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A QUANTIZED ANALOGUE OF THE MARKOV-KREIN
CORRESPONDENCE

GOPAL K. GOEL AND ANDREW YAO

ABSTRACT. We study a family of measures originating from the signatures of the irre-
ducible components of representations of the unitary group, as the size of the group goes
to infinity. Given a random signature A of length N with counting measure m, we obtain
a random signature p of length N — 1 through projection onto a unitary group of lower
dimension. The signature p interlaces with the signature A, and we record the data of
i, A in a random rectangular Young diagram w. We show that under a certain set of
conditions on A, both m and w converge as N — co. We provide an explicit moment
generating function relationship between the limiting objects. We further show that the
moment generating function relationship induces a bijection between bounded measures
and certain continual Young diagrams, which can be viewed as a quantized analogue of
the Markov-Krein correspondence.

1. INTRODUCTION

Given a random matrix My whose distribution is invariant under conjugation by uni-
tary matrices, let A be the random vector of its eigenvalues and p = my n_1A be the
random vector of the eigenvalues of a principal (N — 1) x (N — 1) submatrix of My. We
begin with a folk theorem in random matrix theory, stated here as a conjecture:

Conjecture 1.1. Suppose that we have a sequence of unitarily invariant random ma-
trices My such that the spectral measure % Zf\il dy, converges weakly in probability to
a deterministic measure mpyt as N — oo. Let p = iy ny_1A. The random measure
Zf;l Oz, — vaz_ll 0, converges weakly in probability to a signed measure dpvr which is
related to mgyr by

(1) exp (Z /x dpyr(dz) ) Z /x mpyr(da).

Furthermore, the above relation is directly related to the Markov-Krein correspon-
dence, which is a bijection between probability measures m and certain continual Young
diagrams, observed by Kerov |[Ker93|. Here, d is the second derivative of the continual
Young diagram, see also [NK77] and Theorem in this text. A fascinating instance of
this bijection, discovered by Kerov [Ker93|, is where m is given by the semicircle law and
d is the second derivative of the Vershik-Kerov-Logan-Shepp (VKLS) curve. We note that
the semicircle law is the limiting spectral law of the Gaussian Unitary Ensemble (GUE)
and more generally of Wigner matrices, see [AGZ09, Section 2.1]. On the other hand, the
VKLS curve arises as the limiting diagram of the Plancherel measure on Young diagrams,
see [VKT77], [LS77], and Figure 1]

Though a proof of Conjecture is unavailable in the literature, [Bufl3] proved the

special case where My is an N x N GUE matrix, and more generally a Wigner matrix.
1
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FIGURE 1. Scaled Semicircle Law (left) and Vershik-Kerov-Logan-Shepp
Curve, the limit of the Plancherel measure on Young diagrams (right)

Due to the lack of unitary invariance for general Wigner matrices, this suggests that the
assumption of unitary invariance may be relaxed, though it is not clear how much one
can relax the hypothesis.

The main result of this article establishes a quantized analogue of Conjecture where
matrices are replaced with representations, and eigenvalues with signatures. Moreover,
we find a quantized version of the Markov-Krein correspondence which is directly linked
to our main result. We now introduce the quantized setting and our main result.

Let U(N) denote the N-dimensional unitary group. Recall that the irreducible repre-
sentations of U(V) are in bijection with the set GT y of N-tuples of non-increasing integers
A= (A1,...,Ay) called signatures of length N. Let V denote the irreducible representa-
tion corresponding to A € GTy. Given an arbitrary finite-dimensional representation Vy
of U(N), we define a probability measure p[Vx]| on GTx where

my dim V3 A\

)\ = — .

PN = =g W SQ maVy
N

In other words, the probability weight of X is proportional to the dimension of the isotypic
component corresponding to A. For A ~ p[Vy], we define mx n_1A to be the random
element of GT n_; such that the probability distribution of my y_1 A given A is p[VmU( N-1)]-
In particular, the marginal distribution of 7y x_1A is given by p[Va|uv—1)]-

Our main result is:

Theorem 1.2. Suppose that we have a sequence of representations Vi of U(N) with A ~
pV| such that distributions {p[Vy]}n>1 satisfy the technical assumption in Definition[2.9
Then, the counting measure % Zfil Ox+N—i converges weakly in probability to a determin-
1stic measure m as N — 0o, and the random measure Zi\il O\t N—i — Zf\:ll Ot N—1—i,
where 1 = mn N_1A, converges weakly in probability to a signed measure d which are

related by

(2) exp (Zz—g/Rmkd(da:)> = % (—1 + exp (zszAka(dx)>) :

Furthermore, we show that the above relation defines a bijection between probability
measures with density bounded by 1 and a certain subclass of continual Young diagrams,
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where m is the bounded measure, and d can be viewed as the second derivative of the
continual Young diagram. An exact statement is given in Theorem [2.7. This bijection is
a quantized analogue of the Markov-Krein correspondence. Moreover, the Markov-Krein
correspondence can be obtained from our quantized correspondence through a semiclas-
sical limit, see Section [5.2] for details.

