority inequality give

9

20
pNx ≤ eG(U,Mj) ≤ pxm+ β

√
xm.

Since m ≤ N/5,
pN

4
x ≤ p

(︃
9N

20
−m

)︃
x ≤ β

√
xm.

Both sides are nonnegative; squaring and canceling x > 0 yields (pN)2x ≤ 16β2m, proving the
assertion because pN > 0. □

6.2. Proof of Theorem 1.1 and Corollary 1.3.

Proof of Theorem 1.1. Let K := ⌊ 1
1−θ⌋ + 1, so that 2K + 1 = k. Let E1 be the event ∆K(g) ≥

N√
pN

logN of Corollary 5.9, and E2 the event of Lemma 6.2 that G has minimum degree at least
0.9pN and is (p, β)-jumbled with β := CJ

√
pN . Both have probability 1 − o(1), hence so does

E1 ∩ E2, and it suffices to show that ck(g) ≡ 1 on this event for large N .
Write Mj := cj(g)

−1(−1). For large N we have logN ≥ 10CJ, so on E1 ∩ E2,

∆K(g) ≥ N√
pN

logN ≥ 10CJN√
pN

=
10β

p
.

Part (i) of Lemma 6.3 therefore gives |MK+1| ≤ N/5. Put

ρ :=
16β2

(pN)2
=

16C2
J

pN
≤

16C2
JT

N1−θ
,

so 0 < ρ ≤ 1 for large N . Successive applications of (ii) give

|MK+1+r| ≤ ρr
N

5
≤ N

5
(0 ≤ r ≤ K).

The second inequality keeps the hypothesis of (ii) valid at every step. Since K(1 − θ) > 1, taking
r = K yields ⃓⃓

ck(g)
−1(−1)

⃓⃓
= |M2K+1| ≤

NρK

5
≤

(16C2
JT )

K

5
N1−K(1−θ) < 1

for large N . Since the left-hand side is a nonnegative integer, it is 0: every vertex has opinion +1
on day k. □
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Proof of Corollary 1.3. Let a := |c−1(1)| ∼ Bin(N, 1/2) and τ := (a − ⌊N/2⌋)/
√
N , so that a =

⌊N/2⌋ + ⌊τ
√
N⌋ exactly, since τ

√
N is an integer. Fix T ′ > 1 and let ϵT ′(N) denote the o(1) of

Theorem 1.1 for the parameters (θ, T ′ + 1); by the convention of Section 1.4 it is a function of N
alone, uniform over p ∈ ((T ′+1)−1N−θ, (T ′+1)N−θ) and τ ∈ [(T ′+1)−1, T ′+1]. Suppose T ′ ≥ T ,
so that our range of p is contained in this one.

Condition on c. Since G is independent of c, its conditional law is G(V, p). If τ ∈ [T ′−1, T ′], then
(G, c) is in the setting of Theorem 1.1 with the parameters (θ, T ′ +1), so P[ck(g) ̸≡ 1 | c] ≤ ϵT ′(N).
If τ ≤ −T ′−1, consider g′ := (G,−c): it has |(−c)−1(1)| = N − a = ⌊N/2⌋ + ⌊τ ′

√
N⌋ with

τ ′ := (N − a− ⌊N/2⌋)/
√
N ∈ [−τ,−τ +N−1/2] ⊆ [T ′−1, T ′ + 1] when also τ ≥ −T ′, so P[ck(g′) ̸≡

1 | c] ≤ ϵT ′(N); and majority dynamics commutes with the global flip, ct((G,−c)) = −ct((G, c)) for
all t, because the update rule of Section 2 is odd under c ↦→ −c (the sign of the neighborhood sum
flips, and a tie remains a tie). Hence

P [ck(g) is not constant] ≤ P
[︁
|τ | < T ′−1

]︁
+ P

[︁
|τ | > T ′]︁+ ϵT ′(N).

Now τ
√
N = a−⌊N/2⌋ with a ∼ Bin(N, 1/2): by Chebyshev’s inequality P[|τ | > T ′] ≤ P[|a−N/2| >

T ′√N − 1] ≤ N/4

(T ′
√
N−1)2

≤ 1
2T ′2 for large N , and since maxi P[a = i] =

(︁
N

⌊N/2⌋
)︁
2−N ≤ C/

√
N for

an absolute constant C by Stirling’s formula, P[|τ | < T ′−1] ≤ (2T ′−1
√
N + 1)C/

√
N ≤ 3CT ′−1 for

large N . Therefore

lim sup
N→∞

sup
p

P [ck(g) is not constant] ≤ 3CT ′−1 +
1

2T ′2

for every T ′ ≥ T , the supremum being over p ∈ (T−1N−θ, TN−θ); letting T ′ → ∞ shows that the
probability is o(1), uniformly in p. Finally, if ck(g) is constant then so is ct(g) for every t ≥ k: every
vertex then sees only neighbors of its own opinion, so the neighborhood sum has the sign of that
opinion or vanishes, and in either case the opinion is kept. □

6.3. The uniform density range. Only the main steps of the uniform-density argument are
recorded here; every detail is checked in the accompanying Lean formalization. Put

α0 := 1− θ, S :=
√︁
pN, K :=

⌊︃
1

α0

⌋︃
+ 1.

Reduction to the sparse range. Densities of order N−1/2 and above are covered by the dense-
range argument of Fountoulakis, Kang, and Makai [7], whose estimates are formalized alongside
the present argument and yield the following fixed-initial-coloring statement: there is L = L(T, η)

such that, for all sufficiently large N , every p ≥ L/
√
N (including p = 1), and every coloring c as

in Theorem 1.2, unanimity holds after four updates with probability at least 1 − η. Since θ > 1/2

gives K ≥ 3 and unanimity persists once reached, this proves Theorem 1.2 for p ≥ L/
√
N . Set

B := max{2T, L+ 1}. It remains to prove the theorem for

T−1N−θ ≤ p ≤ BN−1/2,

and the rest of this subsection concerns only this sparse interval. The argument below is run with
B in place of T , so that it covers the density lower endpoint T−1N−θ ≥ B−1N−θ and the bias range
[T−1, T ] ⊆ [B−1, B]; the two thresholds for N are combined by taking the larger one, giving a single
N0 independent of p and of c.

The sparse interval. The local estimates and the finite-horizon idealized evolution hold uniformly
under independent lower and upper bounds on p. The balanced finite reference process and its exact
color-flip cancellation supply the reference trajectory throughout this interval.
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The point requiring care is when to leave the linear-response regime. The class-size displacement
on day d has scale

√
NSd−1, and the normalized shift seen by the next majority decision has scale

ad :=
Sd

√
N
.

For a fixed power law this is N (dα0−1)/2 up to a constant factor. At a reciprocal exponent, say
α0 = 1/m, the quantity am has constant order and the critical-day argument applies. For a density
varying with N , however, its effective exponent αN := log(pN)/ logN can approach 1/m at an
arbitrary rate. Then

am = N (mαN−1)/2

may tend to zero, remain bounded, or tend to infinity, even subpolynomially. Thus no predetermined
day is uniformly guaranteed to be safely linear or already critical.

Instead we stop according to the response itself. On every day k before the stopping point, the
actual trajectory is faithful in the sense of Definition 5.3: the number of vertices in each history
class s equals its idealized value ˜︁n[s] plus the first-order response τ

√
NSk−1ε[s], and each inter-class

edge count equals its idealized value corrected by the corresponding first-order relative response, in
each case up to an error of at most CN−δ times the scale of that response, for constants C and
δ > 0 depending only on θ and B. This is the induction of Theorem 5.8, run on the present interval.
With δ fixed, choose

r := min

{︃
1

4
, δ,

Kα0 − 1

2

}︃
> 0.

This choice gives r/4 < δ and (K − r)α0 > 1. Stop on the first day d for which ad ≥ Sr−1. At the
upper end of the sparse interval the first response is still below this threshold, since

a1
Sr−1

=
S2−r

√
N

= O(N−r/4).

At the lower density endpoint the threshold has been crossed by day K − 1, because

aK−1

Sr−1
=
SK−r

√
N

≥ T−(K−r)/2N ((K−r)α0−1)/2 −→ ∞.

These two inequalities are uniform over the whole sparse interval. By minimality, the stopping
response lies in the window

Sr−1 ≤ ad < Sr, d ≤ K − 1.

On this window the nonlinear Gaussian threshold estimate replaces the linear expansion and gives
a lead of order N min{ad, 1} after the next update. The relative error is bounded, up to constants
and a fixed logarithmic power, by

(logN)ℓ

Sr
+ SrN−δ = o(1).

Here the lower density bound makes the first term vanish, while S = O(N1/4) and r/4 < δ handle the
second. Moreover Smin{ad, 1} ≥ Sr ≫ logN , so this lead exceeds the cleanup threshold N logN/S.
Only the next class sizes are needed at this terminal update; there is no need to propagate a further
faithful edge-count state. Since d ≤ K − 1, the cleanup lead is present by day K. The jump and K
contraction updates of Lemma 6.3 therefore give unanimity by day

2K + 1 = 2

⌊︃
1

1− θ

⌋︃
+ 3.

For random initial opinions, repeat the binomial window and color-flip argument of Corollary 1.3
with Theorem 1.2 in place of Theorem 1.1; enlarging the window parameter only enlarges the density
interval.
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Appendix A. Enumeration, graphicality, and probabilistic tools

This appendix collects the external inputs and elementary estimates used in Appendices B and C.
Nothing here refers to the setup of Sections 2 and 3; each result is either quoted from the literature
or proved from scratch, and the two later appendices cite only results from here and from the main
text.

A.1. Degree-sequence laws and enumeration comparisons. A bigraph is a bipartite graph
with a distinguished ordered bipartition; its degree sequence is the pair of degree sequences of the
two parts. We write G(n,m) for a uniformly random simple graph on [n] with m edges, G(ℓ, n,m)
for a uniformly random bigraph with parts [ℓ] and [n] and m edges, and G(n, p), respectively
G(ℓ, n, p), for the corresponding models in which each admissible pair is an edge independently with
probability p; thus G(n, p) = G([n], p). We have the following definitions of degree sequences in
graphs and bigraphs respectively.

Definition A.1. Let Dgraph
n,m be the set of all sequences d ∈ {0, . . . , n−1}n such that

∑︁
i di = 2m. Let

PG(n,m) be the probability distribution on Dgraph
n,m given by sampling the degrees of the random graph

G(n,m). Let PB(n,m) be the probability distribution on Dgraph
n,m given by sampling di ∼ Bin(n−1, 12)

and conditioning on
∑︁

i di = 2m.

Definition A.2. Let Dbigraph
ℓ,n,m be the set of all sequences d = (s, t) ∈ {0, . . . , n}ℓ ×{0, . . . , ℓ}n such

that
∑︁

i si =
∑︁

j tj = m. Let PG(ℓ,n,m) be the probability distribution on Dbigraph
ℓ,n,m given by sampling

the degrees of the random bigraph G(ℓ, n,m). Let PB(ℓ,n,m) be the probability distribution on
Dbigraph

ℓ,n,m given by sampling si ∼ Bin(n, 12) and tj ∼ Bin(ℓ, 12), and conditioning on
∑︁

i si =
∑︁

j tj =
m.

In both binomial laws, the choice of success probability 1/2 is immaterial after conditioning on
the displayed total sums; any fixed success probability in (0, 1) gives the same conditional law. We
use the following comparison results of Liebenau and Wormald [13,14].

Theorem A.3 ([14], Theorem 1.4). Let µ0 > 0 be a sufficiently small constant, and let 1/2 < α <
3/5. Let n and m be integers, and let d = 2m/n. Assume that µ = d

n−1 satisfies µ ≤ µ0, and for all
fixed K > 0, logK n/n = o(µ). Uniformly over all d ∈ Dgraph

n,m with |di − d| ≤ dα for all i, we have

PG(n,m)(d) = PB(n,m)(d) exp

(︃
1

4
− γ2(d)

2

4µ2(1− µ)2

)︃(︃
1 +O

(︃
log2 n√

n
+ d5α−3

)︃)︃
,

where γ2(d) = 1
(n−1)2

∑︁
i(di − d)2.

Theorem A.4 ([13], Theorem 1.1, bipartite case). Let µ0 > 0 be a sufficiently small constant, and
let 1/2 < α < 3/5. Let ℓ, n,m be integers such that

µ :=
m

nℓ
< µ0 and (ℓ+ n)5−5α = o(ℓnm3−5α),

and for all fixed K > 0, ℓ logK n+ n logK ℓ = o(m). Let s = m/ℓ and t = m/n.
Uniformly over all (s, t) ∈ Dbigraph

ℓ,n,m with |si − s| ≤ sα for all i and |tj − t| ≤ tα for all j, we have

PG(ℓ,n,m)((s, t)) = PB(ℓ,n,m)((s, t))H(s, t)

(︃
1 +O

(︃
log2 ℓ√

ℓ
+

log2 n√
n

+min{s, t}5α−5m
2

ℓn

)︃)︃
,

where

H(s, t) = exp

(︃
−1

2

(︃
1− σ2(s)

s(1− µ)

)︃(︃
1− σ2(t)

t(1− µ)

)︃)︃
where σ2(s) = 1

ℓ

∑︁
i(si − s)2 and σ2(t) = 1

n

∑︁
j(tj − t)2.
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A.2. Binomial point probabilities and Gaussian approximation. We have the following two-
tiered estimate for the PDF of a binomial random variable.

Lemma A.5. Fix a real parameter θ ∈ (1/2, 1) and a real constant T > 1. For all sufficiently large
n ∈ Z and p ∈ (T−1n−θ, Tn−θ), the following is true.

Select n′ ∈ Z and p′ ∈ (0, 1) such that |n′ − n| < T n√
pn and |p′ − p| < T p√

pn . There exist real
numbers N1 and N2 such that uniformly for x ∈ [−√

pn logn,
√
pn logn] ∩ (Z− pn), we have

P[Bin(n′, p′) = pn+ x] = (1 +O(p log2 n))N1

(︃
p′(n′ − pn)

(1− p′)pn

)︃x (pn)!(pn)x

(pn+ x)!

and
P[Bin(n′, p′) = pn+ x] =

(︁
1 +O(log3 n/

√
pn)
)︁
N2e

−(x−α
√
pn)2/2pn

where α =
√
pn log

(︂
p′(n′−pn)
(1−p′)pn

)︂
. Factorials with noninteger arguments are interpreted through the

Gamma function.

Proof. Uniformly for x ∈ [−√
pn logn,

√
pn logn] ∩ (Z− pn), we have

P[Bin(n′, p′) = pn+ x] =
n′!

(pn+ x)!(n′ − pn− x)!
p′pn+x(1− p′)n

′−pn−x

=
n′!

(pn)!(n′ − pn)!
p′pn(1− p′)n

′−pn · (n′ − pn)!

(n′ − pn− x)!

(pn)!

(pn+ x)!

(︃
p′

1− p′

)︃x

= (1 +O(p log2 n))
n′!

(pn)!(n′ − pn)!
p′pn(1− p′)n

′−pn

· (n′ − pn)x
(pn)!

(pn+ x)!

(︃
p′

1− p′

)︃x

= (1 +O(p log2 n))N1

(︃
p′(n′ − pn)

(1− p′)pn

)︃x (pn)!(pn)x

(pn+ x)!
,

for some normalization N1 independent of x. This proves the first equality.
For the second equality, we use the fact that

n! =
√
2πn(n/e)n(1 +O(1/n))

as n→ ∞. Indeed, uniformly for x ∈ [−√
pn logn,

√
pn logn] ∩ (Z− pn), we have

(pn+ x)!

(pn)!(pn)x
= (1 +O(1/pn))e−x

(︃
1 +

x

pn

)︃pn+x+ 1
2

= (1 +O(1/pn))e−x exp

(︃(︃
pn+ x+

1

2

)︃[︃
x

pn
− x2

2(pn)2
+O

(︃
log3 n

(pn)3/2

)︃]︃)︃
=

(︃
1 +O

(︃
log3 n
√
pn

)︃)︃
exp

(︃
x2

2pn

)︃
,

which combined with the previous equality implies the second equality. □

Theorem A.6. Fix a real parameter θ ∈ (1/2, 1), a positive integer d ≥ 1, an integer matrix
M ∈ Zr×d with nonzero, pairwise orthogonal rows, an r-dimensional vector inequality relation ≥′∈
{≥, >}r, a monomial ρ ∈ R[x1, . . . , xd], and a real constant T > 1. For all sufficiently large n ∈ Z
and p ∈ (T−1n−θ, Tn−θ), the following is true.

Select η ∈ ((T−1n, Tn) ∩ Z)d such that ∥Mη∥∞ < T n√
pn , and select α ∈ (−T, T )d. Then,

E[ρ(A− pη)1MA≥′0] = E[ρ(X)1MX≥−pMη] +O(
√
pndeg ρ−1 log3+deg ρ+d n)
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where At ∼ Bin

(︃
ηt,

p
1−p

eαt/
√

pηt

1+ p
1−p

eαt/
√
pηt

)︃
are all independently sampled, and Xt ∼ N (

√
pηtαt, pηt) are all

independently sampled.

Proof. Call a convex region C in Rd (each boundary can be either open or closed) good if it is
bounded by pairwise orthogonal planes with integer normal vectors whose entries are bounded by
∥M∥∞, and distance to the origin bounded by √

pn logn. For such a region, define

P1(C) :=
⋃︂

x∈
∏︁

t∈[d](Z−pηt)∩[−
√
pηt log ηt,

√
pηt log ηt]

x∈C

∏︂
t∈[d]

[xt, xt + 1),

and

P2(C) :=

⎧⎨⎩x ∈
∏︂
t∈[d]

[−√
pηt log ηt,

√
pηt log ηt] : x ∈ C

⎫⎬⎭ ,

and
P3(C) :=

{︂
x ∈ Rd : x ∈ C

}︂
.

Note that P[|At − pηt| >
√
pηt log ηt] = O(n−ω(1)) by Chernoff’s inequality, so Lemma A.5 gives

E[ρ(A− pη)1MA≥′0] =

∑︂
x∈

∏︁
t∈[d](Z−pηt)∩[−

√
pηt log ηt,

√
pηt log ηt]

Mx≥′−pMη

ρ(x)f(x)

∑︂
x∈

∏︁
t∈[d](Z−pηt)∩[−

√
pηt log ηt,

√
pηt log ηt]

f(x)
+O(

√
pndeg ρ−1 log3+deg ρ n),

where

f(x) := exp

⎛⎝−
∑︂
t∈[d]

(xt − αt
√
pηt)

2

2pηt

⎞⎠ .

The first step is to turn the summations into integrals over P1.
Note that for x ∈

∏︁
t∈[d][−

√
pηt log ηt,

√
pηt log ηt], we have

f(x+ ε) = f(x) +O(log n/
√
pn)

for any ε ∈ [0, 1)d. In particular, this implies that

f(x) =

∫︂
[0,1)d

dε f(x+ ε) +O(logn/
√
pn)

and

ρ(x)f(x) =

∫︂
[0,1)d

dε ρ(x+ ε)f(x+ ε) +O(
√
pndeg ρ−1 log1+deg ρ n)

for all x ∈
∏︁

t∈[d][−
√
pηt log ηt,

√
pηt log ηt]. Thus, letting CM = {x ∈ Rd :Mx ≥′ −pMη}, we have

E[ρ(A− pη)1MA≥′0] =

∫︁
P1(CM ) dx ρ(x)f(x) +O(

√
pndeg ρ+d−1 log1+deg ρ+d n)∫︁

P1(Rd) dx f(x) +O(
√
pnd−1 log1+d n)

+O(
√
pndeg ρ−1 log3+deg ρ n).
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There is a constant C such that for any good C, P1\P2 and P2\P1 are both contained in B(∂P2, C),
and volB(∂P2, C) = O(

√
pnd−1 logd−1 n). Therefore,

E[ρ(A− pη)1MA≥′0] =

∫︁
P2(CM ) dx ρ(x)f(x) +O(

√
pndeg ρ+d−1 log1+deg ρ+d n)∫︁

P2(Rd) dx f(x) +O(
√
pnd−1 log1+d n)

+O(
√
pndeg ρ−1 log3+deg ρ n).

Note that P2 ⊂ P3 and P3 \ P2 ⊂ {x ∈ Rd : ∥x∥∞ > C
√
pn logn} for some constant C, and∫︂

∥x∥∞>C
√
pn logn

dx f(x) = O(n−ω(1))∫︂
∥x∥∞>C

√
pn logn

dx ∥ρ(x)∥∞ f(x) = O(n−ω(1)).

Therefore,

E[ρ(A− pη)1MA≥′0] =

∫︁
P3(CM ) dx ρ(x)f(x) +O(

√
pndeg ρ+d−1 log1+deg ρ+d n)∫︁

P3(Rd) dx f(x) +O(
√
pnd−1 log1+d n)

+O(
√
pndeg ρ−1 log3+deg ρ n)

=

∫︁
x∈CM dx ρ(x)f(x)∫︁

x∈Rd dx f(x)
+O(

√
pndeg ρ−1 log3+deg ρ+d n),

as desired. □

The next result is the first-order expansion, in a small tilt of the success probabilities, of the
conditional expectations appearing in Theorem A.6. It is the tool with which the idealized process
of Section 5 is perturbed (Appendix E). Unlike Theorem A.6, it compares two binomial models with
each other rather than with a Gaussian one; the two models need only share the centering p˜︁η and
the conditioning event (their trial counts may differ from ˜︁η and from each other), and no structure
of M is used.

Theorem A.7 (Tilted expansion). Fix a real parameter θ ∈ (1/2, 1), a positive integer d ≥ 1,
a matrix M ∈ Rr×d, an r-dimensional vector inequality relation ≥′∈ {≥, >}r, a monomial ρ ∈
R[x1, . . . , xd], and a real constant T > 1. For all sufficiently large n ∈ Z and p ∈ (T−1n−θ, Tn−θ),
the following is true.

Select a reference size vector ˜︁η ∈ ((T−1n, Tn) ∩ Z)d and trial counts ˜︁η′, η ∈ Zd
≥1 such that

∥˜︁η′ − ˜︁η∥∞ , ∥η − ˜︁η∥∞ < T n√
pn , and select ˜︁q, q ∈ (0, 1)d such that ∥˜︁q − p∥∞ , ∥q − p∥∞ < T p√

pn and
∥β∥∞ < T√

pn log2 n
, where β ∈ Rd is defined coordinatewise by

βt := log

(︄
qt

1−qt
(ηt − p˜︁ηt)˜︁qt

1−˜︁qt (˜︁η′t − p˜︁ηt)
)︄
.

Let At ∼ Bin(ηt, qt) and ˜︁At ∼ Bin(˜︁η′t, ˜︁qt) all be sampled independently. Then

E[ρ(A− p˜︁η)1MA≥′0] = E
[︂
ρ( ˜︁A− p˜︁η)1

M ˜︁A≥′0

]︂
+
∑︂
t∈[d]

βt E
[︂
( ˜︁At − p˜︁ηt)ρ( ˜︁A− p˜︁η)1

M ˜︁A≥′0

]︂
−
∑︂
t∈[d]

βt E[ ˜︁At − p˜︁ηt]E [︂ρ( ˜︁A− p˜︁η)1
M ˜︁A≥′0

]︂
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+O
(︂
max

{︂
p, ∥β∥2∞ pn log2 n

}︂√
pndeg ρ log2+deg ρ n

)︂
.

Proof. Write ˜︁c := p˜︁η for the common center, D := deg ρ, and

Λ :=
∏︂
t∈[d]

(Z− ˜︁ct) ∩ [︂−√︁p˜︁ηt log ˜︁ηt, √︁p˜︁ηt log ˜︁ηt]︂
for the lattice window around the center, and R := {x ∈ Λ : Mx ≥′ −M˜︁c}. Since ˜︁ηt ∈ (T−1n, Tn)

we have
√︁
p˜︁ηt log ˜︁ηt ≍ √

pn logn, so on Λ every coordinate satisfies |xt| = O(
√
pn logn) and |ρ(x)| =

O(
√
pnD logD n). All implied constants below depend only on θ, d,M, ρ, T .

Step 1: truncation. The means satisfy |E ˜︁At−˜︁ct| ≤ |˜︁η′t− ˜︁ηt|˜︁qt+ ˜︁ηt|˜︁qt− p| ≤ 2T
√
pn+T 2√pn and

likewise |EAt − ˜︁ct| ≤ 2T
√
pn+ T 2√pn, and the variances are O(pn), so Chernoff’s inequality gives

P[A − ˜︁c /∈ Λ] = O(n−ω(1)) and P[ ˜︁A − ˜︁c /∈ Λ] = O(n−ω(1)). For large n, the trial counts ηt and ˜︁η′t
are at most 2Tn, so |ρ(A−˜︁c)| and |ρ( ˜︁A−˜︁c)| are deterministically O(nD), while multiplying by one
centered coordinate gives O(nD+1); the coefficients of ρ are absorbed into the implied constants.
Consequently the contributions of the complement of Λ to all expectations in the statement are
O(n−ω(1)), and the events {MA ≥′ 0} and {M ˜︁A ≥′ 0} coincide with {A− ˜︁c ∈ R} and { ˜︁A− ˜︁c ∈ R}
on Λ, because A = ˜︁c+ x satisfies MA ≥′ 0 if and only if Mx ≥′ −M˜︁c, and likewise for ˜︁A.

Step 2: the two point probabilities. Apply the first formula of Lemma A.5, for each t, with its
n equal to ˜︁ηt (so that its center is p˜︁ηt = ˜︁ct and its window is the tth factor of Λ), its constant
T replaced by T 3/2+θ, and (n′, p′) = (˜︁η′t, ˜︁qt), respectively (n′, p′) = (ηt, qt); the hypotheses hold
because p ∈ (T−1−θ˜︁η−θ

t , T 1+θ˜︁η−θ
t ), |qt−p|, |˜︁qt−p| < Tp/

√
pn ≤ T 3/2p/

√︁
p˜︁ηt, and |ηt−˜︁ηt|, |˜︁η′t−˜︁ηt| <

Tn/
√
pn ≤ T 3/2˜︁ηt/√︁p˜︁ηt. Writing

˜︁κt := ˜︁qt(˜︁η′t − ˜︁ct)
(1− ˜︁qt)˜︁ct , κt :=

qt(ηt − ˜︁ct)
(1− qt)˜︁ct , gt(x) :=

˜︁ct!˜︁cxt
(˜︁ct + x)!

, w(x) :=
∏︂
t∈[d]

˜︁κxt
t gt(xt),

we obtain, uniformly for x ∈ Λ,

P
[︂ ˜︁A = ˜︁c+ x

]︂
=
(︁
1 +O(p log2 n)

)︁ ˜︁N w(x), P [A = ˜︁c+ x] =
(︁
1 +O(p log2 n)

)︁
N eβ·xw(x),

for normalizations ˜︁N ,N not depending on x, where we used that κt/˜︁κt = eβt by the definition of
β, and that a product of d factors 1 +O(p log2 n) is again 1 +O(p log2 n).

Step 3: reduction to averages against w. For a function h on Λ write

⟨h⟩ :=
∑︁

x∈Λ h(x)w(x)∑︁
x∈Λw(x)

.

By Step 1, ˜︁N∑︁
x∈Λ(1 + O(p log2 n))w(x) = P[ ˜︁A− ˜︁c ∈ Λ] = 1− O(n−ω(1)), so for every function h

on Λ with |h| ≤ H,

E
[︂
h( ˜︁A− ˜︁c)1 ˜︁A−˜︁c∈Λ

]︂
= P[ ˜︁A− ˜︁c ∈ Λ]

∑︁
x∈Λ h(x)

(︁
1 +O(p log2 n)

)︁
w(x)∑︁

x∈Λ
(︁
1 +O(p log2 n)

)︁
w(x)

= ⟨h⟩+O
(︁
p log2 n ·H

)︁
.

(A.1)

The window-mass factor is 1−O(n−ω(1)) by Step 1; its contribution O(Hn−ω(1)) is absorbed in the
displayed error. The same holds for A with w replaced by eβ·xw in the definition of the average.
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Applying (A.1) with h = ρ1R, h = xtρ1R, and h = xt, and using Step 1,

E
[︂
ρ( ˜︁A− ˜︁c)1

M ˜︁A≥′0

]︂
= ⟨ρ1R⟩+O

(︂
p
√
pnD log2+D n

)︂
,

E
[︂
( ˜︁At − ˜︁ct)ρ( ˜︁A− ˜︁c)1

M ˜︁A≥′0

]︂
= ⟨xtρ1R⟩+O

(︂
p
√
pnD+1 log3+D n

)︂
,

E
[︂ ˜︁At − ˜︁ct]︂ = ⟨xt⟩+O

(︁
p
√
pn log3 n

)︁
,

(A.2)

and

E [ρ(A− ˜︁c)1MA≥′0] =

∑︁
x∈R ρ(x)e

β·xw(x)∑︁
x∈Λ e

β·xw(x)
+O

(︂
p
√
pnD log2+D n

)︂
. (A.3)

Step 4: expansion of the tilt. On Λ we have |β · x| ≤ d ∥β∥∞maxt |xt| = O(1/ logn), so eβ·x =

1 + β · x + O((β · x)2) = 1 + β · x + O(δ) with δ := ∥β∥2∞ pn log2 n = O(1/ log2 n). Inserting
this into (A.3), the numerator becomes ⟨ρ1R⟩ +

∑︁
t βt⟨xtρ1R⟩ + O(δ

√
pnD logD n) times

∑︁
Λw,

and the denominator becomes 1 + u + O(δ) times
∑︁

Λw, where u :=
∑︁

t βt⟨xt⟩. By (A.2) and
Step 1, ⟨xt⟩ = E[ ˜︁At − ˜︁ct] + O(p

√
pn log3 n) = O(

√
pn), so |u| = O(∥β∥∞

√
pn) = O(1/ log2 n) and

u2 ≤ d2 ∥β∥2∞ pn · O(1) ≤ O(δ); hence (1 + u + O(δ))−1 = 1 − u + O(δ). Multiplying out, and
using |⟨xtρ1R⟩| = O(

√
pnD+1 logD+1 n) so that

∑︁
t βt⟨xtρ1R⟩ · u = O(∥β∥2∞ pn logD+1 n

√
pnD) =

O(δ
√
pnD logD n),∑︁

x∈R ρ(x)e
β·xw(x)∑︁

x∈Λ e
β·xw(x)

= ⟨ρ1R⟩+
∑︂
t∈[d]

βt (⟨xtρ1R⟩ − ⟨xt⟩⟨ρ1R⟩) +O
(︂
δ
√
pnD logD n

)︂
.

Step 5: conclusion. Substitute (A.2) into the right-hand side. The zeroth-order term contributes
an error O(p

√
pnD log2+D n). In the first-order terms, each βt = O(1/(

√
pn log2 n)) multiplies an

error of size O(p
√
pnD+1 log3+D n), giving O(p

√
pnD log1+D n). Together with (A.3) and the bound

δ
√
pnD logD n ≤ ∥β∥2∞ pn log2 n

√
pnD log2+D n,

all errors are O(max{p, ∥β∥2∞ pn log2 n}√pnD log2+D n), which is the statement. □

A.3. Sufficient conditions for graphicality. The following sufficient conditions, consequences
of the Erdős–Gallai and Gale–Ryser theorems, are used in Appendix B to show that the degree
arrays arising there are graphical.

Lemma A.8. Let d1, . . . , dn be nonnegative integers with even sum S and maximum degree ∆. If

S ≥ ∆(∆+ 1),

then (d1, . . . , dn) is graphical.

Proof. Arrange the sequence in nonincreasing order and write Lr :=
∑︁r

i=1 di, so that Lr ≤ r∆. By
the Erdős–Gallai theorem, it suffices to prove Lr ≤ r(r−1)+

∑︁n
i=r+1min(r, di) for every 1 ≤ r ≤ n.

If r ≥ ∆, then min(r, di) = di for i > r, and

r(r − 1) +

n∑︂
i=r+1

min(r, di) = r(r − 1) + S − Lr ≥ r(r − 1) + ∆(∆ + 1)− r∆

= r∆+ (r −∆)(r −∆− 1) ≥ r∆ ≥ Lr,
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where the second inequality holds because (r − ∆)(r − ∆ − 1) ≥ 0 for every integer r. If r < ∆,
then min(r, di) ≥ rdi/∆ for every i, and

n∑︂
i=r+1

min(r, di) ≥
r

∆
(S−Lr) ≥

r

∆
(S− r∆) ≥ r

∆
(∆(∆ + 1)− r∆) = r∆− r(r−1) ≥ Lr− r(r−1).

□

Lemma A.9. Let a1, . . . , aℓ and b1, . . . , bn be nonnegative integer sequences with equal sum M . Let
∆L := maxi ai and ∆R := maxj bj. If

M ≥ ∆L∆R,

then the pair of sequences is bipartite-graphical.

Proof. Arrange a1, . . . , aℓ in nonincreasing order. By Gale–Ryser, it suffices to show
r∑︂

i=1

ai ≤
n∑︂

j=1

min(r, bj)

for every 1 ≤ r ≤ ℓ. If r ≥ ∆R, the right side is M , and the inequality is immediate. If r < ∆R,
then min(r, bj) ≥ rbj/∆R for every j, so the right side is at least rM/∆R ≥ r∆L ≥

∑︁r
i=1 ai. □

A.4. Concentration and counting. We have the following second moment bound for the degree
sequences of G(n, p) and G(ℓ, n, p); it is used in the proof of Lemma B.3. Recall that degGS v denotes
the number of neighbors of v in S in the graph G.

Lemma A.10. Fix a real parameter θ ∈ (1/2, 1) and constants T > 1 and K > 0. There exists a
constant CA.10(K) = CA.10(θ, T,K) > 0 such that, writing C := CA.10(K), for all sufficiently large
n ∈ Z and p ∈ (T−1n−θ, Tn−θ) the following are true.

(i) Sample G ∼ G(n, p) and let (d1, . . . , dn) be the resulting degree sequence, with mean d. Then,

P

[︄
n∑︂

i=1

(di − d)2 ≥ Cpn2 and max
i∈[n]

|di − pn| ≤ pn

]︄
≤ exp(−Kn).

(ii) Consider ℓ ∈ Z with ℓ ∈ [T−1n, Tn]. Sample G ∼ G(ℓ, n, p) and let (s1, . . . , sℓ), (t1, . . . , tn)
be the resulting degree sequences, with means s and t respectively. Then,

P

⎡⎣⎛⎝ ℓ∑︂
i=1

(si − s)2 ≥ Cpℓn or
n∑︂

j=1

(tj − t)2 ≥ Cpℓn

⎞⎠ and Kℓ,n

⎤⎦ ≤ exp(−Kn),

where Kℓ,n denotes the event that |si − pn| ≤ pn for all i ∈ [ℓ] and |tj − pℓ| ≤ pn for all
j ∈ [n].

Proof. We first record a moment generating function bound for a single truncated binomial variable.
Let Y ∼ Bin(r, p), let B > 0 with B ≥ rp, write Y := Y − rp, and put λ := 1/(20B). Bernstein’s
inequality (Theorem 2.8.4 of [22]), applied to the r independent centered Bernoulli variables whose
sum is Y , which are bounded by 1 and whose variances sum to rp(1− p) ≤ B, gives for 0 ≤ u ≤ 2B

P
[︁
|Y | > u

]︁
≤ 2 exp

(︃
− u2/2

B + u/3

)︃
≤ 2 exp

(︃
− 3u2

10B

)︃
.

For X ≥ 0, b > 0, and an increasing differentiable g we have E[g(min(X, b))] = g(0)+
∫︁ b
0 g

′(u)P[X >

u] du; applying this with X = |Y |, b = 2B, and g(u) = eλu
2 , and using eλY

2

1|Y |≤2B ≤ eλmin(|Y |,2B)2 ,

E
[︂
eλY

2

1|Y |≤2B

]︂
≤ 1 +

∫︂ 2B

0
2λu eλu

2
P
[︁
|Y | > u

]︁
du
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≤ 1 +

∫︂ ∞

0
4λu exp

(︃
− u2

4B

)︃
du = 1 + 8λB =

7

5
≤ e1/2.

Consequently, if Y 1, . . . , Y q are independent, each of the form Yi − rip with Yi ∼ Bin(ri, p) and
rip ≤ B, then for every t > 0, by Markov’s inequality applied to exp(λ

∑︁
i Y

2
i ) on the truncation

event,

P

[︄
q∑︂

i=1

Y
2
i ≥ t and max

i
|Y i| ≤ 2B

]︄
≤ e−λt

q∏︂
i=1

E
[︂
eλY

2
i 1|Y i|≤2B

]︂
≤ exp

(︃
− t

20B
+
q

2

)︃
. (A.4)

We prove (i). Since the empirical mean d minimizes a ↦→
∑︁

i(di − a)2, we have
∑︁

i(di − d)2 ≤∑︁
i(di − p(n − 1))2, so it suffices to bound the probability of E ∩ K, where E is the event that∑︁n
i=1(di − p(n− 1))2 ≥ Cpn2 and K is the event that |di − pn| ≤ pn for all i ∈ [n].
We first show that E is contained in a union of events that involve only independent variables.

Let S be a uniformly random subset of [n], let U = [n] \ S, and let ES denote averaging over the
randomness of S only. For v ∈ [n] write

∆S(v) := degGS v − p|S \ {v}|, ∆U (v) := degGU v − p|U \ {v}|,
so that ∆S(v)+∆U (v) = dv−p(n−1). Both ∆S(v) and ∆U (v) are determined by G and by S \{v},
and 1v∈S is independent of S \ {v}. Hence

ES

[︁
1v∈U∆S(v)

2 + 1v∈S∆U (v)
2
]︁
=

1

2
ES

[︁
∆S(v)

2 +∆U (v)
2
]︁

≥ 1

4
ES

[︂
(∆S(v) + ∆U (v))

2
]︂
=

1

4
(dv − p(n− 1))2.

Summing over v, on the event E we have

ES

[︄∑︂
v∈U

∆S(v)
2 +

∑︂
v∈S

∆U (v)
2

]︄
≥ Cpn2/4,

so there is some S ⊆ [n] with
∑︁

v∈U ∆S(v)
2 ≥ Cpn2/8 or

∑︁
v∈S ∆U (v)

2 ≥ Cpn2/8. Exchanging the
roles of S and U in the second case, and noting that ∆S(v) = degGS v− p|S| for v ∈ U , we conclude
that E ⊆

⋃︁
S⊆[n] ES , where

ES :=

⎧⎨⎩ ∑︂
v∈[n]\S

(degGS v − p|S|)2 ≥ Cpn2/8

⎫⎬⎭ .

Fix S. Over the randomness of G, the variables degGS v for v ∈ [n]\S are independent Bin(|S|, p)
variables, since they are determined by the disjoint edge sets {v} × S. On K we have 0 ≤ degGS v ≤
dv ≤ 2pn and 0 ≤ p|S| ≤ pn, so | degGS v − p|S|| ≤ 2pn for every v. Applying (A.4) with B = pn,
t = Cpn2/8, and q = n− |S| ≤ n,

P[ES ∩ K] ≤ exp

(︃
−Cn

160
+
n

2

)︃
.

A union bound over the 2n sets S gives P[E ∩ K] ≤ exp(−(C/160− 1/2− log 2)n) ≤ exp(−Kn) as
soon as C ≥ 160(K + 2).

For (ii) no bisection is needed: the variables si, i ∈ [ℓ], are independent Bin(n, p) variables, and
the variables tj , j ∈ [n], are independent Bin(ℓ, p) variables. As before,

∑︁
i(si − s)2 ≤

∑︁
i(si − pn)2

and
∑︁

j(tj − t)2 ≤
∑︁

j(tj − pℓ)2. Apply (A.4) with B = Tpn, which is at least np and at least ℓp,
with t = Cpℓn ≥ Cpn2/T , and with q = ℓ ≤ Tn, respectively q = n; the truncation hypotheses
|si − pn| ≤ pn and |tj − pℓ| ≤ pn are stronger than the required |Y i| ≤ 2B. Each of the two
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events in question therefore has probability at most exp(−Cn/(20T 2) + Tn/2) on the truncation
event, and their union has probability at most 2 exp(−Cn/(20T 2)+Tn/2) ≤ exp(−Kn) as soon as
C ≥ 20T 2(K+T ). Both parts therefore hold with CA.10(K) := max{160(K+2), 20T 2(K+T )}. □

We have the following basic counting lemma, also used in the proof of Lemma B.3.

Lemma A.11. Fix a real parameter θ ∈ (1/2, 1) and constants T > 1 and C > 0. There ex-
ists a constant CA.11(C) = CA.11(θ, T, C) > 0 such that for all sufficiently large n ∈ Z and
p ∈ (T−1n−θ, Tn−θ), the number of integer sequences

|{(y1, . . . , yn) ∈ ([−C√np,C√np] ∩ Z)n : y1 + · · ·+ yn = 0}|
is at least exp(−CA.11(C)n)(

√
np)n.

Proof. Write n0 := n−⌈n2/3⌉ and J := [−C√np,C√np]∩Z, so that |J | ≥ C
√
np. By Chebyshev’s

inequality, at least half of all sequences (y1, . . . , yn0) ∈ Jn0 have |y1+ · · ·+ yn0 | ≤ 2C
√
n
√
np. Each

such sequence has at least one continuation (yn0+1, . . . , yn) ∈ Jn−n0 making the overall sum 0, since
the remaining ⌈n2/3⌉ entries, each ranging over the integer interval J , can contribute any integer of
absolute value at most ⌈n2/3⌉⌊C√np⌋, and ⌈n2/3⌉⌊C√np⌋ ≥ 2C

√
n
√
np for large n. Therefore, the

number of sequences in question is at least
1

2
|J |n0 ≥ 1

2
(C

√
np)n−n2/3−1 ≥ exp(−CA.11(C)n)(

√
np)n

for a suitable constant CA.11(C) > 0 depending only on θ, T , and C (the factor (
√
np)−n2/3−1 ≥

exp(−n2/3 log n) and the factor 1
2C

n−n2/3−1 are both ≥ exp(−O(n))), as desired. □

A.5. Conditioning a Gaussian vector on an open set. The following elementary facts are
used in Section 4 and Appendix D.

Lemma A.12 (Conditioning on an open set). Let X ∼ N (γ,Σ) with Σ ∈ Rd×d positive definite
and let O ⊆ Rd be a nonempty open convex set. Then P[X ∈ O] > 0, E[X | X ∈ O] ∈ O, and
Cov(X | X ∈ O) is positive definite.

Proof. The density φ of X is positive on all of Rd, and O is a nonempty open set, hence has positive
Lebesgue measure; therefore P[X ∈ O] =

∫︁
O φ > 0, and the law of X conditioned on {X ∈ O} has

the density φ1O/P[X ∈ O], which is positive on O and vanishes off O.
Let µ := E[X | X ∈ O] and suppose µ /∈ O. Since O is convex and open, the separating

hyperplane theorem gives u ∈ Rd \ {0} with u · x ≤ u · µ for all x ∈ O, and the inequality is strict
for every x ∈ O because O is open. Hence u ·X < u · µ almost surely under the conditioned law,
and taking expectations, u · µ = E[u ·X | X ∈ O] < u · µ, a contradiction. Thus µ ∈ O.

Finally let u ∈ Rd \ {0}. Then u⊤Cov(X | X ∈ O)u = Var(u · X | X ∈ O). If this vanished,
the conditioned law would be supported on the hyperplane {x : u · x = u · µ}, which has Lebesgue
measure zero, whereas the conditioned law has a density that is positive on the open set O and
therefore gives positive mass to O minus any Lebesgue-null set. Hence the variance is positive, and
Cov(X | X ∈ O) is positive definite. □

Appendix B. The fiber law: transference to the row model

This appendix proves the lemmas used in the proof of Proposition 3.8 and Proposition 3.9, in
the order in which they depend on one another: graphicality of the arrays in the fiber, comparison
of the graphical degree law GΠ,m with the conditioned row model, second-moment regularity in
both models, and finally the exact-total lower bound and binomial regularity in the row model.
Throughout, the notation is that of Definitions 3.1 and 3.5, and the tools of Appendix A are used
freely.
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B.1. Graphicality of the arrays in the fiber.

Lemma B.1 (Automatic graphicality). Fix θ ∈ (1/2, 1), an integer k ≥ 1, and T > 1. For all
sufficiently large N , the following holds. Let V be a finite set with |V | = N , let p ∈ (T−1N−θ, TN−θ),
and let Π ∈ Partk(V ) and m ∈ M(Π) satisfy

|Π[s]| ≥ T−1N

and

|m[s, t]− p|Π[s]||Π[t]|| ≤ T
N2p√
pN

for every s, t ∈ {0, 1}k. If d ∈ A(Π) satisfies m(Π,d) = m and κp(Π,d), then d ∈ D(Π).

Proof. By Fact 2.1, it suffices to show that for every internal block pair {s, s} the sequence
(d[x, s])x∈Π[s] is the degree sequence of some simple graph on Π[s], and that for every bipartite
block pair {s, t} the pair of sequences (d[x, t])x∈Π[s], (d[y, s])y∈Π[t] is the pair of degree sequences of
some simple bipartite graph between Π[s] and Π[t].

Fix s. The sequence (d[x, s])x∈Π[s] has even sum m[s, s], and by the assumptions m[s, s] ≍ pN2.
By κp,

∆s := max
x∈Π[s]

d[x, s] ≤ p|Π[s]|+ (pN)4/7 = O(pN).

Since ∆s(∆s+1) = O(p2N2) = o(pN2), we havem[s, s] ≥ ∆s(∆s+1) for all sufficiently large N , and
Lemma A.8 implies that there is a simple graph on Π[s] with degree sequence (d[x, s])x∈Π[s]. Now
fix s ̸= t. The two sequences (d[x, t])x∈Π[s] and (d[y, s])y∈Π[t] have the common sum m[s, t] ≍ pN2,
and by κp their maxima ∆s,t and ∆t,s are O(pN), so m[s, t] ≥ ∆s,t∆t,s for all sufficiently large N ,
and Lemma A.9 implies that there is a simple bipartite graph between Π[s] and Π[t] with these two
degree sequences. Thus d ∈ D(Π). □

B.2. Comparison of the graphical and binomial degree laws.

Lemma B.2 (Enumeration comparison). Fix θ ∈ (1/2, 1), an integer k ≥ 1, and constants T > 1
and ϕ ∈ (0, 1/2). There is a constant CB.2 = CB.2(θ, k, T ) > 0, and for every CΓ > 0 a constant
C ′
B.2(CΓ) = C ′

B.2(θ, k, T, CΓ) > 1, such that for all sufficiently large N the following holds. Let V be
a finite set with |V | = N , let p ∈ (T−1N−θ, TN−θ), suppose that (y, λ) is (T, ϕ, p)-locally admissible
with y = (Π,m, 1), and let d ∈ A(Π) satisfy m(Π,d) = m and κp(Π,d).

(i) (Weak comparison.)

GΠ,m(d) ≤ exp{CB.2(pN)2/7}RΠ,λ(d | m(Π,D) = m),

GΠ,m(d) ≥ exp{−CB.2(pN)2/7}RΠ,λ(d | m(Π,D) = m).

(ii) (Strong comparison.) If d also satisfies ΓCΓ,p(Π,m,d), then

GΠ,m(d) ≤ C ′
B.2(CΓ)RΠ,λ(d | m(Π,D) = m),

GΠ,m(d) ≥ C ′
B.2(CΓ)

−1 RΠ,λ(d | m(Π,D) = m).

Proof. Factorization over block pairs. Write {m} := {d′ ∈ A(Π) : m(Π,d′) = m}. For d ∈ {m}
and a block pair {s, t} of Π, let ds,s := (d[x, s])x∈Π[s] be the degree sequence of d on the internal
block pair {s, s}, which has sum m[s, s], and let ds,t :=

(︁
(d[x, t])x∈Π[s], (d[y, s])y∈Π[t]

)︁
be its pair of

degree sequences on the bipartite block pair {s, t}, which have common sum m[s, t]. The array d
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is the same as the collection of these sequences, and both laws in the statement factor over block
pairs, in the notation of Definitions A.1 and A.2:

GΠ,m(d) =
∏︂

s∈{0,1}k
PG(n[s],m[s,s]/2)(ds,s)

∏︂
{s,t}: s̸=t

PG(n[s],n[t],m[s,t])(ds,t),

RΠ,λ(d | {m}) =
∏︂

s∈{0,1}k
PB(n[s],m[s,s]/2)(ds,s)

∏︂
{s,t}: s̸=t

PB(n[s],n[t],m[s,t])(ds,t).
(B.1)

The first identity is Definition 3.5: under GΠ,m, the restrictions of G to the block pairs are indepen-
dent uniformly random simple graphs on Π[s] with m[s, s]/2 edges, respectively bipartite graphs
between Π[s] and Π[t] with m[s, t] edges. For the second identity, RΠ,λ is a product law and {m} is
an intersection of one constraint per block pair, so the block-pair sequences remain independent after
conditioning; and for independent binomial variables with a common success probability λ, every
point probability on the event that their sum equals M carries the same factor λM (1− λ)trials−M ,
so the conditional law given the sum does not depend on λ and coincides with the laws PB(·), which
were defined with success probability 1/2. In particular the numerical values of λ[s, t] play no role
in this proof.