Just as the semicircle law and the VKLS curve are linked by the Markov-Krein corre-
spondence, we similarly find that the one-sided Plancherel measures are linked to the
VKLS curve by our quantized correspondence, see Appendix [A] Here, the one-sided
Plancherel measures are a one-parameter family of distributions describing N — oo limits
of certain characters of U(N), see [BBO15].

We expect that Conjecture [I.1 may be proved by adapting the proof of Theorem [I.2]
Since the focus of this article is on the quantized setting, we do not pursue this direction,
though we point out the necessary adaptations, see the end of Section [2.1

The main tool we use is the Fourier transform on representations of the unitary group
and differential operators whose eigenfunctions are given by Schur functions. The action of
these operators on the Fourier transform yield combinatorial expressions for the moments
of the measures p[Vy] and p[V3|uv-1)), from which we can study their behavior in the
large N limit. The use of the Fourier transform to study large N limits of representations
of the unitary group was pioneered by Bufetov and Gorin in [BG15], where they studied
limit shapes for the classical Lie groups. Their methods were further developed in [BG18,
BG19] to study global fluctuations for discrete particle systems, encompassing a variety of
applications including large limits of lozenge tilings, domino tilings, and representations
of the unitary group. Related methods were also recently used to obtain large N local
asymptotics of measures p[Vy|(A) [Ahn20|. For our purposes, we require the expansion of
the moments of p[Vy] to subleading terms. A critical property that we use for our analysis
is that the differential operators commute with each other asymptotically relative to the
order of the limit.

Using this approach, it should be possible to further refine our results to study the
global fluctuations of the signed measure Zfil O+ N—i — Zf\:ll O+ N—1-i, though we do
not pursue this here. We note that the global fluctuations of the random matrix analogue
of these signed measures were studied in [ES16] for Wigner matrices, and identified with
a derivative of the Gaussian free field — a 2 dimensional conformally invariant, universal
random distribution. Similar results were also established for the g-Jacobi corners process
|GZ18] and the S-Hermite ensemble |[GA1S|.

The article is organized as follows. In Section [2| we set up and state our main results,
Theorem [2.3] a technical modification of Theorem [I.2] and Theorem the quantized
Markov-Krein bijection, as well as touch upon their respective random matrix analogues.
In Section [3] we set up and prove Theorems and [3.2] which explicitly calculate the
moments referenced in Theorem [2.3] In Section [4] we use Theorems [3.1] and [3.2] to prove
Theorem In Section [5 we prove Theorem and show how we can extract the
Markov-Krein correspondence through a semiclassical limit. Finally, in Appendix [A] we
give an example of objects paired by the quantized Markov-Krein correspondence.

Acknowledgements. We would like to thank our mentor Andrew J. Ahn for guiding
us throughout this project. Also, we would like to thank Vadim Gorin for suggesting the
project and providing comments.
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2. MAIN RESULTS AND RANDOM MATRIX ANALOGUES

There are two main results we prove. The first is a technical restatement of Theorem|[I.2]
The second main result establishes that the relation gives a bijective correspondence
between a class of continual Young diagrams with second derivative d and probability
measures m. For further motivation, we also present random matrix analogues of these
results.

2.1. Asymptotics of Random Signatures. An N-tuple of non-increasing positive in-
tegers A = (A; > Ao > -+ > \y) is called a signature of length N, and we denote by GT y
the set of all signatures of length N. The Schur function sy, for A € GTy, is a symmetric
rational function defined by

AN
)\._;’_N_
det [JJZ-] ]}
ij=1

Hi<j (i — ;)

Let ¢ be a probability measure on the set GT . The Schur generating function S.(z1, ..., xyN)
of v is a symmetric Laurent power series in x1,...,xy given by

Swrsean) = > e 2 T

N
AEGTy sa(1Y)

sx(T1,...,xN) =

In general, we will assume that the measure v is such that this sum is uniformly convergent
in an open neighborhood of (1%).