Hypotheses of the enumeration theorems. Write d̄s,t := m[s, t]/n[s] for the average of the sequence
(d[x, t])x∈Π[s]. By (LA2), n[s] ≍ N ; by (LA2) and (LA3), d̄s,t ≍ pN and

⃓⃓
d̄s,t − p n[t]

⃓⃓
≤ TN2p√

pN n[s]
≤ T 2

√︁
pN. (B.2)

Hence κp(Π,d) and (B.2) give, for all s, t ∈ {0, 1}k and x ∈ Π[s],⃓⃓
d[x, t]− d̄s,t

⃓⃓
≤ (pN)4/7 + T 2

√︁
pN ≤ 2(pN)4/7 ≤ d̄

7/12
s,t (B.3)

for large N , which is the maximum-degree hypothesis of Theorems A.3 and A.4 with α = 7/12,
applied to each block pair after identifying Π[s] with [n[s]]. Their remaining hypotheses hold as well:
the densities µs and µs,t defined below are ≍ p→ 0; the average degrees are ≍ pN ≥ T−1N1−θ, so
logK N/N = o(µs) and N logK N = o(m[s, t]) for every fixed K; and for α = 7/12 the condition
(ℓ + n)5−5α = o(ℓnm3−5α) of Theorem A.4, with ℓ = n[s], n = n[t], m = m[s, t], reads N25/12 =

o(N2(pN2)1/12) up to constants, that is, (pN)1/12 → ∞. Every d in the statement is graphical
by Lemma B.1, whose hypotheses are supplied by (LA2) and (LA3); thus each block-pair degree
sequence of d is realized by a simple graph, respectively bipartite graph, so the left-hand sides in
(B.4) below are positive.

The block-pair ratios. Put µs := d̄s,s/(n[s]− 1), µs,t := m[s, t]/(n[s]n[t]), both ≍ p, and

γ2(ds,s) :=
1

(n[s]− 1)2

∑︂
x∈Π[s]

(︁
d[x, s]− d̄s,s

)︁2
, σ2s,t :=

1

n[s]

∑︂
x∈Π[s]

(︁
d[x, t]− d̄s,t

)︁2
.

The error terms of Theorems A.3 and A.4 are o(1) in the present ranges: with α = 7/12 they are
O(log2N/

√
N + (pN)−1/12), respectively O(log2N/

√
N + (pN)−25/12 · p2N2) = O(log2N/

√
N +

(pN)−1/12). The theorems therefore read

PG(n[s],m[s,s]/2)(ds,s)

PB(n[s],m[s,s]/2)(ds,s)
= (1 + o(1)) exp

(︃
1

4
− γ2(ds,s)

2

4µ2s(1− µs)2

)︃
,

PG(n[s],n[t],m[s,t])(ds,t)

PB(n[s],n[t],m[s,t])(ds,t)
= (1 + o(1))Hs,t,

(B.4)
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where

Hs,t := exp

(︄
−1

2

(︄
1−

σ2s,t

d̄s,t(1− µs,t)

)︄(︄
1−

σ2t,s

d̄t,s(1− µs,t)

)︄)︄
.

Taking logarithms in (B.1) and substituting (B.4),

log
GΠ,m(d)

RΠ,λ(d | {m})
=

∑︂
s∈{0,1}k

(︃
1

4
− γ2(ds,s)

2

4µ2s(1− µs)2

)︃
+

∑︂
{s,t}: s̸=t

logHs,t + o(1). (B.5)

Proof of (i). By (B.3),

γ2(ds,s) ≤
4n[s](pN)8/7

(n[s]− 1)2
= O

(︂
p(pN)1/7

)︂
,

γ2(ds,s)
2

4µ2s(1− µs)2
= O

(︄
p2(pN)2/7

p2

)︄
= O

(︂
(pN)2/7

)︂
,

and

σ2s,t ≤ 4(pN)8/7,
σ2s,t

d̄s,t(1− µs,t)
= O

(︂
(pN)1/7

)︂
,

so that | logHs,t| ≤ 1
2

(︁
1 +O

(︁
(pN)1/7

)︁)︁2
= O

(︁
(pN)2/7

)︁
. Each of the 2k +

(︁
2k

2

)︁
terms in (B.5) is

therefore O((pN)2/7) in absolute value, with implied constants depending only on θ, k, T ; this is (i).
Proof of (ii). If ΓCΓ,p(Π,m,d) holds, then

∑︁
x∈Π[s](d[x, t]− d̄s,t)2 ≤ CΓpN

2 for all s, t, so in place
of the bounds above,

γ2(ds,s) ≤
CΓpN

2

(n[s]− 1)2
= O(CΓp),

γ2(ds,s)
2

4µ2s(1− µs)2
= O

(︁
C2
Γ

)︁
,

σ2s,t ≤
CΓpN

2

n[s]
= O(CΓpN), | logHs,t| = O

(︁
(1 + CΓ)

2
)︁
,

and every term in (B.5) is bounded in absolute value by a constant depending only on θ, k, T, CΓ;
this is (ii). □

B.3. Second-moment regularity.

Lemma B.3 (Graphical fiber second-moment regularity). Fix θ ∈ (1/2, 1), an integer k ≥ 1, and
constants T > 1 and ϕ ∈ (0, 1/2). There exists a constant CB.3 = CB.3(θ, k, T, ϕ) ≥ 1 such that for
all sufficiently large N , all p ∈ (T−1N−θ, TN−θ), and every finite set V with |V | = N , if (y, λ) is
(T, ϕ, p)-locally admissible with y = (Π,m, 1) ∈ Yk(V ), then

GΠ,m (ΓCB.3,p(Π,m,D) | IΠ, κp(Π,D)) ≥ 1− e−N .

Proof. Let PΠ,p denote the law of δ(Π, G) for G ∼ G(V, p), with the partition Π fixed, and abbreviate
{m} := {D ∈ A(Π) : m(Π,D) = m}, κp := κp(Π, ·), and ΓC := ΓC,p(Π,m, ·) for C > 0. By
Definition 3.5, GΠ,m = PΠ,p[ · | {m}], so for every event E ⊆ A(Π),

GΠ,m(E) =
PΠ,p [E ∩ {m}]
PΠ,p [{m}]

. (B.6)

Applying (B.6) to numerator and denominator, the quantity to be bounded is

GΠ,m

(︁
Γc
CB.3

| IΠ ∩ κp
)︁
=

GΠ,m

(︂
Γc
CB.3

∩ IΠ ∩ κp
)︂

GΠ,m (IΠ ∩ κp)
=
PΠ,p

[︂
Γc
CB.3

∩ IΠ ∩ κp ∩ {m}
]︂

PΠ,p [IΠ ∩ κp ∩ {m}]
. (B.7)

We will exhibit a constant C5, depending only on θ, k, T, ϕ and not on CB.3, such that the de-
nominator is at least e−C5N (Steps 1–3), and then choose CB.3 so that the numerator is at most
e−(C5+1)N (Step 4). The constants C0, . . . , C5 and C∗ below are internal to this proof and depend
only on θ, k, T, ϕ.
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Step 1: lower bound for PΠ,p[{m}]. Under PΠ,p, the edge counts of the block pairs of Π are
independent, so PΠ,p[{m}] is the product, over the block pairs of Π, of the probabilities that the
edge count of the internal block pair {s, s} equals m[s, s]/2, respectively that the edge count of
the bipartite block pair {s, t} equals m[s, t]. Each such edge count is a binomial variable Bin(R, p)

with R =
(︁
n[s]
2

)︁
, respectively R = n[s]n[t], so that Rp ≍ N2p by (LA2), and by (LA3) the target

value j (= m[s, s]/2, respectively m[s, t]) satisfies |j − Rp| = O(N2p/
√
pN). We use the following

elementary lower bound for binomial point probabilities. For an integer 0 < j < R, put q := j/R.
The term

(︁
R
j

)︁
qj(1− q)R−j is the largest of the R + 1 terms of the binomial distribution Bin(R, q),

whose mode is at ⌊(R + 1)q⌋ = j, and these terms sum to 1, so
(︁
R
j

)︁
qj(1 − q)R−j ≥ (R + 1)−1.

Therefore

P[Bin(R, p) = j] =

(︃
R

j

)︃
pj(1− p)R−j ≥ 1

R+ 1

(︃
p

q

)︃j (︃1− p

1− q

)︃R−j

=
1

R+ 1
exp (−RD(q ∥ p))

≥ 1

R+ 1
exp

(︃
− (j −Rp)2

Rp(1− p)

)︃
,

where D(q∥p) = q log q
p + (1 − q) log 1−q

1−p , and the last step uses log u ≤ u − 1 twice: q log q
p ≤

q(q−p)
p and (1 − q) log 1−q

1−p ≤ (1−q)(p−q)
1−p , whose sum is (q−p)2

p(1−p) . In our situation (j − Rp)2/(Rp) =

O
(︁
N4p2/(pN ·N2p)

)︁
= O(N) and log(R+ 1) = O(logN), so each of the 2k +

(︁
2k

2

)︁
probabilities is

at least exp(−C0N) for a constant C0 = C0(θ, k, T ), and hence, with C1 := (2k +
(︁
2k

2

)︁
)C0,

PΠ,p [{m}] ≥ exp(−C1N). (B.8)

Step 2: a large set E0 of good arrays. Let E0 be the set of arrays d ∈ A(Π) with m(Π,d) = m
and ⃓⃓⃓⃓

d[x, t]− m[s, t]

n[s]

⃓⃓⃓⃓
≤ 0.01

T2k

√︁
pN for every s, t ∈ {0, 1}k and x ∈ Π[s]. (B.9)

Every array in E0 satisfies IΠ. Indeed, fix s ∈ {0, 1}k, x ∈ Π[s], and 1 ≤ r ≤ k − 1. Summing (B.9)
over the 2k values of t,⃓⃓⃓⃓

⃓⃓ ∑︂
t∈{0,1}k

(−1)t[r−1]d[x, t]− 1

n[s]

∑︂
t∈{0,1}k

(−1)t[r−1]m[s, t]

⃓⃓⃓⃓
⃓⃓ ≤ 0.01

T

√︁
pN,

while (LA5) together with n[s] ≤ N gives⃓⃓⃓⃓
⃓⃓ 1

n[s]

∑︂
t∈{0,1}k

(−1)t[r−1]m[s, t]

⃓⃓⃓⃓
⃓⃓ ≥ 1

n[s]
· T−1 N

2p√
pN

≥ T−1
√︁
pN,

with the sign of the sum equal to (−1)s[r]. Hence
∑︁

t(−1)t[r−1]d[x, t] is nonzero with sign (−1)s[r],
which is exactly the rth inequality in Is(d[x, •]) (both the weak and the strict form). Every array
in E0 also satisfies κp: by (LA2) and (LA3), |m[s, t]/n[s] − p n[t]| ≤ TN2p/(

√
pN n[s]) ≤ T 2

√
pN ,

so (B.9) gives |d[x, t] − p n[t]| ≤ (T 2 + 0.01)
√
pN ≤ (pN)4/7 for all sufficiently large N . Finally,

squaring and summing (B.9) over x ∈ Π[s] gives
∑︁

x∈Π[s](d[x, t] − m[s, t]/n[s])2 ≤ 10−4pN2, so
every array in E0 satisfies Γ1, and hence ΓC for every C ≥ 1. In summary,

E0 ⊆ {m} ∩ IΠ ∩ κp ∩ Γ1 ⊆ {m} ∩ IΠ ∩ κp ∩ ΓC (C ≥ 1), (B.10)

and by Lemma B.1 every array in E0 is graphical.
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Step 3: lower bound for the denominator of (B.7). We first lower bound GΠ,m(E0) by summing
pointwise bounds over E0. We claim that, under the law RΠ,λ(· | {m}), each array in E0 has
probability at least

RΠ,λ (d | {m}) ≥ (pN)−2kN/2 exp(−C2N) for every d ∈ E0, (B.11)

with C2 depending only on θ, k, T . To see this, fix d ∈ E0. Since d ∈ {m}, conditioning can only
increase its probability, RΠ,λ(d | {m}) ≥ RΠ,λ(d), and by the product structure of RΠ,λ,

RΠ,λ(d) =
∏︂

s∈{0,1}k

∏︂
x∈Π[s]

∏︂
t∈{0,1}k

P [Bin (n[t]− 1s=t, λ[s, t]) = d[x, t]] ,

a product of 2kN binomial point probabilities. Each of them is a point probability at a bounded
number of standard deviations from the mean: by (B.9), (LA2), (LA3), and (LA6),

|d[x, t]− p n[t]| ≤
⃓⃓⃓⃓
d[x, t]− m[s, t]

n[s]

⃓⃓⃓⃓
+

⃓⃓⃓⃓
m[s, t]

n[s]
− p n[t]

⃓⃓⃓⃓
≤ (0.01 + T 2)

√︁
pN,

while the parameters n′ := n[t] − 1s=t and p′ := λ[s, t] of the binomial satisfy |n′ − n[t]| ≤ 1
and |p′ − p| ≤ Tp/

√
pN . We may therefore apply Lemma A.5 with its n equal to n[t] (note p ∈

(T ′−1n[t]−θ, T ′n[t]−θ) for T ′ := T 1+θ, by (LA2)), its (n′, p′) as above, and ξ := d[x, t]− p n[t] in the
role of the variable x of the lemma; by the previous display, ξ lies in the window |ξ| ≤

√︁
p n[t] log n[t]

of the lemma. In its second formula the parameter α =
√
pn log (p′(n′ − pn)/((1− p′)pn)) is

bounded by a constant depending only on T , because p′/p = 1 + O(1/
√
pN) and (n′ − pn)/((1 −

p′)n) = 1 + O(p + 1/n); and the normalization satisfies N2 = (1 + o(1))(2πpn[t])−1/2, as one sees
by summing the formula over the window (which carries all but N−ω(1) of the mass, by Chernoff’s
inequality). Hence

P [Bin (n[t]− 1s=t, λ[s, t]) = d[x, t]] ≥ 1 + o(1)√︁
2πpn[t]

exp

⎛⎜⎝−

(︂
(0.01 + T 2)

√
pN + |α|

√︁
p n[t]

)︂2
2p n[t]

⎞⎟⎠
≥ c√

pN

for a constant c = c(θ, k, T ) > 0, where we used T−1N ≤ n[t] ≤ N in the last step. Taking the
product over the 2kN entries gives (B.11) with C2 := 2k log(1/c).

Next we count E0. An array d with m(Π,d) = m is specified by choosing, for each of the 22k

ordered pairs (s, t), the integer sequence (d[x, t])x∈Π[s] with sum m[s, t]. Fix (s, t), write w :=

0.01
√
pN/(T2k), and write m[s, t] = q n[s] + r with q ∈ Z and 0 ≤ r < n[s]. Let b be the

sequence taking the value q + 1 on r fixed elements of Π[s] and q on the remaining n[s] − r; then∑︁
x b[x] = m[s, t] and |b[x]−m[s, t]/n[s]| ≤ 1 for every x. For every integer sequence (yx)x∈Π[s] with∑︁
x yx = 0 and |yx| ≤ w− 1, the sequence b+ y has sum m[s, t] and satisfies (B.9); its entries lie in

[0, n[t]−1s=t] for all sufficiently largeN , because they are within w ofm[s, t]/n[s] = p n[t]+O(
√
pN),

so the resulting arrays lie in A(Π) and hence in E0. By Lemma A.11, applied with n = n[s], with its
constant T equal to T 1+θ (so that its hypothesis on p holds, because n[s] ∈ [T−1N,N ] by (LA2)),
and with its parameter C equal to c0 := 0.005/(T2k) (so that c0

√︁
n[s]p ≤ w − 1 for large N), the

number of such sequences y is at least

exp
(︂
−CA.11(θ, T

1+θ, c0)n[s]
)︂(︂√︁

n[s]p
)︂n[s]

≥ exp
(︂
−
(︂
CA.11(θ, T

1+θ, c0) +
1
2 log T

)︂
N
)︂
(pN)n[s]/2,
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using T−1N ≤ n[s] ≤ N . Multiplying over the 22k ordered pairs (s, t), and using
∑︁

s,t n[s] = 2kN ,
we obtain, with C3 := 22k(CA.11(θ, T

1+θ, c0) +
1
2 log T ),

|E0| ≥ (pN)2
kN/2 exp(−C3N). (B.12)

Now, by (B.10), every d ∈ E0 is a graphical array satisfying m(Π,d) = m, κp, and Γ1, so
Lemma B.2(ii), applied with its parameter CΓ equal to 1, gives GΠ,m(d) ≥ C−1

∗ RΠ,λ(d | {m})
for every d ∈ E0, where C∗ := C ′

B.2(θ, k, T, 1). Summing this over d ∈ E0 and using (B.11) and
(B.12),

GΠ,m(E0) =
∑︂
d∈E0

GΠ,m(d) ≥ C−1
∗ |E0| (pN)−2kN/2e−C2N

≥ C−1
∗ e−(C2+C3)N ≥ e−C4N , C4 := C2 + C3 + logC∗.

(B.13)

Unwinding the definition of GΠ,m through (B.6) and using (B.8),

PΠ,p [E0] = PΠ,p [E0 ∩ {m}] = GΠ,m(E0)PΠ,p [{m}] ≥ e−C4Ne−C1N =: e−C5N . (B.14)

Finally, by (B.10) the denominator of (B.7) satisfies

PΠ,p [IΠ ∩ κp ∩ {m}] ≥ PΠ,p [E0] ≥ e−C5N . (B.15)

The constant C5 = C1 + C4 depends only on θ, k, T, ϕ; in particular it does not depend on CB.3.
Step 4: upper bound for the numerator of (B.7), and choice of CB.3. For C > 0, on the event

{m} the assertions ΓC(D) = ΓC,p(Π,m,D) and ΓC,p(Π,m(Π,D),D) coincide, and the latter is
the assertion that, for every internal block pair {s, s} and every bipartite block pair {s, t}, the
corresponding block-pair degree sequences of G have sum of squared deviations from their means at
most CpN2. We retain the event κp in the numerator because it supplies the truncation hypothesis
of Lemma A.10: κp asserts that |D[x, t] − p n[t]| ≤ (pN)4/7 for all x ∈ V and t ∈ {0, 1}k, and
(pN)4/7 ≤ p n[t] for all sufficiently large N because n[t] ≥ T−1N by (LA2). Under PΠ,p, the
graph induced on Π[s] is distributed as G(n[s], p) and the bipartite graph between Π[s] and Π[t] as
G(n[s], n[t], p). Apply Lemma A.10(i) to each internal block pair, with n = n[s], and Lemma A.10(ii)
to each bipartite block pair, with n = n[t] and ℓ = n[s], in both cases with the constant T of the
lemma replaced by T 1+θ (so that its hypotheses on p and on ℓ hold) and with K := T (2C5 + 2),
and put CB.3 := max{1, CA.10(θ, T

1+θ,K)}, which depends only on θ, k, T, ϕ. On κp the truncation
hypotheses of the lemma hold, by the previous paragraph. Since n[s], n[t] ≥ T−1N , each application
has failure probability at most e−KN/T = e−(2C5+2)N , and CB.3pn[s]

2 ≤ CB.3pN
2 (respectively

CB.3pn[s]n[t] ≤ CB.3pN
2), so a union bound over the 2k +

(︁
2k

2

)︁
≤ 22k blocks and block pairs gives

PΠ,p

[︁
Γc
CB.3

∩ IΠ ∩ κp ∩ {m}
]︁
≤ PΠ,p [ΓCB.3,p(Π,m(Π,D),D)c ∩ κp] ≤ 22ke−(2C5+2)N ≤ e−(C5+1)N

(B.16)
for all sufficiently large N . Inserting (B.15) and (B.16) into (B.7),

GΠ,m

(︁
Γc
CB.3

| IΠ ∩ κp
)︁
=
PΠ,p

[︂
Γc
CB.3

∩ IΠ ∩ κp ∩ {m}
]︂

PΠ,p [IΠ ∩ κp ∩ {m}]
≤ e−(C5+1)N

e−C5N
= e−N .

□

Lemma B.4 (Row-model second-moment regularity after exact totals). Fix θ ∈ (1/2, 1), an integer
k ≥ 1, and constants T > 1 and ϕ ∈ (0, 1/2). For all sufficiently large N , all p ∈ (T−1N−θ, TN−θ),
and every finite set V with |V | = N , if (y, λ) is (T, ϕ, p)-locally admissible with y = (Π,m, 1) ∈
Yk(V ), then

RΠ,λ

(︁
ΓCB.3(θ,k,T,ϕ),p(Π,m,D) | IΠ, κp(Π,D),m(Π,D) = m

)︁
= 1− o(1).

55



Proof. Abbreviate Γ := ΓCB.3(θ,k,T,ϕ),p(Π,m, ·), κp := κp(Π, ·), and {m} := {D ∈ A(Π) : m(Π,D) =
m}, and write C0 := CB.2(θ, k, T ) for the constant of the weak comparison Lemma B.2(i). By
Bayes’ rule,

RΠ,λ (Γ
c | IΠ, κp, {m}) =

RΠ,λ (Γ
c ∩ IΠ ∩ κp | {m})

RΠ,λ (IΠ ∩ κp | {m})
.

Both the numerator and the denominator are sums of RΠ,λ(d | {m}) over arrays d ∈ {m}∩κp, and
for every such array the weak comparison gives

exp{−C0(pN)2/7}GΠ,m(d) ≤ RΠ,λ(d | {m}) ≤ exp{C0(pN)2/7}GΠ,m(d).

Summing the upper bound over the arrays in the numerator and the lower bound over the arrays
in the denominator, and then applying Bayes’ rule for GΠ,m and Lemma B.3,

RΠ,λ (Γ
c | IΠ, κp, {m}) ≤ exp{2C0(pN)2/7}

GΠ,m (Γc ∩ IΠ ∩ κp)
GΠ,m (IΠ ∩ κp)

= exp{2C0(pN)2/7}GΠ,m (Γc | IΠ ∩ κp) ≤ exp{2C0(pN)2/7 −N},

which is o(1) because (pN)2/7 = o(N). □

B.4. Exact totals and binomial regularity in the row model. The exact-total lower bound
rests on the following local central limit theorem for sums of independent copies of a conditioned
binomial vector.

Theorem B.5. Fix a real parameter θ ∈ (1/2, 1), a positive integer d ≥ 1, a nonnegative integer
r, an integer matrix M ∈ Zr×d with nonzero, pairwise orthogonal rows, an r-dimensional vector
inequality relation ≥′∈ {≥, >}r, and a real constant T > 1. For all sufficiently large n ∈ Z and
p ∈ (T−1n−θ, Tn−θ), the following is true. When r = 0, we use the convention ∥Mη∥∞ = 0 and
interpret MA ≥′ 0 as the whole sample space.

Select η ∈ ((T−1n, Tn) ∩ Z)d such that ∥Mη∥∞ < T n√
pn and select an integer m ∈ (T−1n, Tn).

Select q ∈
(︂
p− T p√

pn , p+ T p√
pn

)︂d
such that mE[A|MA ≥′ 0] ∈ Zd where we sample At ∼ Bin(ηt, qt)

all independently.
Let ρ be the probability distribution on Zd given by sampling At ∼ Bin(ηt, qt) all independently,

and then conditioning on MA ≥′ 0.
Sample m independent copies A(1), . . . , A(m) ∼ ρ, and let S = A(1) + · · ·+A(m). Then,

P[S = mEA∼ρ[A]] = Ω((n2p)−d/2).

Remark. The proof below in fact gives the uniform two-sided estimate

P[S = mEA∼ρ[A]] = Θ
(︂
(n2p)−d/2

)︂
.

Indeed, the low-frequency integral is the density at zero of a Gaussian whose covariance is uniformly
comparable to n2p times the identity, while the high-frequency integral is o((n2p)−d/2) in absolute
value. We state only the lower bound because this is all that is used in Lemma B.6; the hypotheses
do not force the normalized covariance, and hence the leading Gaussian constant, to converge.

Proof. If r = 0, the conditioning event MA ≥′ 0 is the whole sample space. The coordinates of S are
then independent, with St ∼ Bin(mηt, qt) and integer means mηtqt. Since mηtqt(1−qt) ≍ n2p→ ∞,
Stirling’s formula gives

P[S = mEA∼ρ[A]] =

d∏︂
t=1

P[Bin(mηt, qt) = mηtqt]
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=
d∏︂

t=1

1 + o(1)√︁
2πmηtqt(1− qt)

= Θ((n2p)−d/2).

This proves the claim when r = 0. Henceforth assume r ≥ 1.
Let B be the random variable distributed as A − EA∼ρ[A] where A is sampled from ρ. Sample

m independent copies B(1), . . . , B(m) and let

S′ = B(1) + · · ·+B(m).

It suffices to lower bound the probability P[S′ = 0]. Note that S′ is supported on a subset of Zd, so
we have

P[S′ = 0] =
1

(2π)d

∫︂
[−π,π]d

dtE[eit·S
′
].

We now estimate the characteristic function E[eit·S′
] for various regimes of t.

To do this, we first need to prove regularity conditions on the covariance matrix CovB. Indeed,
let αt =

√
pηt log

(︂
qt

1−qt
1−p
p

)︂
, which is bounded by a constant depending only on T because of the

hypothesis on q, and sample independentXt ∼ N (
√
pηtαt, pηt) for all t ∈ [d]. Applying Theorem A.6

with ρ ∈ {1, xi, xixj} and dividing, we see that

CovB = Cov[X|MX ≥ −pMη] +O(
√
pn log5+d n);

here we used that P[MX ≥ −pMη] is bounded below by a positive constant depending only on T , M ,
and d, because each bounding hyperplane {x : (Mx)r = −(pMη)r} lies within |(pMη)r|/ ∥µr∥2 ≤
T
√
pn of the origin (where µr denotes the rth row of M), while the mean of X has norm O(T

√
pn)

and each coordinate of X has standard deviation √
pηt ≍ √

pn; so the constraints sit at O(T )
standard deviations. The matrix Cov[X|MX ≥ −pMη] is positive definite: otherwise some
nontrivial linear combination of the Xt would be almost surely constant after conditioning on
MX ≥ −pMη, which is impossible because the conditioned law has a density on the region
{Mx ≥′ −pMη}, whose interior is nonempty since the rows of M are orthogonal. Note that
1
pnCov[X|MX ≥ −pMη] = Cov[X/

√
pn | M(X/

√
pn) ≥ −pMη/

√
pn] is a continuous function

of the parameters (ηt/n)t∈[d], (αt)t∈[d], and pMη/
√
pn, and does not otherwise depend on n or p.

These parameters range over the compact sets [T−1, T ]d, [−T ′, T ′]d, and [−T, T ]r (for a constant T ′

depending only on T ), on which the conditioned Gaussian has full-dimensional support, so there is
some constant C such that the entries of 1

pnCov[X|MX ≥ −pMη] and its inverse are bounded by
C in absolute value. This implies that the entries of 1

pnCovB and its inverse are bounded by 2C in
absolute value.

We now apply the multidimensional Berry–Esseen theorem for convex sets [2]: for independent
centered random vectors B(1), . . . , B(m) in Rd with Σ := Cov(

∑︁
iB

(i)) = mCovB positive definite,
and Z ∼ N (0,Σ),

sup
U⊂Rd convex

⃓⃓
P[S′ ∈ U ]− P[Z ∈ U ]

⃓⃓
≤ CBE d

1/4
m∑︂
i=1

E
⃦⃦⃦
Σ−1/2B(i)

⃦⃦⃦3
2

= CBE d
1/4m−1/2 E

⃦⃦⃦
(CovB)−1/2B

⃦⃦⃦3
2

for a universal constant CBE. The third moment on the right is O(1): conditioning on the event
MA ≥′ 0, whose probability is Ω(1) by the previous paragraph and Theorem A.6 with ρ = 1,
changes the third central moments of the coordinates At by at most a constant factor and moves
their means by O(

√
pn), so E∥B∥32 = O((pn)3/2), while the entries of (CovB)−1 are O(1/(pn)).
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Hence, for all convex sets U ⊂ Rd,

|P[S′ ∈ U ]− P[Z ∈ U ]| ≤ C1

n1/2−0.01/d

for a constant C1 depending only on θ, d,M, T , where Z ∼ N (0,mCovB) (we use the weaker
exponent 1/2− 0.01/d for convenience below). Fix any t ∈ [−π, π]d with ∥t∥∞ ≤ n0.01/d√

n2p
, and write

K := ⌊n1/6⌋. For all ℓ ∈ Z, let

Uℓ = {x ∈ Rd : 2πℓ/K ≤ t · x < 2π(ℓ+ 1)/K},

which is a convex set, and note that eit·x = e2πiℓ/K + O(1/K) for x ∈ Uℓ. Furthermore, we have
|t · S′| < n0.02/d and |t · Z| < n0.02/d with probability 1 − O(n−ω(1)): each coordinate of B is at
most 2

√
pn logn in absolute value except with probability n−ω(1) (a Chernoff bound for At, the

conditioning on an event of probability Ω(1), and |EρAt − EAt| = O(
√
pn)), so after truncating at

this level Hoeffding’s inequality shows that each coordinate of S′ is O(
√︁
n2p log2 n) with probability

1−n−ω(1), whence |t ·S′| ≤ d ∥t∥∞ ∥S′∥∞ = O(n0.01/d log2 n); the claim for Z follows from Gaussian
tails. Hence only the O(n1/6+0.02/d) strips with |ℓ| ≤ n0.02/dK carry non-negligible mass. Thus, we
have

E[eit·S
′
] = O(n−ω(1)) +

∑︂
ℓ∈Z

|ℓ|≤n0.02/dK

(e2πiℓ/K +O(1/K))P[S′ ∈ Uℓ]

= O(n−1/6) +
∑︂
ℓ∈Z

|ℓ|≤n0.02/dK

e2πiℓ/K
(︂
P[Z ∈ Uℓ] +O(n−1/2+0.01/d)

)︂

= O(n−1/6) +O(n−1/3+0.03/d) + E[eit·Z ] = O(n−1/6) + E[eit·Z ],
so

P[S′ = 0] = O(n−0.1(n2p)−d/2) +
1

(2π)d

∫︂
t∈[−π,π]d

∥t∥∞≤n0.01/d/
√

n2p

dtE[eit·Z ]

+
1

(2π)d

∫︂
t∈[−π,π]d

∥t∥∞>n0.01/d/
√

n2p

dtE[eit·S
′
].

There is a constant C2 such that

|E[eit·Z ]| ≤ exp(−C2n
2p ∥t∥2∞),

which implies that ∫︂
t∈Rd

∥t∥∞>n0.01/d/
√

n2p

dtE[eit·Z ] = O(n−ω(1)).

If fZ denotes the density of Z, then

P[S′ = 0] =
1

(2π)d

∫︂
t∈Rd

dtE[eit·Z ] +
1

(2π)d

∫︂
t∈[−π,π]d

∥t∥∞>n0.01/d/
√

n2p

dtE[eit·S
′
] + o((n2p)−d/2)

= fZ(0) +
1

(2π)d

∫︂
t∈[−π,π]d

∥t∥∞>n0.01/d/
√

n2p

dtE[eit·S
′
] + o((n2p)−d/2)

= Ω((n2p)−d/2) +
1

(2π)d

∫︂
t∈[−π,π]d

∥t∥∞>n0.01/d/
√

n2p

dtE[eit·S
′
].
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In order to estimate this error term, we use the following decomposition of ρ.
Let µ1, . . . , µr ∈ Zd be the rows of M . Denote y ∈

∏︁
t∈[d](Z− pηt) as good if

y
√
pn

∈ ⌈T + 2⌉µ1 + · · ·+ ⌈T + 2⌉µr +
[︃
0,

1

d ∥M∥∞

]︃d
.

Every good y satisfiesM(pη+y) ≥′ 0, with room to spare. Indeed, write y/√pn = ⌈T+2⌉
∑︁

r′ µr′+z

with z ∈ [0, 1/(d ∥M∥∞)]d; by the orthogonality of the rows, and since ∥µr∥22 ≥ 1 for a nonzero
integer vector while |µr · z| ≤ ∥µr∥1 /(d ∥M∥∞) ≤ 1,

(My)r =
√
pn
(︂
⌈T + 2⌉ ∥µr∥22 + µr · z

)︂
≥ (T + 1)

√
pn > T

√
pn > p ∥Mη∥∞ ≥ |(pMη)r|,

so (M(pη + y))r > 0 for every r.
Let f(x) be defined as in the proof of Theorem A.6. Following the proof of Theorem A.6,

uniformly for good y, we have

PA∼ρ[A = pη + y] = (1 +O(log3+d n/
√
pn))

f(y)∫︂
x∈Rd

Mx≥′−pMη

dx f(x)

= Ω((pn)−d/2).

Armed with this result, we are now ready to provide the relevant estimate of

|E[eit·S′
]| = |E[eit·(S−mpη)]| = |EA∼ρ[e

it·(A−pη)]|m.

The above analysis implies that we can decompose A− pη into

A− pη = 1ET1 + 1ET2

where E is an event of probability C3, where T1 is uniformly distributed on the set of good elements,
and where T1,1E and T2,1E are pairs of independent random variables; indeed, one may take
C3 := #{good y}·miny good PA∼ρ[A = pη+y], which lies in [c, 1) for a constant c = c(θ, d,M, T ) > 0

because there are Θ((pn)d/2) good elements, each of ρ-probability Ω((pn)−d/2) by the previous
display, and because ρ also charges points that are not good. Thus, we have

|EA∼ρ[e
it·(A−pη)]| = |C3E[eit·T1 ] + (1− C3)E[eit·T2 ]| ≤ 1− C3 + C3|E[eit·T1 ]|.

Note that the set of good elements forms a discrete rectangular prism. Let the number of lattice
points in its jth coordinate interval be Wj

√
pn ∈ Z (note that Wj = Θ(1)). Then, we see that

|E[eit·T1 ]| =
d∏︂

j=1

1

Wj
√
pn

⃓⃓⃓⃓
⃓⃓sin

(︂
tjWj

√
pn

2

)︂
sin
(︂
tj
2

)︂
⃓⃓⃓⃓
⃓⃓ .

At tj = 0 the corresponding factor is interpreted by continuity and equals 1. If 5
Wj

√
pn ≤ |tj | ≤ π

for some j, this quantity is at most 4/5 (as | sin(tj/2)| ≥ |tj |/π), so

|E[eit·S′
]| ≤ (1− C3/5)

m ≤ (1− c/5)m = O(n−ω(1)).

If n0.01/d/
√︁
n2p < |tj | < 5

Wj
√
pn for some j, then this quantity is at most

1

Wj
√
pn

tjWj
√
pn

2

(︂
1− 0.01t2jW

2
j pn

)︂
tj/2 +O(t3j )

≤ 1− n0.01/d/n,

so
|E[eit·S′

]| ≤
(︂
1− C3n

0.01/d/n
)︂m

≤
(︂
1− c n0.01/d/n

)︂m
= O(n−ω(1)).
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Thus, we have

P[S′ = 0] = Ω((n2p)−d/2) +
1

(2π)d

∫︂
t∈[−π,π]d

∥t∥∞>n0.01/d/
√

n2p

dtE[eit·S
′
] = Ω((n2p)−d/2),

as desired. □

Lemma B.6 (Exact-total lower bound). Fix θ ∈ (1/2, 1), an integer k ≥ 1, and constants T > 1
and ϕ ∈ (0, 1/2). There exists a constant CB.6 = CB.6(θ, k, T, ϕ) > 0 such that, for all sufficiently
large N , all p ∈ (T−1N−θ, TN−θ), and every finite set V with |V | = N , if (y, λ) is (T, ϕ, p)-locally
admissible with y = (Π,m, 1) ∈ Yk(V ), then

RΠ,λ (m(Π,D) = m | IΠ) ≥ (N2p)−CB.6 .

Proof. By (LA7) and Fact 3.6, under RΠ,λ(· | IΠ) the rows in a fixed part Π[s] are independent
copies of As,• | Is(As,•), and rows in different parts are independent. By (LA8),

n[s]E[As,t | Is(As,•)] = m[s, t]

for every s, t ∈ {0, 1}k. Hence the event m(Π,D) = m is the intersection, over s ∈ {0, 1}k, of the
independent events ∑︂

x∈Π[s]

D[x, •] = m[s, •], (B.17)

each of which asks that the sum of n[s] independent copies of the conditioned row vector As,• |
Is(As,•) equal its mean n[s]E[As,• | Is(As,•)] = m[s, •], an integer vector. It therefore suffices to
show that each event (B.17) has probability at least (N2p)−Cs under RΠ,λ(· | IΠ) with Cs := 2k−1+1,
and then to multiply over the 2k values of s.

Fix s ∈ {0, 1}k and put d := 2k. A nondegenerate d-dimensional lattice sum with fluctuation scale√︁
N2p suggests mass of order (N2p)−d/2 at its integral mean. Theorem B.5 gives this bound for

the conditioned binomial rows; we verify its hypotheses below. We apply Theorem B.5 with d = 2k,
with its n equal to N , its m equal to n[s], and with ηt := n[t]−1s=t and qt := λ[s, t] for t ∈ {0, 1}k,
so that its At ∼ Bin(ηt, qt) is exactly As,t. The k − 1 inequalities defining Is(As,•) are of the form
µr ·As,• ≥′

r 0 for 1 ≤ r ≤ k−1, where µr ∈ {±1}{0,1}k has entries µr[t] = (−1)s[r](−1)t[r−1] and ≥′
r∈

{≥, >} is determined by the pair s[r− 1]s[r]; let M be the matrix with rows µ1, . . . , µk−1. Distinct
rows of M are orthogonal: for r ̸= r′, flipping bit r − 1 of t is a bijection of {0, 1}k that negates
µr[t]µr′ [t], so

∑︁
t µr[t]µr′ [t] = 0. We now verify the remaining hypotheses of Theorem B.5, with its

constant T replaced by 2T . By (LA2), we have ηt ∈ ((2T )−1N, 2TN) and n[s] ∈ ((2T )−1N, 2TN),
and, for each 1 ≤ r ≤ k − 1,

|(Mη)r| =

⃓⃓⃓⃓
⃓⃓ ∑︂
t∈{0,1}k

(−1)t[r−1]n[t]− (−1)s[r−1]

⃓⃓⃓⃓
⃓⃓ ≤ T

N√
pN

+ 1 < 2T
N√
pN

,

where the term (−1)s[r−1] comes from the indicator 1s=t in ηt. By (LA6), qt = λ[s, t] ∈ (p −
Tp/

√
pN, p + Tp/

√
pN). Finally, the integrality hypothesis n[s]E[As,• | MAs,• ≥′ 0] ∈ Zd of

Theorem B.5 is exactly (LA8): the event MAs,• ≥′ 0 is Is(As,•), and n[s]E[As,t | Is(As,•)] =

m[s, t] ∈ Z. Therefore Theorem B.5 gives, with d = 2k,

P

⎡⎣ ∑︂
x∈Π[s]

D[x, •] = m[s, •]

⃓⃓⃓⃓
⃓⃓ Is(D[x, •]) for all x ∈ Π[s]

⎤⎦ = Ω
(︂
(N2p)−2k−1

)︂
≥ (N2p)−2k−1−1 = (N2p)−Cs
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for all sufficiently large N , where the implied constant in Ω(·) depends only on θ, k, T, ϕ and is
absorbed by the extra factor (N2p)−1. Multiplying over the 2k values of s gives the result with
CB.6 :=

∑︁
sCs = 2k(2k−1 + 1). □

Lemma B.7 (Binomial regularity under the row model). Fix θ ∈ (1/2, 1), an integer k ≥ 1, and
constants T > 1 and ϕ ∈ (0, 1/2). For all sufficiently large N , all p ∈ (T−1N−θ, TN−θ), and every
finite set V with |V | = N , if (y, λ) is (T, ϕ, p)-locally admissible with y = (Π,m, 1) ∈ Yk(V ), then

RΠ,λ (κp(Π,D) | IΠ) = 1−O(N−ω(1))

and
RΠ,λ (κp(Π,D) | IΠ,m(Π,D) = m) = 1−O(N−ω(1)).

Proof. For fixed x ∈ Π[s] and t ∈ {0, 1}k, the tilt bound (LA6) gives |EAs,t − p|Π[t]|| ≤ |Π[t]| ·
Tp/

√
pN + λ[s, t] ≤ T

√
pN + 2p, so Chernoff’s inequality gives

P
[︂
|As,t − p|Π[t]|| > (pN)4/7

]︂
= O(N−ω(1)).

By (LA7) and Fact 3.6, under RΠ,λ(· | IΠ) the row D[x, •] has the law of As,• conditioned on
Is(As,•). Hence, by Bayes’ rule and (LA7),

RΠ,λ

(︂
|D[x, t]− p|Π[t]|| > (pN)4/7

⃓⃓⃓
IΠ
)︂
=

P
[︁
|As,t − p|Π[t]|| > (pN)4/7, Is(As,•)

]︁
P [Is(As,•)]

≤
P
[︁
|As,t − p|Π[t]|| > (pN)4/7

]︁
ϕ

= O(N−ω(1)).

A union bound over the 2kN pairs (x, t) ∈ V × {0, 1}k gives

RΠ,λ (κp(Π,D)c | IΠ) ≤ 2kN ·O(N−ω(1)) = O(N−ω(1)),

which is the first estimate. For the second, Bayes’ rule and Lemma B.6 give

RΠ,λ (κp(Π,D)c | IΠ,m(Π,D) = m) =
RΠ,λ (κp(Π,D)c ∩ {m(Π,D) = m} | IΠ)

RΠ,λ (m(Π,D) = m | IΠ)

≤
RΠ,λ (κp(Π,D)c | IΠ)
(N2p)−CB.6(θ,k,T,ϕ)

= O
(︂
(N2p)CB.6(θ,k,T,ϕ)N−ω(1)

)︂
= O(N−ω(1)).

□

Appendix C. The kernel: edge splitting and degree regularity

This appendix proves the two results about uniformly random graphs with prescribed degree
sequences that are used in the proof of Proposition 3.10: the edge-count concentration of Lemma C.1,
and the degree-into-a-subset tail bound of Theorem C.2. Both rest on the imported enumeration
theorems of Appendix A.1.

C.1. Edge enumeration. We have the following result, which follows from the graph-case single-
edge expansion in Theorem 1.6 of Liebenau and Wormald [14], whose printed error term may require
correction on its full stated degree domain, and from Theorem 1.5 of Liebenau and Wormald [13].
We discuss this point immediately after the statement, before using the resulting estimate.

Lemma C.1. Fix a real parameter θ ∈ (1/2, 1) and a constant T > 1. For all sufficiently large
n ∈ Z and p ∈ (T−1n−θ, Tn−θ), the following are true.
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(i) Select m ∈ Z satisfying |m−pn(n−1)/2| ≤ Tn2p/
√
pn, and select d ∈ Dgraph

n,m such that |di−
pn| ≤ (pn)4/7 for all i ∈ [n]. Pick a subset U ⊂ [n] satisfying |U |, n− |U | ≥ T−1n. Sample
G uniformly at random from all graphs with degree sequence d, and let X = |E(G[U ])| (the
number of edges in the induced subgraph on vertex set U). Then,

P

[︄⃓⃓⃓⃓
⃓X −

(︁∑︁
x∈U dx

)︁2
4m

⃓⃓⃓⃓
⃓ ≥ n2p

√︃
(pn)1/7

n
logn

]︄
<

1

log n
.

(ii) Select m ∈ Z satisfying |m−pn(n−1)/2| ≤ Tn2p/
√
pn, and select d ∈ Dgraph

n,m such that |di−
pn| ≤ (pn)4/7 for all i ∈ [n]. Pick a subset U ⊂ [n] satisfying |U |, n−|U | ≥ T−1n. Sample G
uniformly at random from all graphs with degree sequence d, and let X = |E(G[U, [n] \ U ])|
(the number of edges in the induced bipartite subgraph with vertex sets U and [n]\U). Then,

P

⎡⎣⃓⃓⃓⃓⃓⃓X −

(︁∑︁
x∈U dx

)︁ (︂∑︁
y∈[n]\U dy

)︂
2m

⃓⃓⃓⃓
⃓⃓ ≥ n2p

√︃
(pn)1/7

n
log n

⎤⎦ < 1

log n
.

(iii) Select ℓ ∈ Z∩ [T−1n, Tn]. Select m ∈ Z satisfying |m−pℓn| ≤ Tn2p/
√
pn, and select (s, t) ∈

Dbigraph
ℓ,n,m such that |si − pn| ≤ (pn)4/7 for all i ∈ [ℓ] and |tj − pℓ| ≤ (pn)4/7 for all j ∈ [n].

Pick subsets U ⊂ [ℓ] and U ′ ⊂ [n] satisfying |U |, ℓ − |U |, |U ′|, n − |U ′| ≥ T−1n. Sample G
uniformly at random from all bigraphs with degree sequence (s, t), and let X = |E(G[U,U ′])|
(the number of edges in the induced bipartite subgraph with vertex sets U and U ′). Then,

P

⎡⎣⃓⃓⃓⃓⃓⃓X −

(︁∑︁
x∈U sx

)︁ (︂∑︁
y∈U ′ ty

)︂
m

⃓⃓⃓⃓
⃓⃓ ≥ n2p

√︃
(pn)1/7

n
logn

⎤⎦ < 1

log n
.

Remark (The graph-case single-edge input). The error term in the printed statement of Theorem
1.6 of Liebenau and Wormald [14] appears to require correction on its full stated degree domain.
We record the fuller expansion needed here. In the graph case write

D :=
2m

n
, ∆ab := da + db − 2D, σ2 :=

1

n

∑︂
i

(di −D)2, ε :=
(pn)1/7

n
.

The hypotheses give D ≍ pn, |D−pn| = O(
√
pn), and |di−D| ≤ D7/12 for large n. The hypotheses

of the expansion hold because D/(n− 1) ≍ p→ 0 and logK n/n = o(p) for every fixed K. The full
expansion in Lemma 7.1(b) and equation (7.4) of [14], with α = 7/12, is

P[ab ∈ E(G)] =
dadb

D(n− 1)

(︃
1− (da −D)(db −D)

D(n− 1−D)

+
∆ab(n− 1)σ2

D2n(n− 1−D)
+

∆ab

D(n− 1)
+O

(︄
D−2/3

n

)︄)︃
. (C.1)

The last two displayed terms do not appear in the printed statement of Theorem 1.6. On our
degree window they are respectively O(D−2/7/n) and O(D−3/7/n), while the remainder in the fuller
expansion is O(D−2/3/n). All three are o(ε), while the quadratic term in (C.1) is O(D1/7/n) = O(ε).
Since D(n − 1) = 2m(1 − 1/n) and 1/n ≤ ε, the only consequence used below is the unchanged
estimate

P[ab ∈ E(G)] = (1 +O(ε))
dadb
2m

. (C.2)

The analogous estimate in the bipartite case follows directly from Theorem 1.5 of Liebenau and
Wormald [13].
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Proof. We prove (i); the proof of (ii) is identical, and the proof of (iii) is identical using the bipartite
estimate from Theorem 1.5 of Liebenau and Wormald [13]. Write X := |E(G[U ])| and, as in the
preceding remark, ε = (pn)1/7/n, so that

X =
∑︂

{a,b}⊂U

1ab∈E(G).

By (C.2),

E[X] = (1 +O(ε))
∑︂

{a,b}⊂U

dadb
2m

=
1

4m

(︄∑︂
a∈U

da

)︄2

+O
(︂
(np)8/7

)︂
,

where we used ∑︂
{a,b}⊂U

dadb =
1

2

(︂∑︂
a∈U

da

)︂2
− 1

2

∑︂
a∈U

d2a,
1

4m

∑︂
a∈U

d2a = O(pn),

and ε
2m

∑︁
{a,b}⊂U dadb = O(εn2p) = O((pn)8/7).

In order to bound the variance, we estimate P[ab ∈ E(G) and cd ∈ E(G)] for two distinct pairs
ab, cd ⊂ U . Suppose first that ab and cd share no vertex. Condition on the neighborhoods NG(a)
andNG(b). Given these, the graph G−{a, b} is uniformly distributed among the graphs on [n]\{a, b}
with degree sequence d′, where d′w = dw−1w∈NG(a)−1w∈NG(b), and it hasm′ = m−da−db+1ab∈E(G)

edges. The same corrected expansion applies to this degree sequence, since its entries are within
(pn)4/7 +O(

√
pn) of its average 2m′/(n− 2) = D+O(p) and the density 2m′/((n− 2)(n− 3)) ≍ p,

so

P [cd ∈ E(G) | NG(a), NG(b)] = (1 +O(ε))
d′cd

′
d

2m′ .

The point is that d′c and d′d differ from dc and dd only when c or d is adjacent to a or b. A deterministic
decrease of dc by 1 would change d′cd′d/(2m

′) by a relative 1/(pn), which is much larger than ε; but
each of the events {ac ∈ E(G)}, {bc ∈ E(G)}, {ad ∈ E(G)}, {bd ∈ E(G)} has probability O(p)
conditionally on ab ∈ E(G). (For instance, conditionally on NG(b) ∋ a, the graph G− b is uniform
with a degree sequence that again satisfies the hypotheses of the corrected expansion above, which
gives P[ac ∈ E(G) | NG(b)] = O(p).) Hence E[d′cd′d | ab ∈ E(G)] = dcdd (1−O(p/(pn))) =
dcdd(1 − O(1/n)), while 1/(2m′) = (1 + O(pn/m))/(2m) = (1 + O(1/n))/(2m) deterministically
on {ab ∈ E(G)}. Since 1/n ≤ ε, averaging the previous display over NG(a), NG(b) on the event
{ab ∈ E(G)} gives

P[ab ∈ E(G) and cd ∈ E(G)] = P[ab ∈ E(G)]P[cd ∈ E(G) | ab ∈ E(G)] = (1 +O(ε))
dadbdcdd
(2m)2

.