A key object of study is the projection map mn y_1, depending on context either a map
from random variables on GT to random variables on GT_;, or a map from probability
distributions on GT y to probability distributions on GTy_;.

Definition 2.1. For any fixed A € GTy, let Vi denote the corresponding irreducible
representation of U(NN). Suppose that its restriction onto U(N — 1) decomposes into
irreducible representations as

V]©|U(N71) = @ mMVﬁ_l.

neGTN 1

Now, if A is a random variable, then 7y y_1A is the random element of GTy_; such that

m,, dim(Vy_ )
P A=l = £ NoL
(mvvah = pld) dim(Vluv-1))

Our goal is to study asymptotics of counting measures of random signatures. To this
end, for any A € GTy, we define the counting measure

m\] = %f;s (%) |

Furthermore, for any A € GTy and u € GT y_1, we define

N . N-1 .
o N+ N —1 Wi+ N—1—1
o =3 (M) (e,
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The pushforward of a measure v on GTy with respect to the map A — m/[\| defines a
random measure on R which we denote by m[t]. Furthermore, the random measure d[t| on
R is defined as d[\, u] where X is distributed according to v and p is distributed according
to 7TN,N—1)\-

We will be interested in asymptotics as N — oo, so we have the following definition.

Definition 2.2 ([BG18, Definition 2.1]). A sequence of symmetric functions { F(x1,...,2x)}n>1
is called LLIN-appropriate if there exists a collection of reals {cy}x>1 such that

e For any N, the function log Fy(x1,...,2zy) is holomorphic in an open complex
neighborhood of (1%).
e For any index j and any k£ € N we have

OflogFN(xl,...,xN)

N—o0 N - O
x;=1
e For any s € N and any indices iy, ..., such at least two are distinct, we have
lim 8“82910gFN(.I1,,.TN) —0.
N—o0 N —
;=1
e The power series
- c
k k-1
—(r—1
2 Gy
k=1

converges in a neighborhood of unity.

Now, a sequence p = {pn}n>1, Where py is a probability measure on GTy, is called
LLN-appropriate if the sequence {S,, } n>1 of its Schur generating functions is LLN-
appropriate. For this sequence, we let H,(z) be a holomorphic function in a neighborhood
of unity such that

/ . - Ck k-1
Hi(x) =) T 1)!(:6 1)k1,
k=1
We have the following technical restatement of Theorem [I.2] which is what we will refer
to for the rest of the paper.

Theorem 2.3. Suppose that a sequence of probability measures p = {pn}n>1, where py
is a probability measure on GTy, is LLN-appropriate. Then the random measures m[py]
and d|pn] converge as N — oo in probability, in the sense of moments to deterministic
measures m and d on R respectively. Furthermore, their moment generating functions
are related by

(3) exp (ZZ—;/kad(d:v)> = % (—1 + exp (zz,zk/kam(da:)>) :

Here are two applications demonstrating that the natural operations of tensor products
and projections give LLN-appropriate sequences, meaning Theorem applies to them.
We adopt the notion below from [BG15].
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Definition 2.4 (|[BG15| Definition 2.5]). A sequence A(N) of signatures is called regular
if there is a piecewise continuous function f(¢) and a constant C' such that

N

Jim S0 /)| <o
and (N
2~ i) <

forall j=1,...,.Nand N =1,2,....

For a sequence of representations Vy, recall the measure p[Vy] on GTy defined in the
introduction. Note that the Schur generating function of p[Vy] is the normalized character
of Vi, see the proof of Lemma for justification.

The following result is about tensor products of irreducible representations.

Corollary 2.5. Suppose A\ (N), ..., A" (N) are reqular sequences of signatures. Let Vi
be the representation of U(N) given by

M ™
Vw=Va Mg...qvy ™.

As N — oo, the measures m[p[Vn]|] and d[p[VN]] converge to measures m and d that are
related by (@

Proof. Note that the character of VJ\’}(I)(N) Q- ® VK}UO(N) is simply the product of the

@
characters of the V]\A, ™ “so

—somy (@, TN)
SV (1]1,...,ZEN): .
pIVN] 211 sy ) (1Y)

It is well known that Schur functions of a regular sequence of signatures are LLN-
appropriate (see Theorem 8.1 from [BG18, Theorem 8.1] for a reference). Furthermore,
it is easy to see that a product of LLN-appropriate functions is also LLN-appropriate, so
the conclusion of Theorem [2.3] holds here. 0

The next result is about projections of irreducible representations.