Suppose next that the two pairs share a vertex, say they are ab and bc. Conditioning on NG(a)
as above, the vertex b has degree exactly db − 1 in G − a on the event {ab ∈ E(G)}, so the same
computation gives only

P[ab ∈ E(G) and bc ∈ E(G)] =

(︃
1 +O

(︃
1

pn

)︃)︃
dad

2
bdc

(2m)2
= O(p2);

the relative error 1/(pn) here is genuinely larger than ε, but this case involves only O(n3) ordered
pairs and will be negligible.

Now write E[X2] =
∑︁

(e,f) P[e, f ∈ E(G)], the sum running over ordered pairs of pairs e, f ⊂ U ,
and split it according to whether e = f , e ̸= f share a vertex, or e, f are disjoint. The first part is
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E[X] = O(n2p), the second is O(n3) ·O(p2) = O(n3p2), and by the disjoint-pair estimate the third
is

(1 +O(ε))
∑︂

e,f disjoint

P[e ∈ E(G)]P[f ∈ E(G)] = (1 +O(ε))
(︁
E[X]2 +O(n3p2)

)︁
,

since E[X]2 =
∑︁

(e,f) P[e ∈ E(G)]P[f ∈ E(G)] differs from the sum over disjoint pairs by the O(n3)

terms with e = f or e, f sharing a vertex, each of which is O(p2). As E[X]2 = O(n4p2) and
n2p+ n3p2 ≤ εn4p2 = n3p2(pn)1/7, we conclude that

VarX = E[X2]− E[X]2 = O
(︂
n3p2(pn)1/7

)︂
, so

√
VarX = O

(︄
n2p

√︃
(pn)1/7

n

)︄
.

Finally,
⃓⃓⃓
X − 1

4m

(︁∑︁
a∈U da

)︁2 ⃓⃓⃓ ≤ |X − EX|+O((pn)8/7) and (pn)8/7 = o
(︂
n2p
√︁

(pn)1/7/n
)︂
, so the

result follows from Chebyshev’s inequality. □

C.2. Degree regularity. We prove results about the degrees to vertex subsets in random graphs
using the enumeration theorems of Appendix A.1. The calculations mostly follow a simplified version
of those in Appendix A of [6].

Our key result is as follows.

Theorem C.2. Fix a real parameter θ ∈ (1/2, 1) and a constant T > 1. There exists a constant
CC.2 = CC.2(θ, T ) > 0 such that for all sufficiently large n ∈ Z and p ∈ (T−1n−θ, Tn−θ), the
following are true.

(i) Select m ∈ Z satisfying |m − pn(n − 1)/2| ≤ Tn2p/
√
pn, and select d ∈ Dgraph

n,m such that
di = pn + βi

√
pn where |βi| ≤ log n. Pick a vertex v ∈ [n] and a subset S ⊂ [n] with size

h = |S| satisfying h, n − h ≥ T−1n. Pick an integer t ∈ [0, dv] and write t = ph + τ
√
ph.

Sample G uniformly at random from all graphs with degree sequence d. If |τ | ≥ log100 n,
then

P[degGS v = t] ≤ exp(−CC.2τ
2).

(ii) Select ℓ ∈ Z ∩ [T−1n, Tn]. Select m ∈ Z satisfying |m − pℓn| ≤ Tn2p/
√
pn, and select

(s, t) ∈ Dbigraph
ℓ,n,m such that si = pn+ αi

√
pn and tj = pℓ+ βj

√
pℓ, where |αi|, |βj | ≤ logn for

all i ∈ [ℓ] and j ∈ [n]. Pick a vertex v ∈ [ℓ] and a subset S ⊂ [n] with size h = |S| satisfying
h, n− h ≥ T−1n. Pick an integer t ∈ [0, sv] and write t = ph+ τ

√
ph. Sample G uniformly

at random from all bigraphs with degree sequence (s, t). If |τ | ≥ log100 n, then

P[degGS v = t] ≤ exp(−CC.2τ
2).

We prove this through a series of lemmas. We begin with a pair of technical estimates.

Lemma C.3. Fix a real parameter θ ∈ (1/2, 1) and a constant T > 1. For all sufficiently large
n ∈ Z and p ∈ (T−1n−θ, Tn−θ), the following are true.

(i) Select m ∈ Z satisfying |m − pn(n − 1)/2| ≤ Tn2p/
√
pn, and select dv ∈ Z satisfying

|dv − pn| ≤ √
pn logn. Then,(︁(n−1)(n−2)/2

m−dv

)︁(︁(n−1)(n−2)
2m−2dv

)︁−1(︁
n(n−1)/2

m

)︁(︁
n(n−1)

2m

)︁−1 = exp (O(log n)) p−dvepn.

(ii) Select ℓ ∈ Z∩ [T−1n, Tn]. Select m ∈ Z satisfying |m−pℓn| ≤ Tn2p/
√
pn, and select sv ∈ Z

satisfying |sv − pn| ≤ √
pn logn. Then,(︁

ℓn
m

)︁(︁
(ℓ−1)n
m−sv

)︁ = exp (O(log n)) p−svepn.
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Proof. We prove (i); the proof of (ii) is similar and simpler. (For (ii), the ratio equals (ℓn)!
(ℓn−n)! ·

(m−sv)!
m! · (ℓn−m−(n−sv))!

(ℓn−m)! , whose three logarithms are n log(ℓn)− n
2ℓ +O(1/ℓ), −sv logm+O(p), and

−(n− sv) log(ℓn−m)+ n
2ℓ +O(p) by the same expansions as below; summing them and expanding

m
pℓn = 1 +O(1/

√
pn) exactly as in the last step below gives −sv log p+ pn+O(log n).)

Note that(︁(n−1)(n−2)/2
m−dv

)︁(︁
n(n−1)/2

m

)︁ =

⎡⎣
[︂
n(n−1)

2

]︂
![︂

n(n−1)
2 − (n− 1)

]︂
!

⎤⎦−1 [︃
m!

(m− dv)!

]︃⎡⎣
[︂
n(n−1)

2 −m
]︂
![︂

n(n−1)
2 −m− (n− 1− dv)

]︂
!

⎤⎦ .
We find that

log

⎡⎣
[︂
n(n−1)

2

]︂
![︂

n(n−1)
2 − (n− 1)

]︂
!

⎤⎦ =
n−2∑︂
i=0

log

(︃
n(n− 1)

2
− i

)︃

= (n− 1) log

(︃
n(n− 1)

2

)︃
+

n−2∑︂
i=0

log

(︄
1− i

n(n−1)
2

)︄

= (n− 1) log

(︃
n(n− 1)

2

)︃
−

n−2∑︂
i=0

i
n(n−1)

2

+O(1/n)

= (n− 1) log

(︃
n(n− 1)

2

)︃
− 1 +O(1/n)

and

log

[︃
m!

(m− dv)!

]︃
= dv logm+

dv−1∑︂
i=0

log

(︃
1− i

m

)︃
= dv logm+O(d2v/m)

= dv logm+O(p)

and

log

⎡⎣
[︂
n(n−1)

2 −m
]︂
![︂

n(n−1)
2 −m− (n− 1− dv)

]︂
!

⎤⎦
=

n−2−dv∑︂
i=0

log

(︃
n(n− 1)

2
−m− i

)︃

= (n− 1− dv) log

(︃
n(n− 1)

2
−m

)︃
+

n−2−dv∑︂
i=0

log

(︄
1− i

n(n−1)
2 −m

)︄

= (n− 1− dv) log

(︃
n(n− 1)

2
−m

)︃
−

n−2−dv∑︂
i=0

i
n(n−1)

2 −m
+O(1/n)

= (n− 1− dv) log

(︃
n(n− 1)

2
−m

)︃
− 1 +O(p),

so (︁(n−1)(n−2)/2
m−dv

)︁(︁
n(n−1)/2

m

)︁ = (1 +O(p))

(︃
n(n− 1)

2

)︃1−n

mdv

(︃
n(n− 1)

2
−m

)︃n−1−dv

.
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We similarly derive(︁(n−1)(n−2)
2m−2dv

)︁(︁
n(n−1)

2m

)︁ = (1 +O(p)) (n(n− 1))3−2n (2m)2dv (n(n− 1)− 2m)2n−3−2dv .

Thus, (︁(n−1)(n−2)/2
m−dv

)︁(︁(n−1)(n−2)
2m−2dv

)︁−1(︁
n(n−1)/2

m

)︁(︁
n(n−1)

2m

)︁−1 = (1 +O(p))

[︃
n(n− 1)

2m

]︃dv [︄ n(n−1)
2

n(n−1)
2 −m

]︄n−2−dv

.

We see that

log

(︄[︃
n(n− 1)

2m

]︃dv)︄
= dv log

(︃
n2

2m

)︃
+O(p)

= −dv log p− dv log

(︃
2m

pn2

)︃
+O(p)

= −dv log p− dv

[︃
2m

pn2
− 1

]︃
+O(1)

= −dv log p−
2m

n
+ pn+O(log n),

where in the third line we used 2m
pn2 − 1 = O(1/

√
pn), so that dv

(︂
2m
pn2 − 1

)︂2
= O(1), and in the last

line we wrote dv = pn+ βv
√
pn with βv := (dv − pn)/

√
pn, so that |βv| ≤ log n by hypothesis and

βv
√
pn
(︂

2m
pn2 − 1

)︂
= O(log n); and

log

⎛⎝[︄ n(n−1)
2

n(n−1)
2 −m

]︄n−2−dv
⎞⎠ = (n− 2− dv) log

[︄
1

1− 2m
n(n−1)

]︄

=
2m

n
+O(np2).

Adding these two directly implies the desired result. □

Lemma C.4. Fix a real parameter θ ∈ (1/2, 1) and a constant T > 1. For all sufficiently large
n ∈ Z and p ∈ (T−1n−θ, Tn−θ), the following are true.

(i) Select m ∈ Z satisfying |m − pn(n − 1)/2| ≤ Tn2p/
√
pn, and select d ∈ Dgraph

n,m such that
di = pn + βi

√
pn where |βi| ≤ log n. Pick a vertex v ∈ [n] and a subset S ⊂ [n] with size

h = |S| satisfying h, n − h ≥ T−1n. Pick an integer t ∈ [0, dv]. Sample G uniformly at
random from all graphs with degree sequence d. We have

P[degGS v = t] = exp
(︁
O(log4 n)

)︁ (︁h−1S(v)
t

)︁(︁n−h−1[n]\S(v)
dv−t

)︁(︁
n−1
dv

)︁ ER[exp(ΛR)]

where R = R1 ∪ R2 is a random set chosen by picking R1 uniformly from
(︁
S\{v}

t

)︁
and R2

uniformly from
(︁[n]\(S∪{v})

dv−t

)︁
(if one of these two families is empty, then the corresponding

binomial coefficient vanishes and both sides are 0), and where

ΛR :=
∑︂
i∈R

βi√
pn

−
∑︂

i∈[n]\({v}∪R)

√
pn

n
βi.
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(ii) Select ℓ ∈ Z ∩ [T−1n, Tn]. Select m ∈ Z satisfying |m − pℓn| ≤ Tn2p/
√
pn, and select

(s, t) ∈ Dbigraph
ℓ,n,m such that si = pn + αi

√
pn and tj = pℓ + βj

√
pℓ, where |αi|, |βj | ≤ logn

for all i ∈ [ℓ] and j ∈ [n]. Pick a vertex v ∈ [ℓ] and a subset S ⊂ [n] with size h = |S|
satisfying h, n−h ≥ T−1n. Pick an integer t ∈ [0, sv]. Sample G uniformly at random from
all bigraphs with degree sequence (s, t). We have

P[degGS v = t] = exp
(︁
O(log4 n)

)︁ (︁ht)︁(︁n−h
sv−t

)︁(︁
n
sv

)︁ ER[exp(ΛR)]

where R = R1 ∪ R2 is a random set chosen by picking R1 uniformly from
(︁
S
t

)︁
and R2

uniformly from
(︁
[n]\S
sv−t

)︁
, and where

ΛR :=
∑︂
j∈R

βj√
pℓ

−
∑︂

j∈[n]\R

√
pℓ

ℓ
βj .

Proof. We prove only (i); the proof of (ii) is similar but uses Theorem A.4 instead of Theorem A.3,
and Lemma C.3(ii) instead of Lemma C.3(i).

Let Pd denote the uniform distribution on graphs with degree sequence d. Given R ⊂ [n] \ {v}
of size dv, we begin by computing PG∼Pd

[NG(v) = R]. To this end, define

dR = (dw − 1w∈R)w∈[n]\{v}.

Note that 2m =
∑︁

i∈[n] di and let mR = m − dv, and let d = 2m/n and dR = 2mR/(n − 1). Note
that by Bayes’ theorem,

PG∼Pd
[NG(v) = R] = PG∼G(n,m)[NG(v) = R]

PG(n−1,mR)[dR]

PG(n,m)[d]
=

(︁(n−1)(n−2)/2
m−dv

)︁(︁
n(n−1)/2

m

)︁ PG(n−1,mR)[dR]

PG(n,m)[d]
,

where PG(n,m) and PG(n−1,mR) are the degree-sequence laws of Definition A.1: the graphs with degree
sequence d and NG(v) = R correspond bijectively to the graphs on [n] \ {v} with degree sequence
dR, and the latter number

(︁(n−1)(n−2)/2
m−dv

)︁
PG(n−1,mR)[dR], while the former are

(︁
n(n−1)/2

m

)︁
PG(n,m)[d]

in total. We compute the remaining two probabilities by appealing to Theorem A.3. Indeed, note
that µ = d

n−1 = p+O(p/
√
pn), and γ2(d) = O(p log2 n), and similarly µR = dR

n−2 = p+O(p/
√
pn)

and γ2(dR) = O(p log2 n). Thus, by Theorem A.3, we have

PG∼Pd
[NG(v) = R] = exp

(︁
O(log4 n)

)︁ (︁(n−1)(n−2)/2
m−dv

)︁(︁
n(n−1)/2

m

)︁
∏︁

w∈[n]\{v} (
n−2

dw−1w∈R
)

((n−1)(n−2)
2m−2dv

)∏︁
w∈[n] (

n−1
dw

)
(n(n−1)

2m )

= exp
(︁
O(log4 n)

)︁ (︁(n−1)(n−2)/2
m−dv

)︁(︁(n−1)(n−2)
2m−2dv

)︁−1(︁
n(n−1)/2

m

)︁(︁
n(n−1)

2m

)︁−1

∏︁
w∈[n]\{v}

(︁
n−2

dw−1w∈R

)︁∏︁
w∈[n]

(︁
n−1
dw

)︁ .

Note that∏︁
w∈[n]\{v}

(︁
n−2

dw−1w∈R

)︁∏︁
w∈[n]

(︁
n−1
dw

)︁ =
1(︁

n−1
dv

)︁ ∏︂
i∈R

di
n− 1

∏︂
i∈[n]\({v}∪R)

n− 1− di
n− 1

=
exp(O(1))(︁

n−1
dv

)︁ pdv(1− p)n−1−dv
∏︂
i∈R

[︃
1 +

βi√
pn

]︃ ∏︂
i∈[n]\({v}∪R)

[︃
1−

√
pn

n
βi

]︃
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=
exp(O(log2 n))(︁

n−1
dv

)︁ pdve−np exp

⎡⎣∑︂
i∈R

βi√
pn

−
∑︂

i∈[n]\({v}∪R)

√
pn

n
βi

⎤⎦ ,
so by Lemma C.3(i), we have

PG∼Pd
[NG(v) = R] = exp

(︁
O(log4 n)

)︁ exp(ΛR)(︁
n−1
dv

)︁ .

Now pick R1 uniformly from
(︁
S\{v}

t

)︁
and R2 uniformly from

(︁[n]\({v}∪S)
dv−t

)︁
, and let R = R1 ∪ R2.

Under this setup, we have

PG∼Pd
[degGS v = t] =

(︃
h− 1S(v)

t

)︃(︃
n− h− 1[n]\S(v)

dv − t

)︃
ER[PG∼Pd

[NG(v) = R]],

so

P[degGS v = t] = exp
(︁
O(log4 n)

)︁ (︁h−1S(v)
t

)︁(︁n−h−1[n]\S(v)
dv−t

)︁(︁
n−1
dv

)︁ ER[exp(ΛR)],

as desired. □

The following lemma compares E[eX ] with eEX when X is a sum of small weights over a uniformly
random subset of prescribed size; it is what lets us replace ER[exp(ΛR)] by exp(ER[ΛR]) up to a
factor exp(O(log2 n)).

Lemma C.5. Fix a real parameter θ ∈ (1/2, 1) and a constant T > 1. For all sufficiently large
n ∈ Z and p ∈ (T−1n−θ, Tn−θ), the following is true.

Fix real numbers a1, . . . , an ∈ R with |ai| ≤ T log n/
√
pn for all i, and consider an integer

s ∈ [T−1pn, Tpn]. Pick ξ ∈ {0, 1}n uniformly at random, and then condition on
∑︁

i ξi = s. Let
X =

∑︁
i ξiai. Then,

E
[︁
eX
]︁
≤ O(

√
pn) exp

(︁
E[X] +O(log2 n)

)︁
.

Proof. Let q = s/n, and let Y =
∑︁

i ζiai, where the ζi are independent Ber(q) random variables.
Since q ≍ p,

E
[︁
eY
]︁
≥ P[Bin(n, q) = s]E

[︁
eX
]︁
≥ Ω(1/

√
pn)E

[︁
eX
]︁
.

Also,

logE
[︁
eY
]︁
=

n∑︂
i=1

log (1 + q(eai − 1)) = q

n∑︂
i=1

ai +O

(︄
q

n∑︂
i=1

a2i

)︄
= E[X] +O(log2 n),

using |ai| ≤ T log n/
√
pn. Combining the two displays proves the claim. □

We are now ready to prove our main result.

Proof of Theorem C.2. We only prove (i), as (ii) has a similar proof but uses Lemma C.4(ii) instead
of Lemma C.4(i).

Define ΛR as in Lemma C.4. We begin by computing its expectation over the randomness of R.
We have

ER[ΛR] =
∑︂

x∈S\{v}

t

|S \ {v}|
βx√
pn

+
∑︂

x∈[n]\(S∪{v})

dv − t

|[n] \ (S ∪ {v})|
βx√
pn

−
∑︂

x∈S\{v}

(︃
1− t

|S \ {v}|

)︃ √
pn

n
βx −

∑︂
x∈[n]\(S∪{v})

(︃
1− dv − t

|[n] \ (S ∪ {v})|

)︃ √
pn

n
βx
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=
∑︂
x∈S

[︃
t

h
− p

]︃
βx√
pn

+
∑︂

x∈[n]\S

[︃
dv − t

n− h
− p

]︃
βx√
pn

+O(logn)

= O(|τ | log n+ log2 n).

We first dispose of the case in which t or dv − t is small. Let ϵ = ϵ(T ) > 0 be a sufficiently small
constant, and suppose that t ≤ ϵpn or dv− t ≤ ϵpn. The hypergeometric factor in Lemma C.4 is the
probability that a uniformly random dv-subset of [n] \ {v} meets S \ {v} in exactly t elements. This
hypergeometric variable has mean dv(h−1S(v))/(n− 1), which lies in [dv/(2T ), dv(1− 1/(2T ))] for
large n, so for ϵ small enough our t is at distance Ω(pn) from the mean, and Hoeffding’s inequality
(which applies to sampling without replacement) bounds the factor by exp(−cpn) for a constant
c = c(T ) > 0. Since |ΛR| ≤ dv log n/

√
pn+

√
pn logn = O(

√
pn logn) deterministically, Lemma C.4

gives P[degGS v = t] ≤ exp
(︁
O(log4 n) +O(

√
pn logn)− cpn

)︁
≤ exp(−cpn/2), while |t − ph| ≤

max(ph, dv) = O(pn) gives τ2 = (t− ph)2/(ph) = O(pn). Hence P[degGS v = t] ≤ exp(−c1τ2) in this
case, for a suitable constant c1 = c1(T ) > 0.

We may therefore assume that ϵpn ≤ t ≤ dv−ϵpn. Writing ξi := 1i∈R, we have ΛR =
∑︁

i̸=v ξiai−∑︁
i̸=v

√
pn
n βi with ai := βi

(︂
1√
pn +

√
pn
n

)︂
= O(logn/

√
pn), and R1 and R2 are independent uniformly

random subsets of S \ {v} and of [n] \ (S ∪ {v}) of sizes t and dv − t respectively; both sizes
are of order pn, hence of order p times the size of the ambient set, which is the hypothesis of
Lemma C.5. Applying that lemma separately to the two pieces, and using log(pn) = O(log n), gives
ER[exp(ΛR)] ≤ exp(ER[ΛR] + O(log2 n)) = exp(O(|τ | log n + log2 n)). Jensen’s inequality supplies
the matching lower bound ER[e

ΛR ] ≥ eER[ΛR], so in fact ER[e
ΛR ] = exp(O(|τ | log n + log2 n)).

Together with Lemma C.4, whose factor exp(O(log4 n)) is absorbed into exp(O(|τ | logn)) because
|τ | ≥ log100 n, we obtain

P[degGS v = t] = exp(O(|τ | log n+ log2 n))

(︁
h−1S(v)

t

)︁(︁n−h−1[n]\S(v)
dv−t

)︁(︁
n−1
dv

)︁
= exp(O(|τ | log n+ log2 n))

(︁
h
t

)︁(︁
n−h
dv−t

)︁(︁
n
dv

)︁ ,

where the second line uses
(︁
h−1
t

)︁
/
(︁
h
t

)︁
= 1− t/h = 1− O(p) and its two analogues. We now bound

the hypergeometric term. Indeed, we have that(︁
h
t

)︁(︁
n−h
dv−t

)︁(︁
n
dv

)︁ =

(︁
dv
t

)︁(︁
n−dv
h−t

)︁(︁
n
h

)︁
= (1 + o(1))

(︃
dv
t

)︃
ht(n− h)dv−t

ndv

≤ (1 + o(1))P
[︃⃓⃓
Bin(dv,

h
n)− dv

h
n

⃓⃓
≥
(︃

|τ |√
T

− log n

)︃
√
pn

]︃
≤ 2(1 + o(1)) exp

(︄
−2(|τ |/

√
T − log n)2

1 + βv/
√
pn

)︄
,

where the second line holds because the ratio of the two sides is exp(O(t2/h+d2v/n)) = exp(O(p2n)),
which tends to 1 since θ > 1/2; the first inequality uses t − dvh/n = τ

√
ph − βv

√
pnh/n together

with h ≥ T−1n and h ≤ n; and the last inequality follows from Hoeffding’s inequality. Thus, since
|τ | ≥ log100 n, there is some constant c2 > 0 (depending on T ) such that

P[degGS v = t] ≤ exp(−c2τ2)
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in this case. Taking CC.2 := min{c1, c2} proves the theorem. □

Appendix D. Inverse-function theorems for conditional-mean maps

This appendix proves that the map sending the mean of a Gaussian vector to its conditional mean
given a fixed open convex set is a diffeomorphism onto that set, and that a map which is uniformly
close to such a diffeomorphism on compact sets still hits every target in a compact subset of the set,
with a preimage close to the exact one. The first statement is what makes the universal recursion of
Section 4 well defined; the second is what produces the tilts of the idealized process in Appendix E.
The first statement is the classical fact that the mean-value map of a regular exponential family is a
diffeomorphism onto the interior of the convex support; we give the short self-contained proof. The
second is an application of Brouwer’s fixed point theorem. The appendix uses only Appendix A.5.

D.1. Strong bijections.

Definition D.1 (Strong bijection). Let d ≥ 1 and let B ⊆ Rd be open. A map f : Rd → B is a
strong bijection if it is a bijection and both f and f−1 : B → Rd are smooth.

Lemma D.2 (Lipschitz bounds on compact sets). Let f : Rd → B be a strong bijection and let
K ⊆ B be compact. Then there is a constant L = L(f,K) ≥ 1 such that

L−1|y − z| ≤
⃓⃓
f−1(y)− f−1(z)

⃓⃓
≤ L|y − z| for all y, z ∈ K.

Proof. We first record that a smooth map h : W → Rd on an open set W ⊆ Rd is Lipschitz on
every compact K ⊆ W . For K = ∅ this is immediate, so assume K ̸= ∅. Since K is compact
and W is open there is ρ > 0 such that the closed ρ-neighborhood Kρ := {x : dist(x,K) ≤ ρ} is
contained in W ; the derivative Dh is continuous, hence bounded by some L1 on the compact set
Kρ. If y, z ∈ K and |y − z| ≤ ρ, the segment from y to z lies in Kρ, and the mean value inequality
gives |h(y)−h(z)| ≤ L1|y−z|. If |y−z| > ρ, then |h(y)−h(z)| ≤ 2 supK |h| ≤ (2 supK |h|/ρ) |y−z|.
So h is Lipschitz on K with constant max{L1, 2 supK |h|/ρ}.

Applying this to h = f−1 on W = B gives the upper bound with some constant L′. For the lower
bound, the setK ′ := f−1(K) is compact, being the image of a compact set under the continuous map
f−1; applying the fact to h = f on W = Rd gives L′′ with |f(a)−f(b)| ≤ L′′|a−b| for a, b ∈ K ′, and
taking a = f−1(y), b = f−1(z) yields |y − z| ≤ L′′|f−1(y)− f−1(z)|. Take L := max{L′, L′′, 1}. □

D.2. The conditional-mean map.

Theorem D.3 (The conditional-mean map is a strong bijection). Let d ≥ 1, let Σ ∈ Rd×d be
positive definite, and let O ⊆ Rd be a nonempty open convex set. For γ ∈ Rd let Xγ ∼ N (γ,Σ).
The map

FO : Rd → O, FO(γ) := E [Xγ | Xγ ∈ O] ,

is well defined, that is, its values lie in O, and it is a strong bijection. Its Jacobian at γ is Cov(Xγ |
Xγ ∈ O)Σ−1, which is invertible.

Proof. That FO is well defined with values in O is Lemma A.12. Define

Φ: Rd → R, Φ(ϑ) := log

∫︂
O
exp

(︂
ϑ · x− 1

2x
⊤Σ−1x

)︂
dx.

The integrand is bounded by exp(|ϑ||x| − 1
2λmin|x|2), where λmin > 0 is the smallest eigenvalue of

Σ−1, so the integral converges for every ϑ, and differentiation under the integral sign (justified by
the same Gaussian domination, locally uniformly in ϑ) shows that Φ is smooth with

∇Φ(ϑ) = Eϑ[X], ∇2Φ(ϑ) = Covϑ(X),
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where Pϑ denotes the probability measure on O with density proportional to exp(ϑ ·x− 1
2x

⊤Σ−1x).
Since

−1
2(x− γ)⊤Σ−1(x− γ) = x · Σ−1γ − 1

2x
⊤Σ−1x− 1

2γ
⊤Σ−1γ,

the law of Xγ conditioned on {Xγ ∈ O} is PΣ−1γ . Hence

FO(γ) = ∇Φ(Σ−1γ) and DFO(γ) = ∇2Φ(Σ−1γ)Σ−1 = Cov(Xγ | Xγ ∈ O)Σ−1, (D.1)

so FO is smooth, and its Jacobian is invertible because Cov(Xγ | Xγ ∈ O) is positive definite by
Lemma A.12.

Injectivity. By (D.1) and Lemma A.12, ∇2Φ is positive definite everywhere, so Φ is strictly
convex. If ∇Φ(ϑ) = ∇Φ(ϑ′) with ϑ ̸= ϑ′, then the strictly convex function t ↦→ Φ(ϑ + t(ϑ′ − ϑ))
would have equal derivatives at t = 0 and t = 1, which is impossible. Hence ∇Φ is injective, and so
is FO = ∇Φ ◦ Σ−1.

Surjectivity. Fix y ∈ O and consider the smooth function Ψ(ϑ) := Φ(ϑ) − ϑ · y. We show that
Ψ(ϑ) → ∞ as |ϑ| → ∞. Since O is open there is η > 0 with B(y, 2η) ⊆ O. For a unit vector e and
t > 0, the ball B(y+ 3

2ηe,
1
2η) is contained in B(y, 2η) ⊆ O and in the half-space {x : (x−y) ·e > η},

so

Ψ(te) = log

∫︂
O
exp

(︂
t(x− y) · e− 1

2x
⊤Σ−1x

)︂
dx ≥ log

(︁
etηm0

)︁
= tη + logm0,

where
m0 := vol

(︁
B(0, 12η)

)︁
inf

|x−y|≤2η
e−

1
2
x⊤Σ−1x > 0

does not depend on e. Hence Ψ ≥ tη + logm0 on the sphere of radius t, which exceeds Ψ(0) for t
large. A continuous function on a closed ball attains its minimum; as Ψ is larger on the boundary of
a large ball than at its center, the minimum over the ball is attained at an interior point ϑ∗, where
∇Ψ(ϑ∗) = 0, that is, ∇Φ(ϑ∗) = y. Thus FO(Σϑ

∗) = y.
Smoothness of the inverse. FO is a smooth bijection Rd → O whose Jacobian is everywhere

invertible, so by the inverse function theorem it is a local diffeomorphism around every point; hence
its inverse is smooth on O. □

Corollary D.4 (Conditional means on a cone). Let d ≥ 1, let 0 ≤ r ≤ d, let M ∈ Rr×d have rank
r, and let Σ ∈ Rd×d be positive definite. Let CM := {x ∈ Rd : Mx > 0}, where Mx > 0 means that
every coordinate is positive, so that CM = Rd when r = 0. Then CM is a nonempty open convex set,
and the map FCM of Theorem D.3 is a strong bijection Rd → CM .

Proof. CM is the intersection of r open half-spaces, hence open and convex. It is nonempty: since
M has rank r, the map x ↦→ Mx is onto Rr, so some x has Mx = (1, . . . , 1). Apply Theorem D.3
with O = CM . □

D.3. Solving perturbed equations.

Theorem D.5 (Perturbation of a strong bijection). Let d ≥ 1, let B ⊆ Rd be open, let f : Rd → B
be a strong bijection, let K ⊆ B be compact, and let C0 > 0. Put R0 := maxy∈K |f−1(y)|+ 1 when
K ̸= ∅, and R0 := 1 when K = ∅. There exist ε0 > 0 and C > 0, depending only on f , K, and C0,
such that the following holds. Let 0 < ε < ε0 and let g : Rd → Rd be a continuous map with

sup
|x|≤R0

|g(x)− f(x)| ≤ C0 ε.

Then for every y ∈ K there is x ∈ Rd with

g(x) = y and
⃓⃓
x− f−1(y)

⃓⃓
≤ Cε.
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In particular this applies to B = CM as in Corollary D.4 and, for T > 1, to the compact set

KT :=

{︃
y ∈ CM : ∥y∥∞ ≤ T and min

1≤i≤r
(My)i ≥ T−1

}︃
(the closed cube [−T, T ]d when r = 0), with R0, ε0, and C depending only on d, M , f , C0, and T .

Proof. If K = ∅, the conclusion is vacuous, so take ε0 = C = 1. Assume henceforth that K ̸= ∅.
Since K is compact and B is open, r0 := 1

2 dist(K,R
d \ B) is positive (with r0 := 1 if B = Rd),

and K′ := {z : dist(z,K) ≤ r0} is a compact subset of B. Let L := L(f,K′) be the constant of
Lemma D.2, and put

ε0 := min

{︃
r0
C0
,

1

LC0

}︃
, C := LC0.

Fix ε ∈ (0, ε0), a map g as in the statement, and y ∈ K, and let x0 := f−1(y), so that |x0| ≤ R0−1.
For x in the closed ball B(x0, 1) we have |x| ≤ R0, hence |f(x)− g(x)| ≤ C0ε < r0, so the point

z(x) := y + f(x)− g(x)

lies in K′ ⊆ B, and h(x) := f−1(z(x)) is defined. The map h : B(x0, 1) → Rd is continuous, being a
composition of continuous maps, and by Lemma D.2 on K′,

|h(x)− x0| =
⃓⃓
f−1(z(x))− f−1(y)

⃓⃓
≤ L |z(x)− y| ≤ LC0 ε ≤ 1.

Thus h maps B(x0, 1) into itself, and by Brouwer’s fixed point theorem [9, Corollary 2.15] it has
a fixed point x∗. Then f(x∗) = z(x∗) = y + f(x∗) − g(x∗), that is, g(x∗) = y, and the displayed
inequality with x = x∗ gives |x∗ − f−1(y)| ≤ LC0 ε = Cε.

For the last assertion, KT is closed and bounded, hence compact, and it is contained in CM ; the
constants then depend on KT only through d, M , and T . □

Appendix E. The idealized process: existence, perturbation, and the edge day

This appendix proves the theorems of Section 5. Its inputs are the Gaussian approximations
of Appendix A.2 (Theorems A.6 and A.7), the inverse-function theorems of Appendix D, and the
universal recursion of Section 4. Throughout, θ ∈ (1/2, 1) and T > 1 are fixed, N is large, p ∈
(T−1N−θ, TN−θ), and for a size vector n ∈ Z{0,1}k

≥1 and a tilt λ we write As,•(n, λ) for the row
vector of Definition 3.2. For s ∈ {0, 1}k we write Ms ∈ {0,±1}(k−1)×2k for the matrix whose rth
row is the coefficient vector of the form Zs,r of Definition 4.1, and ≥′

s∈ {≥, >}k−1 for the relation
such that Is(x) is the assertion Msx ≥′

s 0 (Definition 3.1 and the proof of Lemma B.6); the rows of
Ms are nonzero and pairwise orthogonal.

E.1. Uniqueness of tilts.

Lemma E.1 (The conditioned mean map is injective). Let d ≥ 1, let η ∈ Zd
≥1, let M ∈ Rr×d, and

let ≥′∈ {≥, >}r. Suppose that the set S := {a ∈
∏︁

t∈[d]{0, . . . , ηt} :Ma ≥′ 0} is not contained in an
affine hyperplane of Rd. For q ∈ (0, 1)d let Aq have independent coordinates Aq

t ∼ Bin(ηt, qt). Then
P[MAq ≥′ 0] > 0 for every q, and the map

(0, 1)d → Rd, q ↦→ E
[︁
Aq |MAq ≥′ 0

]︁
,

is injective.

Proof. Every point a of the box
∏︁

t{0, . . . , ηt} has P[Aq = a] =
∏︁

t

(︁
ηt
at

)︁
qatt (1 − qt)

ηt−at > 0, and S

is nonempty (a set contained in no affine hyperplane contains d + 1 affinely independent points),
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so P[MAq ≥′ 0] = P[Aq ∈ S] > 0. Write ϑt := log qt
1−qt

, which is a bijection (0, 1)d → Rd, and(︁
η
a

)︁
:=
∏︁

t

(︁
ηt
at

)︁
. Since qatt (1− qt)

ηt−at = eϑtat(1− qt)
ηt ,

P [Aq = a | Aq ∈ S] =

(︃
η

a

)︃
exp (ϑ · a− ψ(ϑ)) (a ∈ S), ψ(ϑ) := log

∑︂
a∈S

(︃
η

a

)︃
eϑ·a.

The function ψ is smooth on Rd (a logarithm of a finite positive sum of exponentials), and differ-
entiating gives ∇ψ(ϑ) = E[Aq | Aq ∈ S] and ∇2ψ(ϑ) = Cov(Aq | Aq ∈ S). For u ∈ Rd \ {0},
u⊤∇2ψ(ϑ)u = Var(u · Aq | Aq ∈ S), and this vanishes only if u · a is constant over S (all points
of S have positive conditional probability), that is, only if S lies in an affine hyperplane, which
is excluded. Hence ψ is strictly convex, so ∇ψ is injective (if ∇ψ(ϑ) = ∇ψ(ϑ′) with ϑ ̸= ϑ′, the
strictly convex function t ↦→ ψ(ϑ + t(ϑ′ − ϑ)) would have equal derivatives at 0 and 1), and so is
q ↦→ ∇ψ(ϑ(q)). □

In the applications below, M = Ms or M = Msb (defined in Lemma E.3 below), and S contains
every lattice point of a box of side

√
pN around a point p η +

√
pN x0 with x0 interior to the cone,

so that the hypothesis of Lemma E.1 holds for large N .

E.2. Gaussian limits of the binomial row model. We first record the regularity of the Gaussian
functionals that appear as limits.

Lemma E.2 (Regularity of Gaussian functionals). Let d ≥ 1, 0 ≤ r ≤ d, let M ∈ Rr×d have
rank r, and let P ⊆ Rd × Rd

>0 × Rr be compact. For (m, v, u) ∈ P let X ∼ N (m, diag(v)) and let
Eu := {x ∈ Rd :Mx ≥ −u}, the inequality holding coordinatewise. Then there are constants cP > 0
and LP such that P[X ∈ Eu] ≥ cP on P, and each of the functions

(m, v, u) ↦→ P [X ∈ Eu] , E [Xt1X∈Eu ] , E [XtXt′1X∈Eu ] (t, t′ ∈ [d])

is Lipschitz on P with constant LP . Consequently the conditional expectations E[Xt | X ∈ Eu] and
E[XtXt′ | X ∈ Eu], and the conditional covariances, are Lipschitz on P as well.

Proof. Since M has rank r, the linear map x ↦→ Mx is onto Rr, so Eu, the preimage of the closed
orthant {z ≥ −u}, has nonempty interior, and P[X ∈ Eu] > 0. The functions in the statement
are continuous in (m, v, u): in (m, v) by dominated convergence, and in u because the boundary of
Eu is a finite union of hyperplanes, which is Lebesgue-null. A positive continuous function on the
compact set P is bounded below, which gives cP .

For the Lipschitz bounds, enlarge P to a compact rectangular box in Rd×Rd
>0×Rr. All variances

on this box remain bounded away from zero, and the box contains the line segments used in the
mean value inequality below. Proving the bounds on this box suffices for the original set. Write φm,v

for the density of X and let h be one of the functions 1, xt, xtxt′ . The partial derivatives ∂mtφm,v =
xt−mt

vt
φm,v and ∂vtφm,v =

(︁ (xt−mt)2

2v2t
− 1

2vt

)︁
φm,v are bounded in absolute value by C(1+ |x|2)φm,v(x)

for a constant C depending on P, and (1+ |x|2)|h(x)|φm,v(x) is integrable uniformly over P; hence
(m, v) ↦→

∫︁
Eu hφm,v is continuously differentiable with derivatives bounded on P, uniformly in u,

and therefore Lipschitz in (m, v). For the dependence on u, let u, u′ ∈ Rr and write Z :=MX. The
symmetric difference Eu△Eu′ is contained in

⋃︁
i≤r{x : −max(ui, u

′
i) ≤ (Mx)i < −min(ui, u

′
i)}, so⃓⃓⃓⃓

⃓
∫︂
Eu
hφm,v −

∫︂
Eu′

hφm,v

⃓⃓⃓⃓
⃓ ≤∑︂

i≤r

E [|h(X)|1{Zi ∈ Ji}] , Ji :=
[︁
−max(ui, u

′
i),−min(ui, u

′
i)
]︁
.

Each Zi is a nondegenerate Gaussian variable whose variance is bounded below on P , so its density
is bounded by a constant C ′; and given Zi = z, the vector X is Gaussian with mean affine in
z and bounded covariance, so E[|h(X)| | Zi = z] ≤ C ′′(1 + z2). Integrating over z ∈ Ji gives
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E[|h(X)|1{Zi ∈ Ji}] ≤ C ′C ′′ supz∈Ji(1 + z2) |ui − u′i|, which is at most a constant times |u− u′| on
the compact set P. The conditional quantities are quotients of Lipschitz functions by the function
P[X ∈ Eu], which is Lipschitz and bounded below by cP ; hence they are Lipschitz. □

The next lemma is the bridge between the binomial row models of Section 3 and the Gaussian row
models of Section 4. For s ∈ {0, 1}k and b ∈ {0, 1} let Msb ∈ Rk×2k be the matrix whose rows are
the rows of Ms followed by (−1)b times the coefficient vector of Zs,k, and ≥′

sb∈ {≥, >}k the relation
such that Jsb(x) is the assertion Msbx ≥′

sb 0; as for Ms, the rows of Msb are nonzero and pairwise
orthogonal. For u ∈ R let J u

sb(x) be the assertion “Is(x) and (−1)b(Zs,k(x) + u) > 0”, the majority
decision with its threshold shifted by u; thus J 0

sb(x) is Jsb(x) with a strict last inequality, which is
immaterial for Gaussian vectors. The shift appears because the binomial row model centered at pη
has Zs,k(pη) ̸= 0 when the sizes η are not balanced between the two opinions.

Lemma E.3 (Gaussian limits of the binomial row model). Fix θ ∈ (1/2, 1), k ≥ 1, s ∈ {0, 1}k,
T > 1, ℓ ≥ 1, and R > 0. There are constants ℓ′ = ℓ′(k, ℓ), c0 = c0(k, T,R) > 0, and C =
C(θ, k, T, ℓ, R) such that for all sufficiently large N , all p ∈ (T−1N−θ, TN−θ), every ξ ∈ (0, T ], and
every η ∈ Z{0,1}k with

|η[t]−Nν[t]| ≤ N√
pN

logℓN for all t, ∥Msη∥∞ ≤ ξ
N√
pN

, |Zs,k(η)| ≤ T
N√
pN

,

the following holds with ϵ := logℓ
′
N√

pN
+ ξ and uη := pZs,k(η)/

√
pN ∈ [−T, T ]. For σ ∈ R{0,1}k

with ∥σ∥∞ ≤ R, let Aσ have independent coordinates Aσ
t ∼ Bin

(︁
η[t]− 1s=t,ΛN,p(σ[t], ν[t])

)︁
and let

W σ have independent coordinates W σ
t ∼ N (σ[t], ν[t]). Then all of the following quantities on the

binomial side are smooth functions of σ, and for all t, t′ ∈ {0, 1}k and b ∈ {0, 1}:
(i) P[Is(W σ)] ≥ c0 and P[J uη

sb (W σ)] ≥ c0;
⃓⃓
P[Is(Aσ)] − P[Is(W σ)]

⃓⃓
≤ Cϵ; and

⃓⃓
P[Jsb(A

σ) |
Is(Aσ)]− P[J uη

sb (W σ) | Is(W σ)]
⃓⃓
≤ Cϵ;

(ii)
⃓⃓⃓⃓
E[Aσ

t | Is(Aσ)]− p η[t]√
pN

− E[W σ
t | Is(W σ)]

⃓⃓⃓⃓
≤ Cϵ, and the same with Is(Aσ) replaced by

Jsb(A
σ) and Is(W σ) by J uη

sb (W σ);

(iii)
⃓⃓⃓⃓
Cov(Aσ

t , A
σ
t′ | Is(Aσ))

pN
− Cov(W σ

t ,W
σ
t′ | Is(W σ))

⃓⃓⃓⃓
≤ Cϵ.

If moreover |Zs,k(η)| ≤ ξ N√
pN

, then |uη| ≤ ξ ≤ ϵ, and (i) and (ii) hold with J uη

sb (W σ) replaced by
Jsb(W

σ). In particular Fs,ν(σ) = E[W σ | Is(W σ)] is the vector on the Gaussian side of (ii).

Proof. Write d := 2k, η′t := η[t]− 1s=t, and let N be large enough that η′t ∈ (12Nν[t], 2Nν[t]) for all
t. Put

αt :=
σ[t]

ν[t]

√︃
η′t
N
, so that ΛN,p(σ[t], ν[t]) =

p
1−pe

αt/
√

pη′t

1 + p
1−pe

αt/
√

pη′t
,

and |αt| ≤ R
√︁
2/ν[t]. Let T1 be a constant, depending on θ, k, T,R, exceeding 2T , 2/mint ν[t],

and maxtR
√︁
2/ν[t]. We apply Theorem A.6 with d, n = N , the constant T1, η = η′, α as above,

and ρ ∈ {1, xt, xtxt′}, once with (M,≥′) = (Ms,≥′
s) and once with (M,≥′) = (Msb,≥′

sb); its
hypotheses hold because η′t ∈ (T−1

1 N,T1N), |αt| < T1, p ∈ (T−1
1 N−θ, T1N

−θ), and ∥Msη
′∥∞ ≤

∥Msη∥∞ + 1 ≤ TN/
√
pN + 1 < T1N/

√
pN , while ∥Msbη

′∥∞ = max{∥Msη
′∥∞ , |Zs,k(η

′)|} ≤
max{∥Msη∥∞ , |Zs,k(η)|}+ 1 < T1N/

√
pN . Its conclusion is, for each admissible ρ and M ,

E
[︁
ρ(Aσ − pη′)1MAσ≥′0

]︁
= E

[︁
ρ(X)1MX≥−pMη′

]︁
+O

(︂√︁
pN

deg ρ−1
log5+dN

)︂
, (E.1)
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where X has independent coordinates Xt ∼ N (
√︁
pη′t αt, pη

′
t), and the events {MAσ ≥′ 0} are

Is(Aσ) and Jsb(A
σ) respectively.

Normalization. Put X̂ := X/
√
pN , which has independent coordinates X̂t ∼ N (m̂t, v̂t) with

m̂t =
σ[t] η′t
Nν[t]

, v̂t =
η′t
N
, |m̂t − σ[t]| ≤ R

ν[t]

(︄
logℓN√
pN

+
1

N

)︄
, |v̂t − ν[t]| ≤ logℓN√

pN
+

1

N
,

and the event {MX ≥ −pMη′} is {MX̂ ≥ −u} with u := pMη′/
√
pN . For M = Ms, ∥u∥∞ ≤

ξ + p/
√
pN ≤ 2ϵ. For M = Msb, the first k − 1 coordinates of u are those of the previous case

and the last is (−1)bpZs,k(η
′)/

√
pN = (−1)b(uη + O(p/

√
pN)), so that {MsbX̂ ≥ −u} is, up to a

shift of the first k − 1 thresholds by O(ϵ) and of the last by O(p/
√
pN) ≤ O(ϵ), the event J uη

sb (X̂).
Dividing (E.1) by

√
pN

deg ρ,

E
[︃
ρ

(︃
Aσ − pη′√

pN

)︃
1MAσ≥′0

]︃
= E

[︂
ρ(X̂)1MX̂≥−u

]︂
+O

(︄
log5+dN√

pN

)︄
. (E.2)

Comparison of the Gaussian functionals. Apply Lemma E.2 with M ∈ {Ms,Msb} and the
compact parameter set P of all (m, v, u) with ∥m∥∞ ≤ 2R/mint ν[t], 1

2ν[t] ≤ vt ≤ 2ν[t], and
∥u∥∞ ≤ 2T + 1. For large N the triple (m̂, v̂, u) lies in P, and so does the triple (σ, ν, 0) for
M = Ms, respectively (σ, ν, (0, . . . , 0, (−1)buη)) for M = Msb; the two triples are at distance
O(logℓN/

√
pN + ξ + p/

√
pN) = O(ϵ) from each other. Hence the right-hand side of (E.2) differs

by O(ϵ) from E[ρ(W σ)1Is(Wσ)] for M = Ms, respectively from E[ρ(W σ)1J uη
sb (Wσ)] for M = Msb,

where we used that {MsW
σ ≥ 0} and {MsbW

σ ≥ −(0, . . . , 0, (−1)buη)} coincide with Is(W σ) and
J uη

sb (W σ) up to null sets. Taking ℓ′ := 5 + d+ ℓ, we conclude that for ρ ∈ {1, xt, xtxt′},

E
[︃
ρ

(︃
Aσ − pη′√

pN

)︃
1Is(Aσ)

]︃
= E

[︁
ρ(W σ)1Is(Wσ)

]︁
+O(ϵ), (E.3)

and the same with Jsb(A
σ) and J uη

sb (W σ) in place of Is(Aσ) and Is(W σ).
Uniform denominator bounds. The lower probability bound in Lemma E.2 applies also at the

actual parameters (m̂, v̂, u) ∈ P . Choose c0 > 0 as the minimum of these compact-family lower
bounds over the finitely many matrices Ms and Msb with s ∈ {0, 1}k and b ∈ {0, 1}. Equation (E.2)
with ρ = 1 gives, for each of these matrices,

P[MAσ ≥′ 0] ≥ c0 −O

(︄
log5+dN√

pN

)︄
≥ c0

2

uniformly for sufficiently large N . The error tends to zero uniformly in the density window, regard-
less of ξ ∈ (0, T ]; the later error O(ϵ) need not tend to zero. Thus both the binomial history and
child-event probabilities are bounded away from zero before we divide the raw-moment comparisons.

Conclusion. The lower bounds P[Is(W σ)] ≥ c0 and P[J uη

sb (W σ)] ≥ c0 follow from the choice of c0
and Lemma E.2 at the parameters (σ, ν, 0) and (σ, ν, (0, . . . , 0, (−1)buη)). The two approximation
bounds of (i) are (E.3) with ρ = 1, the second after dividing the J version by the I version and
using the Gaussian lower bound c0 and the binomial lower bound c0/2 just proved. For (ii), (E.3)
with ρ = xt and ρ = 1 gives

E[Aσ
t | Is(Aσ)]− pη′t√

pN
=

E[W σ
t 1Is(Wσ)] +O(ϵ)

P[Is(W σ)] +O(ϵ)
= E[W σ

t | Is(W σ)] +O(ϵ),

and pη′t differs from pη[t] by at most p ≤
√
pN ϵ; the J version is identical. For (iii), use ρ = xtxt′ , xt,

xt′ , and 1 in the same way. Finally, if |Zs,k(η)| ≤ ξN/
√
pN then |uη| ≤ ξ ≤ ϵ, and by Lemma E.2 the

Gaussian quantities with the event J uη

sb (W σ) differ from those with Jsb(W
σ) by O(ϵ). Smoothness

75



in σ: each binomial quantity is a rational function, with positive denominator, of the finitely many
values ΛN,p(σ[t], ν[t])

a(1− ΛN,p(σ[t], ν[t]))
η′t−a, which are smooth in σ. □

E.3. The linear response of the binomial row model.