Corollary 2.6. Suppose we have a reqular sequence \(N) of signatures, and some fized
0 <n<1. Let Vi be the representation of U(|nN|) given by

Vv = p[VRlunp]l-

As N — o0, the measures m[p[Vn]|| and d[p[VN]] converge to measures m and d that are

related by (@

Proof. Tt is easy to see that the character of Vy is the character of V) with 1s plugged in
for the last N — [N | entries, so the Schur generating function of p[Vx] is simply

Sx(T1,- -, TN, IN-LNT

Suval (1) = e

It is easy to see that the restrictions of LLN-appropriate functions are also LLN-appropriate,
so the conclusion of Theorem [2.3] holds in this setting. O
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We now give some details on the random matrix analogue of these results, avoiding
precise technical statements. Let (My)ny>1 be a sequence of unitarily invariant random
matrices — that is, the distribution of M is invariant under conjugation by fixed unitary
matrices. Letting Ty denote the set of all strictly decreasing sequences of real numbers
of length N, we see that the eigenvalues of My induce a probability measure p[My| on
Ty. Furthermore, we may define a probability measure p[My] on Ty x Ty_; given by
the eigenvalues of My and its principal (N — 1) x (N — 1) submatrix.

The counting measures m[p] and d[p] can be defined in the same way as discussed
previously. Then, one can produce an analogue of LLN-appropriateness for the sequence
(My)n>1 such that the limiting measures of m|p] and d[p] are m and d, respectively.
Moreover, the measures m and d satisfy

(4) exp (Zz/ﬂgxkd(dxg = sz/ﬂgzkm(d{[})

This can be shown using similar methods as ours, replacing Schur functions with multi-
variate Bessel functions. For more details, see Section 2 of [GS18]. We note that this is
nontrivial and do not discuss the proof further. Moreover, the unitarily invariant matrix
ensemble can be recovered from the random signatures with a semiclassical limit. A par-
tial description of this semiclassical limit is provided in Section [5, where we prove results
about the bijective nature of the correspondences.

Clearly, our statement is non-rigorous, and without proof. However, we note that
was shown to hold for the Wigner and Wishart ensembles in [Buf13], which intersects the
above result in the case of the GUE ensemble.

2.2. Quantized Markov-Krein Correspondence Bijection. The next main result
establishes that the relation (3 produces a bijection between two classes of objects. An
analogous result was proved by Kerov in [Ker93| for the relation , which is the Markov-
Krein correspondence. We begin by introducing some classes of objects.

Let M|a, b] denote the set of probability measures supported on the interval [a, b]. For

any f € M|a, b, define
[k = / thdu(t).

Let M[a,b] denote the set of probability measures supported on the interval [a,b] with
density bounded between 0 and 1. A continual Young diagram is defined to be a function
w : R — R that satisfies

o |w(zy) —w(xg)| < |xy — o] for all 1,25 € R.

e There exists zy € R such that w(z) = |z — x¢| for sufficiently large z.
For an interval [a,b], let Dla,b] denote the set of continual Young diagrams satisfying
w(z) = |z — x| for all z & [a,b]. Furthermore, let Dla, b] denote the set of w € D[a, b]
such that R, (u) > —1 for real u outside the interval [a, b] (R, is defined below).

Define the function py : Dla,b] — R for k € Z>; by

(5) pe(w) = % / P (1) d.

Note that w” is 0 outside of the interval [a, b].
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For a measure p € M[a, b, define its R-function to be

[e.o]

b
Ry = [P LYt

k=0

Similarly, for a measure ¢ € ./\/l la, b], define its R-function to be

dip(t) I 4
Ry(u) = =1+ exp —1—|—exp<— u w>
[ o

Also, for a diagram w € Dla, b] with associated o(z) = 3 (w(z) —|z|), define its R-function

to be
1 do(t
Ry(u) = — exp / - expz i

U t—u

These functions are holomorphic outside the interval [a, b].
As our next main result, we will prove that produces a bijective correspondence

between M [a,b] and Dla, b].

Theorem 2.7. There is a bijective correspondence between M{a,b] and Dla,b] such that
Y > w if and only iof

% (—1 + exp (Zzwkzk>> = exp ( pkl({w)zk) :
k=0 k=1

The above relation is equivalent to Ry(u) = Ry, (u).

Moreover, the Markov-Krein correspondence stated in , shown by Krein and Nudel-
man in [NK77), is bijective as well. The statement below, due to Kerov, is that the
Markov-Krein correspondence is a bijection between M|a, b] and Dla, b].

Theorem 2.8 (|[Ker93| p.107]). There is a bijective correspondence between Mla,b] and
Dla, b] such that u <> w if and only if
w) Zk) .

Z,ukzk = exp ( Pi(
k=0 k=1
The above relation is equivalent to R,(u) = Ry, (u).

One can realize Theorem [2.8|as a semiclassical limit of Theorem 2.7 We give a heuristic
description of this semiclassical limit in Section [3}
2.3. Connection between Theorems 2.3 and [2.7] The measure m lives in the space
of probability measures with compact support and density bounded by 1. Instead of
looking at d, we will be looking at a related object viewable as a second anti-derivative
of d.

Let {x;} and {y;} be two interlacing sequences of real numbers, i.e.

21 <y S22 < - <y SYvo1 S T
Define wi#h¥i}(2) to be the rectangular Young diagram of {z;} and {y;} in the following

way. Let zp = le\il xT; — Z?Sl y;. Then, wi®H{vit(2) is the unique continuous function
with the following properties.
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o wiohlvit(z) = |z — 2| for # <y and = > 2.

° %w{xi}’{yi}(x) =1 for x; < z < y; and %w{xi}’{yi}(x) =—1fory, <z <.
An example of a rectangular Young diagram is in Figure 2] For a probability measure ¢
on GTy, w[t] is defined to be the random rectangular Young diagram wi®+{v:}(z) with

{xi}_{)\i—kjl\;f—z}, {yé}_{ui—kNN—l—i}

where A is distributed according to v and p is distributed according to mn y_1A. For
an LLN-appropriate sequence of probability measures {px}, convergence in probability
of d[pn] to some measure d implies convergence of w[py] to a limiting continual Young
diagram w such that Jw”(z) is given by the density of d. This follows from the lemma
below.

r1Y1 T2 Y2 xr3 Y3 T4 YaTs Ys Te

FIGURE 2. Interlacing sequences and rectangular Young diagram with N =6

Lemma 2.9 ([Bufl3, Lemma 2.1)). Let Fla,b] be the set of all Lipchitz-1 real valued
function f(x) supported on [a,b]. The weak topology on this set defined by the functionals

b
f@) = [ foyatds
for k > 0 coincides with the uniform topology.

Now, Theorem and imply that the limits of m[py] and w[py]| are paired by
quantized Markov-Krein bijection as in Theorem [2.7]

3. MOMENTS OF LIMITING MEASURE

Here we will explicitly compute the moments referenced in Theorem [2.3] This is im-
portant for our eventual proof of the theorem.

Theorem 3.1 ([BG15, Theorem 5.1]). Suppose that a sequence of probability measures
p = {pn}n>1, where py is a probability measure on GTy, is LLN-appropriate. Let
H(z) = Hy(x) be the associated function from Definition [2.4  The random measure
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m[pn] converges as N — oo in probability, in the sense of moments to a deterministic
measure m on R with moments

/Rx m(dz) ;k; T ( ) (aaz)z(zkH’(z)kZ)

Theorem 3.2. Suppose that a sequence of probability measures p = {pn}n>1, where
pN is a probability measure on GTy, is LLN-appropriate. Let H(x) = H,(x) be the
associated function from Definition . The random measure d|py] converges as N — oo
in probability, in the sense of moments to a deterministic measure d on R with moments

[ =34 (5) (22)

3.1. Moments and Schur Generating Functions. In this section, we will be intro-
ducing tools necessary to prove Theorems and [3.2] The point of this section is that
the moments of mt] and d[t] can be found by applying certain differential operators on
the Schur generating function of t.

z=1

z=1

Definition 3.3. Define a differential operator on functions of (x1,...,zy) by

1 N
Dy = (Qizaz)k> (zi — ;)
H (zi — x) (; 1<7£[<N

1<i<j<N

0

where 0; : = 5
;"

The following theorem shows how this can be used to find the moments of m[t] and
d[t]. Note that this is similar to [BG15| Theorem 4.5].

Theorem 3.4. Let v be a probability distribution on GT . Then, we have

E [( /R ] (dx))n} ankH)DNkS (1., 2x)
and

E K /R xkd[t](d:c)>n] _ Nlnk (i (Z)(_1)nfp]@_ﬁ’k1>§vyk> (@1, aN)

r1=--=xNy=1

=0

rx1=-=xNn=1
To prove this, we need the following lemma that allows us to get a handle on the Schur

generating function after applying the projection map.