Lemma E.4 (Linear response to a small tilt). Fix θ ∈ (1/2, 1), an integer k with 1 ≤ k < 1
1−θ ,

s ∈ {0, 1}k, T > 1, and R > 0. There are constants κ = κ(θ, k) > 0 and C = C(θ, k, T,R) such that
for all sufficiently large N , all p ∈ (T−1N−θ, TN−θ), all τ ∈ [T−1, T ], and every n ∈ Z{0,1}k with
|n[t] − ˜︁n[t]| ≤ T

√
N
√
pN

k−1 for all t, the following holds, where (˜︁n, ˜︁m, ˜︁λ) is the idealized process
of Theorem 5.2 with D = Dθ and ˜︁As,• = As,•(˜︁nk, ˜︁λk). Write β0 :=

√
pN

k−1
/
√
N . For σ ∈ R{0,1}k

with ∥σ∥∞ ≤ R let qσ ∈ (0, 1){0,1}
k be defined by

log
qσ[t] (n[t]− 1s=t − p ˜︁n[t])

(1− qσ[t]) p ˜︁n[t] = ˜︁ϑ[s, t] + τβ0 σ[t], ˜︁ϑ[s, t] := log
˜︁λ[s, t] (˜︁n[t]− 1s=t − p ˜︁n[t])(︂

1− ˜︁λ[s, t])︂ p ˜︁n[t] ,

and let Aσ have independent coordinates Aσ
t ∼ Bin(n[t] − 1s=t, q

σ[t]). Then qσ and the quantities
below are smooth in σ, |qσ[t]− p| ≤ C p/

√
pN , and for all t ∈ {0, 1}k and b ∈ {0, 1}:

(i)
⃓⃓⃓⃓
E[Aσ

t | Is(Aσ)]− ˜︁m[s, t]/˜︁n[s]
τβ0 pN

− (Σsσ)[t]

⃓⃓⃓⃓
≤ CN−κ, where Σs is the conditional covariance

of Lemma 4.6;
(ii) with Ws,• the day-k Gaussian row model,⃓⃓⃓⃓
⃓P[Jsb(A

σ) | Is(Aσ)]− P[Jsb( ˜︁As,•) | Is( ˜︁As,•)]

τβ0
√
pN

−ν[sb]
ν[s]

∑︂
t′

σ[t′]
(︁
E[Ws,t′ | Jsb(Ws,•)]− E[Ws,t′ | Is(Ws,•)]

)︁⃓⃓⃓⃓⃓ ≤ CN−κ;

(iii)
⃓⃓⃓
E[Aσ

t | Jsb(A
σ)]− E[ ˜︁As,t | Jsb( ˜︁As,•)]

⃓⃓⃓
≤ Cτβ0 pN ;

(iv) P[Is(Aσ)] ≥ ϕ∗k/4 and ϕ∗k/2 ≤ P[Jsb(A
σ) | Is(Aσ)] ≤ 1 − ϕ∗k/2, with ϕ∗k the constant of

Lemma 4.11.

Proof. Write d := 2k and ct := p ˜︁n[t]. Since k(1 − θ) < 1, the number c1 := 1
2(1 − k(1 − θ)) is

positive and

β0
√︁
pN =

√
pN

k

√
N

≤ T k/2N−c1 , (E.4)

so β0
√
pN logO(1)N → 0. We use Theorem 5.2(v) throughout; in particular ˜︁n[t] ≍ N , ˜︁m[s, t]/˜︁n[s]−

ct = ctµ[s, t]/
√
pN +O(logℓN) = O(

√
pN), and |˜︁λ[s, t]−p| = O(p/

√
pN) (because ΛN,p(γ, ν)−p =

O(p/
√
pN) and logℓN/N ≤ p/

√
pN for large N).

The tilt. By definition, logit qσ[t] = logit ˜︁λ[s, t] + log ˜︁n[t]−1s=t−ct
n[t]−1s=t−ct

+ τβ0σ[t], and the middle term

is O(|n[t] − ˜︁n[t]|/N) = O(β0) by the hypothesis on n. Hence | logit qσ[t] − logit ˜︁λ[s, t]| = O(β0),
so |qσ[t] − ˜︁λ[s, t]| = O(pβ0) and |qσ[t] − p| = O(p/

√
pN); smoothness in σ is clear. Now apply

Theorem A.7 with d, n = N , a sufficiently large constant T1 = T1(θ, k, T,R) ≥ T in place of T ,
reference sizes ˜︁ηt := ˜︁n[t], trial counts ˜︁η′t := ˜︁n[t] − 1s=t and ηt := n[t] − 1s=t, success probabilities˜︁q := ˜︁λ[s, •] and q := qσ, and ρ ∈ {1, xt}, once with (Ms,≥′

s) and once with (Msb,≥′
sb). Its hypotheses

hold for large N : p ∈ (T−1
1 N−θ, T1N

−θ); ˜︁ηt ≍ N ; |˜︁η′t − ˜︁ηt| ≤ 1; |ηt − ˜︁ηt| ≤ T
√
N
√
pN

k−1
+

1 ≤ T 1+k/2N/
√
pN by (E.4); |˜︁qt − p|, |qt − p| = O(p/

√
pN); and its tilt vector is exactly βt =
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τβ0σ[t], by the definition of qσ, so ∥β∥∞ ≤ TRβ0 < T1/(
√
pN log2N) by (E.4). Writing E1 :=

max{p, ∥β∥2∞ pN log2N}, the conclusions are, for the event Is (and identically for Jsb),

P[Is(Aσ)] = ˜︁P +
∑︂
t′

βt′Jt′ +O(E1 log
2N), (E.5)

E
[︁
(Aσ

t − ct)1Is(Aσ)

]︁
= ˜︁Et

˜︁P +
∑︂
t′

βt′Kt′t +O(E1

√︁
pN log3N), (E.6)

where ˜︁P := P[Is( ˜︁A)], ˜︁Et := E[ ˜︁At−ct | Is( ˜︁A)], Jt′ := Cov( ˜︁At′ ,1Is( ˜︁A)
), and Kt′t := E[( ˜︁At′ −ct′)( ˜︁At−

ct)1Is( ˜︁A)
]−E[ ˜︁At′ − ct′ ] ˜︁Et

˜︁P ; here ˜︁A := ˜︁As,•. By Theorem 5.2(ii), ˜︁Et = ˜︁m[s, t]/˜︁n[s]− ct = O(
√
pN).

By Lemma E.3 applied with η = ˜︁nk (so ∥Msη∥∞ = 0 by Theorem 5.2(iv) and Corollary 4.10(iii),
and we may take ξ =

√
pN/N) and with σ the vector ˜︁σ defined by ΛN,p(˜︁σ[t], ν[t]) = ˜︁λ[s, t], which

satisfies ∥˜︁σ − γ[s, •]∥∞ = O(logℓN/
√
pN) by (v) and is therefore bounded, we have ˜︁P ≥ ϕ∗k/2,

P[Jsb( ˜︁A) | Is( ˜︁A)] = ν[sb]/ν[s] +O(ϵ0), and

Kt′t − Jt′ ˜︁Et˜︁P = Cov
(︂ ˜︁At′ , ˜︁At | Is( ˜︁A))︂ = pN Σs[t

′, t] +O(pNϵ0), ϵ0 :=
logℓ

′
N√

pN
+

√
pN

N
, (E.7)

where the first equality is a direct expansion of the definitions. The second is Lemma E.3(iii) together
with the Lipschitz dependence of the Gaussian conditional covariance on the mean (Lemma E.2),
which converts the covariance of W ˜︁σ given Is into Σs at the cost of O(logℓN/

√
pN). Also |Jt′ | ≤√︂

Var( ˜︁At′), which is O(
√
pN), and |Kt′t| = O(pN).

Proof of (i). Dividing (E.6) by (E.5), with u :=
∑︁

t′ βt′Jt′/
˜︁P = O(∥β∥∞

√
pN) = O(β0

√
pN),

E[Aσ
t | Is(Aσ)]− ct =

˜︁Et
˜︁P +

∑︁
t′ βt′Kt′t +O(E1

√
pN log3N)˜︁P (︁1 + u+O(E1 log

2N)
)︁

= ˜︁Et +
∑︂
t′

βt′
Kt′t − Jt′ ˜︁Et˜︁P +O

(︂
E1

√︁
pN log3N + β20 pN

√︁
pN
)︂
,

where the last error collects the second-order terms u2 ˜︁Et and u
∑︁
βK/ ˜︁P , both O(β20pN

√
pN), and˜︁Et ·O(E1 log

2N) = O(E1
√
pN log2N). Substituting ˜︁Et = ˜︁m[s, t]/˜︁n[s]− ct and (E.7), and dividing

by τβ0pN , the main term becomes (Σsσ)[t] +O(ϵ0) and the error terms become

O

(︃
p
√
pN log3N

β0pN
+
β20pN log2N

√
pN log3N

β0pN
+ β0

√︁
pN

)︃
= O

(︄√
p log3N

√
pN

k−1
+ β0

√︁
pN log5N

)︄
,

using ∥β∥∞ ≤ TRβ0 and β0 =
√
pN

k−1
/
√
N . The first term is at most √

p log3N and the
second is O(N−c1 log5N) by (E.4); together with ϵ0 = O(logℓ

′
N/

√
pN), all are O(N−κ) for

κ := 1
2 min{c1, θ/2, (1− θ)/2} and large N .

Proof of (ii). Write ˜︁PJ := P[Jsb( ˜︁A)] and J
(b)
t′ := Cov( ˜︁At′ ,1Jsb( ˜︁A)

). Dividing the Jsb version of
(E.5) by the Is version,

P[Jsb(A
σ) | Is(Aσ)] =

˜︁PJ˜︁P +
∑︂
t′

βt′

(︄
J
(b)
t′˜︁P −

˜︁PJ Jt′˜︁P 2

)︄
+O

(︁
E1 log

2N + β20pN
)︁
,

and a direct expansion gives
J
(b)

t′˜︁P −
˜︁PJJt′˜︁P 2

=
˜︁PJ˜︁P
(︂
E[ ˜︁At′ | Jsb( ˜︁A)]− E[ ˜︁At′ | Is( ˜︁A)])︂. By Lemma E.3(i)

and (ii) at ˜︁σ, together with the Lipschitz dependence on the mean of Lemma E.2, this equals
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√
pN ν[sb]

ν[s]

(︁
E[Ws,t′ | Jsb(Ws,•)]− E[Ws,t′ | Is(Ws,•)]

)︁
+O(

√
pNϵ0). Dividing by τβ0

√
pN and using

βt′ = τβ0σ[t
′] gives the main term of (ii); the errors are O(ϵ0) from the main term and

O

(︃
p log2N

β0
√
pN

+
β20pN log4N

β0
√
pN

+
β20pN

β0
√
pN

)︃
= O

(︄√
p log2N

√
pN

k−1
+ β0

√︁
pN log4N

)︄
= O(N−κ).

Proof of (iii). Dividing the Jsb versions of (E.6) and (E.5), exactly as in the proof of (i) but with
Jsb in place of Is and with the lower bound ˜︁PJ ≥ ˜︁P ϕ∗k/4, the difference E[Aσ

t | Jsb(A
σ)] − E[ ˜︁At |

Jsb( ˜︁A)] equals
∑︁

t′ βt′Cov(
˜︁At′ , ˜︁At | Jsb( ˜︁A)) plus the error O(E1

√
pN log3N +β20pN

√
pN); the sum

is O(∥β∥∞ pN) = O(τβ0pN) and the error is smaller, by the computation in the proof of (i).
Proof of (iv). By (E.5), P[Is(Aσ)] = ˜︁P + O(β0

√
pN + E1 log

2N), and ˜︁P ≥ ϕ∗k/2, so the first
bound holds for large N by (E.4). By (ii), P[Jsb(A

σ) | Is(Aσ)] = P[Jsb( ˜︁A) | Is( ˜︁A)] +O(β0
√
pN) =

ν[sb]/ν[s] + O(ϵ0 + β0
√
pN), and ν[sb]/ν[s] = P[Jsb(Ws,•) | Is(Ws,•)] ∈ [ϕ∗k, 1 − ϕ∗k] by (4.3) and

Lemma 4.11. □

E.4. Proof of Theorem 5.2.

Proof of Theorem 5.2. Throughout, constants implicit in O(·) depend only on θ, D, and T , and
“for large N ” means for N exceeding a threshold depending on the same parameters, uniformly in
p ∈ (T−1N−θ, TN−θ). We write ˜︁A := ˜︁As,• when s is fixed.

The reflection. Let R be the reflection (Rx)[t] := x[t] of the proof of Lemma 4.5. For every real
vector x, every s ∈ {0, 1}k, and every b,

Is(Rx) ⇐⇒ Is(x) and Jsb(Rx) ⇐⇒ Js b(x), (E.8)

including ties. Indeed, with Yr :=
∑︁

u(−1)u[r−1]x[u], the rth inequality of Is(Rx) reads

−Yr ≥s[r−1]s[r] 0,

and by inspection of the table defining ≥ab, the assertion −Y ≥ab 0 is equivalent to Y ≥a b 0 for
each of the four pairs ab: for instance, −Y ≥ 0 holds if and only if Y ≤ 0, which is Y ≥11 0. The
same applies to the kth inequality of Jsb.

Day one. Define ˜︁n1 and ˜︁m1 by (i). Then (iv) holds at k = 1, and so does (v) with any ℓ ≥ 1:
|˜︁n[s] − N/2| ≤ 1, and |˜︁m[s, t] − p˜︁n[s]˜︁n[t]| = p˜︁n[s]1s=t ≤ p˜︁n[s]˜︁n[t] logNpN because ˜︁n[t] ≥ N/3; recall
ν[s] = 1/2 and µ ≡ 0 at day 1.

Induction. Suppose that for some 1 ≤ k ≤ D − 1 the vectors ˜︁nj , ˜︁mj (j ≤ k) and ˜︁λj (j ≤ k − 1)
have been constructed so that (i)–(iv) hold as far as they concern these vectors, and (v) holds for
j ≤ k with an exponent ℓk depending only on k. We construct ˜︁λk, ˜︁nk+1, and ˜︁mk+1, and prove (ii)–
(v) for them with an exponent ℓk+1 depending only on k; the theorem then follows with ℓ := ℓD,
since logℓj N ≤ logℓD N .

Step 1: the sizes are balanced. By (iv) at day k, pairing t with t gives Zs,r(˜︁nk) = 0 for all s and
1 ≤ r ≤ k; that is, Ms˜︁nk = 0 and Zs,k(˜︁nk) = 0.

Step 2: existence of ˜︁λk. Fix s ∈ {0, 1}k. Let vs := (ν[t]µ[s, t])t∈{0,1}k , which lies in Cs with
Zs,r(vs) ≥ ς∗k for r ≤ k − 1 by Lemma 4.11, and let T ′ be a constant, depending only on k, with
T ′ ≥ 2maxs,t |ν[t]µ[s, t]| + 1 and T ′ ≥ 2/ς∗k . Consider the compact set KT ′ ⊆ Cs of Theorem D.5
for M = Ms, the strong bijection f := Fs,ν : R{0,1}k → Cs of Proposition 4.2, and the radius
R0 := maxy∈KT ′ |F−1

s,ν (y)| + 1, a constant depending only on k. Apply Lemma E.3 with η := ˜︁nk,
exponent ℓk, radius R0, and ξ := logℓ

′
N/

√
pN , where ℓ′ = ℓ′(k, ℓk) is the exponent of that lemma;

its hypotheses hold by (v) at day k and Step 1, and ϵ = 2 logℓ
′
N/

√
pN . For σ ∈ R{0,1}k let Aσ be
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as in that lemma, that is, Aσ = As,•(˜︁nk, λσ) with λσ[s, t] := ΛN,p(σ[t], ν[t]), and define

g(σ) :=

(︃
E[Aσ

t | Is(Aσ)]− p ˜︁n[t]√
pN

)︃
t∈{0,1}k

.

The map g is defined and smooth on all of R{0,1}k : P[Is(Aσ)] > 0 for every σ because Aσ has full
support on its box and, for large N , the box contains points satisfying Is (Step 4 below exhibits
many), and the conditional expectation is a rational function with positive denominator of the
smooth functions λσ[s, t]. By Lemma E.3(ii), sup|σ|≤R0

|g(σ) − Fs,ν(σ)| ≤ C0ϵ for a constant C0

depending only on θ, k, T . Let

y(s) :=

(︃ ˜︁m[s, t]/˜︁n[s]− p ˜︁n[t]√
pN

)︃
t∈{0,1}k

.

By (v) at day k, ˜︁m[s, t]/˜︁n[s] = p˜︁n[t](︁1 + µ[s,t]√
pN

)︁
+O(logℓk N) and ˜︁n[t]/N = ν[t] +O(logℓk N/

√
pN),

whence ⃦⃦⃦
y(s) − vs

⃦⃦⃦
∞

= O

(︄
logℓk N√
pN

)︄
, (E.9)

so y(s) ∈ KT ′ for large N by the choice of T ′. Theorem D.5 (with ε := ϵ, which is below its ε0 for
large N) yields σs ∈ R{0,1}k with g(σs) = y(s) and |σs − F−1

s,ν (y
(s))| ≤ Cϵ. Since F−1

s,ν (vs) = γ[s, •]
by Definition 4.3, Lemma D.2 on KT ′ and (E.9) give

∥σs − γ[s, •]∥∞ = O

(︄
logℓ

′′
N√

pN

)︄
, ℓ′′ := max{ℓk, ℓ′}. (E.10)

Set ˜︁λ[s, t] := λσs [s, t] = ΛN,p(σs[t], ν[t]). Then ˜︁As,• = Aσs , and g(σs) = y(s) says exactly that˜︁n[s]E[ ˜︁As,t | Is( ˜︁A)] = ˜︁m[s, t] for all t. Together with ˜︁n[s] ≥ 1, ˜︁m[s, t] > 0 (from (v)) and P[Is( ˜︁A)] >
0, this is (ii) except for uniqueness.

Step 3: the tilt estimate. Since ∂gΛN,p(g, v) = ΛN,p(g, v)(1 − ΛN,p(g, v))/(v
√
pN) = O(p/

√
pN)

for bounded g/v, (E.10) gives |˜︁λ[s, t]−ΛN,p(γ[s, t], ν[t])| = O
(︁ p√

pN
· log

ℓ′′ N√
pN

)︁
= O(logℓ

′′
N/N), which

is the last bound of (v) at day k once ℓk+1 ≥ ℓ′′ + 1.
Step 4: uniqueness. Apply Lemma E.1 with d = 2k, ηt := ˜︁n[t]− 1s=t, M =Ms, and ≥′=≥′

s. Let
ρ0 := ς∗k/2

k+1 and let B be the box of all a ∈ Z{0,1}k with |a[t]−p˜︁n[t]−√
pNvs[t]| ≤

√
pNρ0 for all t.

For a ∈ B, Step 1 gives Msa =
√
pN Ms(vs+w) with ∥w∥∞ ≤ ρ0, so Zs,r(a) ≥

√
pN(ς∗k −2kρ0) > 0

for all r ≤ k − 1; hence every a ∈ B satisfies Is(a) strictly, and B ⊆ S for large N (when B lies
inside

∏︁
t{0, . . . , ηt}). A box of integer points of side at least 2 contains d+ 1 affinely independent

points, so S is not contained in an affine hyperplane, and Lemma E.1 shows that ˜︁λ[s, •] is the unique
tilt with the solvability property for the row s. This completes (ii).

Step 5: symmetry of the tilt. Define λ′[s, t] := ˜︁λ[s, t]. The row vector A′
s,• := As,•(˜︁nk, λ′) has

independent coordinates A′
s,t ∼ Bin(˜︁n[t]− 1s=t, ˜︁λ[s, t]) = Bin(˜︁n[t]− 1s=t,

˜︁λ[s, t]), using ˜︁n[t] = ˜︁n[t];
this is the law of ˜︁As,t, so A′

s,•
d
= R ˜︁As,•. By (E.8) and (ii) for the row s,

E
[︁
A′

s,t | Is(A′
s,•)
]︁
= E

[︂ ˜︁As,t | Is( ˜︁As,•)
]︂
=
˜︁m[s, t]˜︁n[s] =

˜︁m[s, t]˜︁n[s] ,
so λ′[s, •] has the solvability property for the row s, and by uniqueness λ′ = ˜︁λ, that is, ˜︁λ[s, t] = ˜︁λ[s, t].

Step 6: day k+1 and its symmetry. The local template (˜︁nloc, ˜︁ℓloc, ˜︁mloc) of (˜︁nk, ˜︁mk, ˜︁λk) is defined,
since the hypotheses of Definition 3.2 are part of (ii); define ˜︁nk+1 and ˜︁mk+1 by (iii). By the
symmetry of ˜︁nk and ˜︁λk, ˜︁As,•

d
= R ˜︁As,•, and by (E.8) the events Is( ˜︁As,•) and Js b(

˜︁As,•) correspond
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to Is( ˜︁As,•) and Jsb( ˜︁As,•) under this identification. Hence ˜︁nloc[s b] = ˜︁nloc[sb], ˜︁ℓloc[s b, t] = ˜︁ℓloc[sb, t],
and therefore ˜︁mloc[s b, t c] = ˜︁mloc[sb, tc], which is (iv) at day k + 1.

Step 7: asymptotics at day k + 1. Fix s, t and b, c. Let Ws,• be the day-k Gaussian row model,
whose means are γ[s, •]. By Lemma E.3(i) and (ii) at σ = σs (with Zs,k(˜︁nk) = 0 by Step 1, so the
events Jsb are unshifted), followed by the Lipschitz dependence on the mean of Lemma E.2 and
(E.10),

P
[︂
Jsb( ˜︁A) | Is( ˜︁A)]︂ = P [Jsb(Ws,•) | Is(Ws,•)] +O(ϵ′′) =

ν[sb]

ν[s]
+O(ϵ′′), (E.11)

E
[︂ ˜︁As,t | Jsb( ˜︁A)]︂ = p ˜︁n[t] +√︁pN (︁E [Ws,t | Jsb(Ws,•)] +O(ϵ′′)

)︁
, (E.12)

with ϵ′′ := logℓ
′′
N/

√
pN , where (E.11) uses (4.3). By Definition 3.2 and (E.11), ˜︁nloc[sb] =˜︁n[s]P[Jsb( ˜︁A) | Is( ˜︁A)] = Nν[sb] + O(Nϵ′′), using ˜︁n[s] = Nν[s] + O(Nϵ′′); the floor changes this

by at most 1, which proves the size bound of (v) at day k+ 1 with any ℓk+1 ≥ ℓ′′ + 1. For the edge
counts, write esb,t := ν[t]−1E[Ws,t | Jsb(Ws,•)], so that µ[sb, tc] = esb,t+ etc,s−µ[s, t] by (4.4). Since˜︁ℓloc[sb, t] = ˜︁nloc[sb]E[ ˜︁As,t | Jsb( ˜︁A)] and

√
pN ν[t]/(p˜︁n[t]) = (1 +O(ϵ′′))/

√
pN , (E.12) gives

˜︁ℓloc[sb, t] = ˜︁nloc[sb] p ˜︁n[t](︃1 + esb,t√
pN

+O

(︃
ϵ′′√
pN

)︃)︃
,

and likewise for ˜︁ℓloc[tc, s]. Divide the product by ˜︁m[s, t] = p˜︁n[s]˜︁n[t](1+µ[s, t]/√pN+O(logℓk N/pN))
and expand; the second-order terms are O(1/pN), and we obtain

˜︁m[sb, tc] = p ˜︁nloc[sb] ˜︁nloc[tc](︄1 + esb,t + etc,s − µ[s, t]√
pN

+O

(︄
logℓ

′′
N

pN

)︄)︄

= p ˜︁nloc[sb] ˜︁nloc[tc](︄1 + µ[sb, tc]√
pN

+O

(︄
logℓ

′′
N

pN

)︄)︄
.

Replacing ˜︁nloc by ˜︁nk+1 changes the right-hand side by a relative O(1/N), which is absorbed. This
proves the edge-count bound of (v) at day k + 1 with ℓk+1 := ℓ′′ + 1, and completes the induction.
Finally, since (i), (iii), and the uniqueness in (ii) determine the family recursively, it depends only
on (N, p). □

E.5. Proof of Theorem 5.4.