Lemma 3.5. For any A € GTy, we have

SA(ZU1 co L IN-1 1)
St (T15 - TN-1) = ’s,\(l’N) |

Proof. Let V;{ be the irreducible representation of U(N) indexed by A. Let it’s restriction
onto U(N — 1) decompose into irreducible representations as

VJ©|U(N71) = @ mMVﬁ_l.

neGTN 1
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Then,
m dlm(vﬁ_l) S (xl C 'IN—I)
Sﬂ‘ _10 (xl,...,fol): "u' 13 ) )
N,N—10) uerT;v1 dlm(vﬁ‘U(N—l)) Sﬂ(lN_l)
My
= : Su(T1, .., TN_1).
M@%\,l dlm(va(N—U) a

This is just the normalized character of VQ|yv-1) due to the fact that characters add
under direct sums. Therefore, the proof is complete, since the normalized character is
also
sx(x1, ..., xn_1,1)
sy (1Y)

We are now in position to prove Theorem [3.4]

Proof of Theorem[3.4 The key to this theorem is that Schur functions s, are eigenfunc-
tions of Dy . In particular, for any A € GTy, we have

N
DNykS)\(xl,...,ilj'N) = (Z(}\lﬁ-N—Z)k) S)\(xl,...,ilj'N).

i=1

This is shown by a straightforward calculation with the determinant definition of Schur
functions. We have that

E K/kam[t](dx))n] =Y (%i <$>k>

AeGTy i=1

By the eigenfunction observation, this can be written as

= [t} ] - ven 3 0=

AeGT N
Evaluating the right side at 1 = --- = xy = 1, the first result is immediate by definition
of S..
We will now show the second result. By similar logic as above, we may set
) 1 ) S/\(ZL‘l,...,ZL’N)
T('rlu"wa) = WDN,IC Z t()‘> S/\(]_N)
AeGT N
¢
N N k
ANi+ N —i sx(T1,...,TN)
2 ><Z< v ) (1Y)
AEGTN =1
Our goal is to evaluate
1 n—~
N(nfé)k,DN—l,kT(xl’ N .




12 GOPAL K. GOEL AND ANDREW YAO

Since Dy_1 doesn’t act on the variable xy, we may evaluate the above expression with
T(xy,...,zN) replaced by T'(z1,...,xy_1,1). By Lemma[3.5]

1 Dnié S)\(ZEh...,ZL‘N_l,]_)
N -0k~ N-Lk S (1N)
1 (.’lﬁj‘l,...,(EN,l)
DN DL T ()T
N( MEGTN 1 SN(]‘ )
n—~
Z TN 15}\ = 1(/J/Z+N—1—Z) 8#(.%'1,...,37]\[,1)
/JGGTN 1 =1 N S;U'(]‘Nil)
SO
1 n—~_
WDNfl,kTCL‘l’ ey TN-1, 1) .
N N-1 n—¢
Ai+ N — AN —1-—
-y (S 5w (X ()
AeGT N i=1 neEGTN_1 i=1
N-1 n-
Ai+N—1 i+ N—1—1
5 e [ () (R (1)
AEGTy i=1 i=1
HEGT N1
The theorem now follows by the binomial theorem. O

3.2. Two Lemmas. We introduce two lemmas that will be useful in our analysis of

the moments of the counting measure. In particular, they help to reduce the number of

variables in the calculation. Before proceeding, we introduce the following notation.
Given a function f(z1,...,z,), define

Zf 20y ey zn) = f(z1, 0o z0) + [z, zn,21) oo f(Zn, 2150y Zne1)-

cyc

Lemma 3.6 ([BG15, Lemma 5.5]). Let g(z) be a function analytic in some neighborhood
of z=1. Then

. 9(21) L ()

1 £ (1 —2)(z1—23) (21— 20) (n—1) 9zl

z=1
Lemma 3.7. For positive integers k, we have that
mam ¢

r S0 S Te s

m=1 /=0

(i — i)

where {7’;} are Stirling numbers of the second kind.
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Proof. Let A(z) = [[,;_;(x;—x;) denote the Vandermonde determinant. We first compute
9;'A(x). By the Leibniz rule, we have

ENGIEEY (km“

(kij)i<i<j<n

)H@k” T; — ).

k
N-LN/ i

kij€Z>0
2 kij=m

With some work, this reduces to

0mA m‘H T; — ;) Z ;

i<j scivivpr 1 (@p = i)

It is well known that

so in fact

k k m . 1 .
SIS T (1)
i=1 Sg‘g\‘f]:\e{z} jeSs

But we have that

N m—~{
1 0!
m ot = 20 0 7
Z xl Z . (H Xy — x]) ‘ . Z Z Z '7;7/1 (xio - xi[)
i=1 SC[N\{i} \jeS {i0,.. i }S[N] cye
|S|=¢
which completes the proof. 0

3.3. Proof of Theorem Note that the proof presented here is very similar to that
given in [BG15, Section 5.2]. It is necessary to show

0 ma(fomtn)-Fy() (&) e
and
( /R w’“m[pzv](dar))2] = lim {E ( /R ka[pN](dx))r.

First, we will show @ By Theorem ,

z=1

(7) lim E

N—oo

(8) E ( /R ka[pN](dm)> _ Niﬂ lim Do Sy (1. ).
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Define Ty(z1,...,2y) by

9) Sy (T1,...,2N) =exp <Z NH(mi)> Ty(zq,...,2N),

i—1
where Ty is analytic in some open neighborhood of (1V). By Definition 2.2 Tx(1V) = 1
and, for any fixed k,

1 _
Jél_I};oNIOgTN@l’ a1V =0

uniformly in some open neighborhood of (1*). Differentiating the above result, we have

1 9™ ...9%T 1Nk
(10) lim — L o In (@, @, )
N—oo N TN(Z’1, ce 7xk71N_k)

for any (ay,...,ax) € Z%,. By Lemma , Dy iSpy is

=0

k k m m | J/’zga;:ieSpN
(11) DN,kSpNZZ{m}Z(g)E-{ Z Z T _Iil)"'(xio_xie)'

m=1 =0 vt ove (Tio

We wish to take the limit z; — 1 of both sides. To do this, consider the following
proposition.

Proposition 3.8. The leading order term of

m am—~
L = lim Tig%iy_ Spx
z;—1 e (l’io — .Z'Z'l) cee (5131‘0 — ZEQ)
18 ,
1 m—~ d m ry/ m—~{
Proof. Since all functions are symmetric, we may assume {ig, ...,i} = {1,...,¢+1}. For

r>{+2 wecan set x, = 1, so
1N,g,1)

m—~{
L = lim Z‘rrlnal SPN(:L‘lv"'vxﬁ-i-la

(1 —22) -+ (¥1 — Tey1)
From @D and , the leading order term of

m—~
(91 SpN(l’l,...?l‘z_._l,

is N O H (20)™ ¢S, (@1, -+ .y 2oy, V771, Thus, the leading order term of L is

] mel T m—~ L,
N™*  lim Z( () )SpN(xl,...,xgH,lN .

I —iUQ)“'(wl — Tyt1

1N—€—1)

Applying Lemma and noting that S, (1V) = 1 yields the desired result. U
Therefore, the leading order term of the right side of under the limit z; — 1 is

o EEEE(R) erers

m=1 (=

z=1
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Since the order of the summand is N**!N™~¢ = N™+1 the only contribution in the limit
comes from m = k, so the leading order term is

Nk‘+1z( ) E (%)Z(ZMH'(Z)M)

z=1

Thus, by ,

oz ([ oot 3 1 () (2) e

=0

9

z=1

as desired.
We will now show (7). It suffices to show that the leading order terms of (Dy S,y )?
and (Dn x)%S,, match up when we take z; — 1. We see that

st £ LHUEE ()

m=1m/=1 =0 ¢'=

710 20

( O Sy ) (@ 35S, )

)DIND 9 PR

{iO ..... }Q[N] {ZO .... gl}C[N] cyc cyc (m’io - mze)($16 - xli) oo (.’])746 - xl%)

(i ay am s

7,0 20 PN

{iO ig}C[N] {i/ i/,}C[N] cyc cyc (xiO - xil) ’ (xZO mlz)(xi{) xlll) e (xlé - ‘rlz) .
7777 = E =

The only difference in the two is the numerator of the final summand. We have the
following claim that is an analogue of Proposition

Proposition 3.9. The leading order terms of
m am—~ m’ am’—¢
lim Z Z ( 7,() azo S )($16 az’o SPN)
zi—1 —xyy) e (i — @i, ) (i — ig) -+ (i) — fig)

cyc cyc

and /
(xom™ Zx, am 2)S

1,0 20 PN

i) (Tig — %)(l’ig Tig) - (T — i)

lim g E
z;—1 sz xX;

cyc cyc

are identical.