Proof of Theorem 5.4. Throughout, constants implicit in O(·) and thresholds for “large N ” depend
only on θ, k, T, δ; they are uniform in p, τ , and y. Let ℓ = ℓ(θ,Dθ, T ) be the exponent of Theorem 5.2,
put

β0 :=

√
pN

k−1

√
N

, c1 :=
1
2 (1− k(1− θ)) > 0, ϵ′′ :=

logℓN√
pN

,

and recall from (E.4) that β0
√
pN ≤ T k/2N−c1 ; in particular β0 ≤ 1/

√
pN for large N , and

ϵ′′ ≤ N−(1−θ)/4 for large N . Let κ = κ(θ, k) be the exponent of Lemma E.4, and define

δ1 :=
1
2 min

{︁
κ, δ, c1,

1−θ
4

}︁
,

so that N−δ, ϵ′′, and β0 are all O(N−2δ1), and 1/
√
pN , β0

√
pN , ϵ′′, N−δ are all at most N−δ1 for

large N . Fix y = (Π,m, 1) ∈ G(p)
k (T, δ, τ) and write n[s] := |Π[s]|. Conditions (F1) and (F2) read

n[t] = ˜︁n[t] + β0N
(︂
τε[t] +O(N−δ)

)︂
, (E.13)

m[s, t] = ˜︁m[s, t]

(︃
1 + τβ0

(︃
ε[s]

ν[s]
+
ε[t]

ν[t]

)︃)︃
+O

(︂
β0N

−δN2p
)︂
, (E.14)
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and Theorem 5.2(v) gives ˜︁n[t] = Nν[t](1 + O(ϵ′′)) and ˜︁m[s, t] = p˜︁n[s]˜︁n[t](1 + µ[s, t]/
√
pN +

O(ϵ′′/
√
pN)). In particular |n[t] − ˜︁n[t]| ≤ T2β0N with T2 := T (maxt |ε[t]| + 1), so Lemma E.4

applies to n with T2 in place of T ; we use it with the radius R0 specified in Step 1, and write Aσ,
qσ for the objects of that lemma for the row s, and ˜︁A := ˜︁As,•.

Step 1: the tilt. Fix s. Let f(σ) := Σsσ, a linear bijection of R{0,1}k by Lemma 4.6, hence
a strong bijection onto B = R{0,1}k ; let K := [−Rε, Rε]

{0,1}k with Rε := maxt |ε[t]| + 1, and let
R0 := maxy′∈K |Σ−1

s y′|+ 1, a constant depending only on k. Define

g(σ) :=

(︃
E[Aσ

t | Is(Aσ)]− ˜︁m[s, t]/˜︁n[s]
τβ0 pN

)︃
t∈{0,1}k

, y(s) :=

(︃
m[s, t]/n[s]− ˜︁m[s, t]/˜︁n[s]

τβ0 pN

)︃
t∈{0,1}k

.

The map g is continuous on R{0,1}k (it is smooth, by Lemma E.4, whose argument for smoothness
does not use the bound on σ), and Lemma E.4(i) gives sup|σ|≤R0

|g(σ) − f(σ)| ≤ C0N
−κ. We

compute y(s). By (E.13) and N/˜︁n[s] = ν[s]−1(1+O(ϵ′′)), n[s] = ˜︁n[s](︁1+ τβ0ε[s]/ν[s]+O(β0N
−δ +

β0ϵ
′′)
)︁
, and dividing (E.14) by this,

m[s, t]

n[s]
=
˜︁m[s, t]˜︁n[s]

(︃
1 + τβ0

ε[t]

ν[t]
+O

(︂
β0N

−δ + β0ϵ
′′ + β20

)︂)︃
+O

(︂
β0N

−δNp
)︂
.

Since ˜︁m[s, t]/˜︁n[s] = pNν[t](1 +O(ϵ′′)), this gives
m[s, t]

n[s]
− ˜︁m[s, t]˜︁n[s] = τβ0pNε[t] +O

(︂
β0pN

(︂
N−δ + ϵ′′ + β0

)︂)︂
,

that is,
y(s) = ε+O

(︂
N−δ + ϵ′′ + β0

)︂
= ε+O

(︂
N−2δ1

)︂
(E.15)

by the choice of δ1, so y(s) ∈ K for large N . Theorem D.5 with ε := N−κ yields σs with g(σs) = y(s)

and |σs − Σ−1
s y(s)| ≤ CN−κ; since Σs is symmetric, (4.6) says Σsβ[s, •] = ε, so by (E.15)

∥σs − β[s, •]∥∞ = O
(︂
N−2δ1

)︂
, (E.16)

and in particular ∥σs∥∞ ≤ R0 for large N . Set λy[s, t] := qσs [t]. Then As,•(n, λy) = Aσs , and
g(σs) = y(s) says exactly that n[s]E[As,t | Is(As,•)] = m[s, t] for all t; moreover P[Is(As,•)] > 0 by
Lemma E.4(iv). By the definition of qσ in Lemma E.4, ϑy[s, t] = ˜︁ϑ[s, t] + τβ0σs[t], so (E.16) gives⃓⃓⃓

ϑy[s, t]− ˜︁ϑ[s, t]− τβ0β[s, t]
⃓⃓⃓
= τβ0 |σs[t]− β[s, t]| = O

(︂
β0N

−2δ1
)︂
,

which is (b) once T1 exceeds the implied constant.
Step 2: uniqueness. As in Step 4 of the proof of Theorem 5.2, apply Lemma E.1 with ηt :=

n[t] − 1s=t: for a in the box of integer points with |a[t] − pn[t] −
√
pNvs[t]| ≤

√
pNρ0, where

vs := (ν[t]µ[s, t])t and ρ0 := ς∗k/2
k+1, we have Msa = pMsn +

√
pNMs(vs + w) with ∥w∥∞ ≤ ρ0;

by (E.13), the pairing symmetry of Theorem 5.2(iv), and Corollary 4.10(i), ∥Msn∥∞ = O(β0N
1−δ),

so p ∥Msn∥∞ = O(
√
pN · β0

√
pNN−δ) = o(

√
pN), and every such a satisfies Is(a) strictly for large

N . Hence the support is not contained in an affine hyperplane, and λy[s, •] is the unique tilt of the
row s with the solvability property.

Step 3: admissibility. We verify (LA1)–(LA9) for (y, λy) with ϕ1 := ϕ∗k/4 and a constant T1
depending only on θ, k, T, δ. (LA1) is part of Definition 5.3. (LA2): n[s] = Nν[s](1+O(ϵ′′+β0)) ≥
N/T1 once T1 ≥ 2/mins ν[s]. For 1 ≤ r ≤ k − 1, by (E.13), the pairing symmetry of ˜︁n, and
Corollary 4.10(i),⃓⃓⃓⃓

⃓∑︂
t

(−1)t[r−1]n[t]

⃓⃓⃓⃓
⃓ =

⃓⃓⃓⃓
⃓τβ0N∑︂

t

(−1)t[r−1]ε[t]

⃓⃓⃓⃓
⃓+O

(︂
β0N

1−δ
)︂
= O

(︂
β0N

1−δ
)︂
,
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which is at most T1N/
√
pN because β0

√
pN ≤ T k/2. (LA3) and (LA4): multiplying the expansions

of n[s] and n[t] from (E.13),

pn[s]n[t] = p˜︁n[s]˜︁n[t](︃1 + τβ0

(︃
ε[s]

ν[s]
+
ε[t]

ν[t]

)︃
+O

(︂
β0N

−δ + β0ϵ
′′ + β20

)︂)︃
,

and comparing with (E.14) and the expansion of ˜︁m[s, t] gives

m[s, t]− pn[s]n[t] = p˜︁n[s]˜︁n[t] ·O(︄ 1√
pN

+
logℓN

pN
+ β0N

−δ + β0ϵ
′′ + β20

)︄
= O

(︃
N2p√
pN

)︃
,

where the first two terms are the µ[s, t]/
√
pN of ˜︁m[s, t] and its error, the third is the error term

of (E.14) divided by p˜︁n[s]˜︁n[t] ≍ pN2, and the last two come from the expansion of pn[s]n[t]; the
last three are O(β0) = O(1/

√
pN) because β0

√
pN =

√
pN

k
/
√
N ≤ T k/2N (k(1−θ)−1)/2 ≤ T k/2. In

particular m[s, t] = p˜︁n[s]˜︁n[t](1 + o(1)) > 0. (LA5): fix s and 1 ≤ r ≤ k − 1. In all four cases of the
relation ≥s[r−1]s[r], the condition is implied by (−1)s[r]

∑︁
t(−1)t[r−1]m[s, t] ≥ 2T−1

1 N2p/
√
pN . By

(E.14) and the expansion of ˜︁m,∑︂
t

(−1)t[r−1]m[s, t] = p˜︁n[s]∑︂
t

(−1)t[r−1]˜︁n[t](︃1 + µ[s, t]√
pN

)︃(︃
1 + τβ0

(︃
ε[s]

ν[s]
+
ε[t]

ν[t]

)︃)︃
+O

(︃
N2p ϵ′′√
pN

+ β0N
−δN2p

)︃
= p˜︁n[s][︄ N√

pN
(−1)s[r]Zs,r(vs) + τβ0N

∑︂
t

(−1)t[r−1]ε[t]

]︄

+O

(︃
N2p√
pN

(︂
ϵ′′ + β0 log

ℓN + β0N
−δ
√︁
pN
)︂)︃

,

all three error terms being o(N2p/
√
pN), where we used

∑︁
t(−1)t[r−1]˜︁n[t] = 0 (pairing), ˜︁n[t] =

Nν[t] + O(Nϵ′′), ˜︁n[t]/ν[t] = N + O(Nϵ′′), and β0 ≤ 1/
√
pN . The second bracketed term van-

ishes by Corollary 4.10(i), and Zs,r(vs) ≥ ς∗k by Lemma 4.11; hence (−1)s[r]
∑︁

t(−1)t[r−1]m[s, t] ≥
1
2ν[s]ς

∗
k N

2p/
√
pN for large N , which is (LA5) once T1 ≥ 4/(mins ν[s] ς

∗
k). (LA6) is the bound

|qσs [t]−p| ≤ Cp/
√
pN of Lemma E.4. (LA7) and (LA9) are Lemma E.4(iv) with ϕ1 = ϕ∗k/4. (LA8)

was established in Step 1. This proves (a).
Step 4: the template sizes. Fix s, b, and let (˜︁nloc, ˜︁ℓloc, ˜︁mloc) be the local template of (˜︁nk, ˜︁mk, ˜︁λk),

so that ˜︁nloc[sb] = ˜︁n[s]P[Jsb( ˜︁A) | Is( ˜︁A)], ˜︁n[sb] = ⌊˜︁nloc[sb]⌋, and ˜︁m[sb, tc] = ˜︁mloc[sb, tc] by Theo-
rem 5.2(iii). By Lemma E.4(ii) at σs, then (E.16), then (4.7),

P[Jsb(As,•) | Is(As,•)] =
˜︁nloc[sb]˜︁n[s] + τβ0

√︁
pN

ν[sb]

ν[s]

∑︂
t′

β[s, t′]
(︂
E[Ws,t′ | Jsb]− E[Ws,t′ | Is]

)︂
+O

(︂
β0
√︁
pNN−2δ1

)︂
=
˜︁nloc[sb]˜︁n[s] + τβ0

√︁
pN

ε[sb]

ν[s]
+O

(︂
β0
√︁
pNN−2δ1

)︂
,

where Jsb and Is abbreviate Jsb(Ws,•) and Is(Ws,•). Multiplying by n[s] = ˜︁n[s] + β0N(τε[s] +

O(N−δ)) and using ˜︁nloc[sb]/˜︁n[s] = ν[sb]/ν[s] +O(ϵ′′), which follows from Theorem 5.2(v) at days k
and k + 1 since ˜︁nloc[sb] ∈ [˜︁n[sb], ˜︁n[sb] + 1), together with n[s] = Nν[s](1 +O(ϵ′′ + β0)),

nloc[sb] = ˜︁nloc[sb] + τβ0N
√︁
pN ε[sb] + τβ0Nε[s]

ν[sb]

ν[s]
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+O
(︂
β0N

√︁
pN

(︂
N−2δ1 + ϵ′′ + β0

)︂
+ β0N

(︂
N−δ + ϵ′′

)︂)︂
.

Now τβ0N
√
pNε[sb] = τ

√
N
√
pN

k
ε[sb], 0 ≤ ˜︁nloc[sb] − ˜︁n[sb] < 1, and every remaining term is

O(β0N
√
pN ·N−δ1): the third term because 1/

√
pN ≤ N−δ1 , and the error terms because N−2δ1 ,

ϵ′′, β0, and N−δ are all at most N−δ1 for large N , by the choice of δ1. This is the size bound of (c).
Step 5: the template edge counts. Fix s, t, b, c. By Definition 3.2, ℓloc[sb, t] = nloc[sb]E[As,t |

Jsb(As,•)] and ˜︁ℓloc[sb, t] = ˜︁nloc[sb]E[ ˜︁As,t | Jsb( ˜︁A)], where E[ ˜︁As,t | Jsb( ˜︁A)] = p˜︁n[t] + O(
√
pN) ≍ pN

by Lemma E.3(ii). By Lemma E.4(iii), E[As,t | Jsb(As,•)] = E[ ˜︁As,t | Jsb( ˜︁A)](1 + O(β0)), and
therefore

mloc[sb, tc] =
ℓloc[sb, t] ℓloc[tc, s]

m[s, t]
= ˜︁mloc[sb, tc] · n

loc[sb]˜︁nloc[sb] · nloc[tc]˜︁nloc[tc] · ˜︁m[s, t]

m[s, t]
· (1 +O(β0)) .

By Step 4 and ˜︁nloc[sb] = Nν[sb](1 +O(ϵ′′)),

nloc[sb]˜︁nloc[sb] = 1 + τβ0
√︁
pN

ε[sb]

ν[sb]
+O

(︂
β0
√︁
pN

(︂
N−δ1 + ϵ′′

)︂)︂
,

and likewise for tc; by (E.14), ˜︁m[s, t]/m[s, t] = 1 + O(β0). Multiplying out, with ˜︁mloc[sb, tc] =˜︁m[sb, tc] ≍ N2p and second-order terms O(β20pN),

mloc[sb, tc] = ˜︁m[sb, tc]

(︃
1 + τβ0

√︁
pN

(︃
ε[sb]

ν[sb]
+
ε[tc]

ν[tc]

)︃)︃
+O

(︂
N2p

(︂
β0
√︁
pN

(︂
N−δ1 + ϵ′′

)︂
+ β0 + β20pN

)︂)︂
.

Since β0
√
pN =

√
pN

k
/
√
N , the main term is the one in (c). In the error, β0 = β0

√
pN · (1/

√
pN)

and β20pN = β0
√
pN · β0

√
pN are both at most β0

√
pN N−δ1 for large N , and ϵ′′ ≤ N−δ1 , by the

choice of δ1; so the error is O(β0
√
pNN−δ1N2p). This is the edge-count bound of (c) and completes

the proof, with T1 the maximum of T and the finitely many constants required above. □

E.6. Proof of Theorem 5.5.

Proof of Theorem 5.5. Throughout, constants implicit in O(·) and thresholds for “large N ” depend
only on θ, T, δ, uniformly in p, τ , and y. Write k := k0, let ℓ be the exponent of Theorem 5.2 with
D = Dθ, and put

β0 :=

√
pN

k−1

√
N

, ϵ′′ :=
logℓN√
pN

, ϖ := pNθ ∈ (T−1, T ).

Since k(1− θ) = 1, we have pN = ϖN1−θ and hence the exact identity

β0
√︁
pN =

(pN)k/2√
N

= ϖk/2 ∈
(︂
T−k/2, T k/2

)︂
; (E.17)

Put δ′ := min{δ, (1−θ)/4} and δ1 := δ′/2. Fix y = (Π,m, 1) ∈ G(p)
k (T, δ, τ), write n[s] := |Π[s]|, and

note that (E.13) and (E.14) hold verbatim (they are (F1) and (F2)), as do ˜︁n[t] = Nν[t](1 +O(ϵ′′))
and ˜︁m[s, t] = p˜︁n[s]˜︁n[t](1 + µ[s, t]/

√
pN +O(ϵ′′/

√
pN)).

Step 1: the actual sizes as an input to Lemma E.3. By (E.13), |n[t] − Nν[t]| ≤ N√
pN

logℓN +

O(β0N) ≤ N√
pN

logℓ+1N for large N , by (E.17). By (E.13), the pairing symmetry of Theo-
rem 5.2(iv), and Corollary 4.10(i),

Msn = τβ0N Msε+O
(︂
β0N

1−δ
)︂
= O

(︂
β0N

1−δ
)︂
= O

(︃
N−δ N√

pN

)︃
,
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so the hypothesis ∥Msn∥∞ ≤ ξN/
√
pN of Lemma E.3 holds with ξ := CξN

−δ for a constant Cξ.
On the other hand, by Corollary 4.10(ii),

un :=
pZs,k(n)√

pN
=

p√
pN

(︂
τβ0N Sk +O(β0N

1−δ)
)︂
= τ ϖk/2Sk +O(N−δ), (E.18)

where Sk :=
∑︁

t(−1)t[k−1]ε[t] = 2
∑︁

t′∈{0,1}k−1 ε[t′0] > 0; so that for large N , un ∈ [umin, umax]

with umin := 1
2T

−1−k/2Sk > 0 and umax := 2T 1+k/2Sk, constants depending only on θ, T . In
particular |Zs,k(n)| ≤ T3N/

√
pN for a constant T3. We apply Lemma E.3 with η := n, the constant

max{T, T3}, the exponent ℓ + 1, the radius R0 of Step 2 of the proof of Theorem 5.2, and this ξ;
its ϵ satisfies ϵ = O(logℓ

′
N/

√
pN + N−δ) = O(N−δ′). For σ ∈ R{0,1}k let Aσ = As,•(n, λ

σ) with
λσ[s, t] := ΛN,p(σ[t], ν[t]) be the row vector of that lemma.

Step 2: the tilt. Fix s and define

g(σ) :=

(︃
E[Aσ

t | Is(Aσ)]− p n[t]√
pN

)︃
t

, y(s) :=

(︃
m[s, t]/n[s]− p n[t]√

pN

)︃
t

, vs := (ν[t]µ[s, t])t .

As in Step 2 of the proof of Theorem 5.2, g is smooth on R{0,1}k , and Lemma E.3(ii) gives
sup|σ|≤R0

|g(σ) − Fs,ν(σ)| = O(N−δ′). We compute y(s). Exactly as in Step 1 of the proof of
Theorem 5.4 (that computation did not use k < 1

1−θ ),

m[s, t]

n[s]
=
˜︁m[s, t]˜︁n[s]

(︃
1 + τβ0

ε[t]

ν[t]
+O

(︂
β0N

−δ + β0ϵ
′′ + β20

)︂)︃
+O

(︂
β0N

−δNp
)︂
,

while p n[t] = p˜︁n[t] + pβ0N(τε[t] + O(N−δ)) by (E.13). Subtracting, and using ˜︁m[s, t]/˜︁n[s] =
p˜︁n[t](1 + µ[s, t]/

√
pN + O(ϵ′′/

√
pN)) and ˜︁n[t]/ν[t] = N(1 + O(ϵ′′)), the two terms involving ε[t]

cancel to first order:
m[s, t]

n[s]
− p n[t] = p˜︁n[t]µ[s, t]√

pN
+ pτβ0ε[t]

(︃˜︁n[t]
ν[t]

−N

)︃
+O

(︃
pNβ0

(︂
N−δ + ϵ′′ + β0

)︂
+
pNϵ′′√
pN

)︃
= p˜︁n[t]µ[s, t]√

pN
+O

(︃
pNβ0

(︂
N−δ + ϵ′′ + β0

)︂
+
pNϵ′′√
pN

)︃
.

Dividing by
√
pN and using (E.17), which gives β0

√
pN = O(1) and β0 = O(1/

√
pN),

y(s) = vs +O
(︂
N−δ + ϵ′′ + β0

)︂
= vs +O

(︂
N−δ′

)︂
. (E.19)

With T ′ and KT ′ as in Step 2 of the proof of Theorem 5.2, y(s) ∈ KT ′ for large N , and Theorem D.5
with ε := N−δ′ yields σs with g(σs) = y(s) and, by Lemma D.2 and (E.19),

∥σs − γ[s, •]∥∞ = O
(︂
N−δ′

)︂
. (E.20)

Set λy[s, t] := ΛN,p(σs[t], ν[t]), so that As,•(n, λy) = Aσs , P[Is(As,•)] > 0, and g(σs) = y(s) is
the solvability identity n[s]E[As,t | Is(As,•)] = m[s, t]. Since ∂gΛN,p = O(p/

√
pN) on bounded

sets, (E.20) gives |λy[s, t]−ΛN,p(γ[s, t], ν[t])| = O(N−δ′p/
√
pN) ≤ N−δ1p/

√
pN for large N , which

is (b). Uniqueness follows from Lemma E.1 exactly as in Step 2 of the proof of Theorem 5.4:
p ∥Msn∥∞ = O(pN−δN/

√
pN) = O(N−δ

√
pN) = o(

√
pN), so the box of lattice points around

pn+
√
pNvs of side 2

√
pNς∗k/2

k+1 lies in the support.
Step 3: admissibility. Conditions (LA1), (LA2), (LA3), (LA4), (LA5), and (LA8) are verified

exactly as in Step 3 of the proof of Theorem 5.4, whose computations used only (E.13), (E.14),
the asymptotics of ˜︁n and ˜︁m, Corollary 4.10(i) for r ≤ k − 1, and the bounds β0 ≤ T k/2/

√
pN and

β0N
−δ

√
pN ≤ T k/2N−δ, all of which hold here by (E.17). (LA6): |λy[s, t]−p| ≤ |ΛN,p(γ[s, t], ν[t])−

p| + O(p/
√
pN) = O(p/

√
pN) by Definition 5.1. (LA7): by Lemma E.3(i) at σs, Lemma E.2, and
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(E.20), P[Is(As,•)] = P[Is(Ws,•)] +O(N−δ′) ≥ ϕ∗k/2 for large N , where Ws,• is the day-k Gaussian
row model. (LA9): by Lemma E.3(i) at σs with the shifted events, P[Jsb(As,•) | Is(As,•)] =

P[J un
sb (W σs) | Is(W σs)] + O(N−δ′), and P[J un

sb (W σs)] ≥ c0 for both b, where c0 depends only on
k, T,R0; since the two events partition Is(W σs) up to a null set, the conditional probability lies in
[c0, 1 − c0], and (LA9) holds with ϕ1 := min{ϕ∗k, c0}/4 for large N . This proves (a) with T1 the
maximum of T and the constants required.

Step 4: the shifted decision. Let W :=Ws,• be the day-k Gaussian row model and, for u ∈ R, let

πb(u) := P [J u
sb(W ) | Is(W )] , so that πb(0) =

ν[sb]

ν[s]

by (4.3). For u > 0, J u
s0(W ) ⊇ J 0

s0(W ) and π0(u) − π0(0) = P[−u < Zs,k(W ) ≤ 0 | Is(W )], while
π1(u)−π1(0) = −(π0(u)−π0(0)) because π0(u)+π1(u) = 1. The coefficient vectors of Zs,1, . . . , Zs,k

are linearly independent, so x ↦→ (Zs,1(x), . . . , Zs,k(x)) maps R{0,1}k onto Rk, and the conditional
law of Zs,k(W ) given W ∈ Cs has a density that is positive on all of R (the set Cs ∩ {Zs,k = z} is a
nonempty relatively open subset of the hyperplane for every z, and the density of W is positive).
Hence π0(u)− π0(0) > 0 for every u > 0, and since it is continuous in u, taking the minimum over
u ∈ [umin, umax] and the finitely many s ∈ {0, 1}k gives a constant ζ ′ > 0 depending only on θ, T .
Thus

(−1)b
(︃
πb(u)−

ν[sb]

ν[s]

)︃
≥ ζ ′ for all u ∈ [umin, umax] and b ∈ {0, 1}. (E.21)

Step 5: the template sizes. By Definition 3.2, Lemma E.3(i) at σs with the shifted events,
Lemma E.2 (Lipschitz dependence on the mean, at the fixed shift un), and (E.20),

nloc[sb] = n[s]P [Jsb(As,•) | Is(As,•)] = n[s]
(︂
πb(un) +O(N−δ′)

)︂
.

Therefore, by (E.21), un ∈ [umin, umax], and |n[s]−Nν[s]| = O(Nϵ′′ + β0N) = o(N),

(−1)b
(︂
nloc[sb]−Nν[sb]

)︂
= n[s] (−1)b

(︃
πb(un)−

ν[sb]

ν[s]

)︃
+
ν[sb]

ν[s]
(−1)b (n[s]−Nν[s]) +O

(︂
N1−δ′

)︂
≥ n[s]ζ ′ − o(N) ≥ 1

2ν[s]ζ
′N − o(N),

which is at least ζN for large N with ζ := 1
4 mins ν[s] ζ

′, a constant depending only on θ and T .
Thus the fixed displacement of the conditional split probability contributes the order-N first term,
while the discrepancy of the parent size and the Gaussian-comparison error are both o(N). This is
(c). □
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