Proof. As in the proof of Proposition , set z, = 1 for all r & {ig, ..., 0} U{ig,..., 1}
Then, using @ and , the leading order term of (z})0;"~ ‘s, )(x;g’ag’—f’sw) is

Nmf€+m’ Ex l‘/ Hl(l'm)m éHl<xZO)m EISQN'
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is the same as the leading order

Z() 20 PN

Now, the leading order term of (220" ‘x 6/82/_£/)S
term of

N w0~ e(a:/ H' (g ™S,
When applying the product rule, there is a new factor of N after applying the derivative
on the S, , and none for any of the other terms. Therefore, the leading order of this is

PN
N™— £+m’ Zl,;nom Z Hl(xm)m EH,(JZZ )m é/SpN.

Taking x; — 1 and using Lemma , we will get the same thing since S, (1V)? =
S, (1Y) = 1. Thus, the leading order terms match as desired. O

This shows , and the proof of Theorem is complete.

3.4. Proof of Theorem [3.2] This proof is almost identical to the proof of Theorem [3.1]
except for a few key differences. We will highlight those differences, and the rest of the
proof carries through in a similar way:.

As in the previous proof, it is required to show

0 g B( [ - Z%(’;) (2) e

and

z=1

(/R:c’“d[pzv](dx))Q] = ]\}1_{%0 <IE (/R {L’kd[pN](dx>>)2_

First, we will show . From Theorem (3.4}

(16) E ( /R xkd[pN](dx)) = ;k Jim (Dng — Dn_1.k)Spp (21, -, TN),

and from Lemma |3.7),

(15) lim E

N—oo

oM 0

Dy — Dy-1 = Ek: {Z} i (?)“ DI (@ — g;)o om =)

m=1 /=0

Thus, the proof of is the same as the proof of @, except the step at . Now,
instead of (z +1) we will have (N 71) The loss of order of N by 1 here is compensated by

the same loss in . However, the factor of ——= in Theorem that came from ( N )

e+1) 41

becomes . Thus, the moments of d[py] converge to

k ¢
1/k 0 , _
>ale) (5:) e
=0
as desired.

The modification for 1) is slightly more complicated, since DJZ\,’ Kk In 1} is replaced
with

Dk — 2DN-16Dng + Di_1s = (Dng — Dv-1x)” + (DngDn-11 — Dn—14Dn )

Y

z=1
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instead of just (Dyx — Dn_14)?. Ignoring the commutator term, we see that holds
using a similar proof as in Theorem [3.1], with
1 2 1 2
N 57 (Dng — Dno1k)"Spy = N%((DNk —Dn-11)Spy)

in the limit N — oo. So, it suffices to show that the commutator term doesn’t contribute
to the leading order. In other words, it suffices to show that

1
(17) ]\}I—Ifcl)omzl (DNkDN 1k_DN 1kDNk:)S (1‘1,...,1‘]\7):0.
We see that
(18)

S I b
> - X >

{107 77’@ N] {7'07 ’@/}C[N 1} {i07 77:Z}C[N71] {16)712/}Q[N]

Ty (e )8,
l’
cyc

zo 10
. . . — / I_p! .
0 # 1o, the operators x"0;" * and xy 0 " commute, so we may restrict our
0 0

o io — i) (Tig — xu)(ng - ZBZ/I) T (mi{) - 9%) '

attention to sets {io, ..., 4} and {i,..., i, } having nonempty intersection. Furthermore,
if both sets {io,...,%} and {if,...,i,} are contained in [N — 1], the two summations
cancel. Thus, we may rewrite as

ouni vt~ £ 5 (HIEE ()

m=1m/=1 (=0 0'=
Py Ui Z m’ qm’—¢ m’—¢/ M= l
Z Z Z zoazo i 816 —xy i a 'Loazo )SPN
{i0,...,3¢}C[N] cyc cyce = Tiy) - (T — mZé)(xzo Izl) (‘rlo - ZL‘%)
NE{Z(L 7744}
{80,510} {305l } 0

We already noted that (z"0"~ ¢ mé?m - _ mﬁm —ymym— E)SPN = 0 if ig # ip, but

zo 20 20 lo
even if iy = i(, its order is bounded above by N bt/ ! using essentially the same
argument as in the proof of Proposition [3.90 The number of pairs of sets satisfying the
four conditions in the summation is on the order of N=1. Nt. N¥+1 = N g0 the order
of

mm”%amf—mam”mmﬁw

> oYY S r—
lonciy] oo ey Wio = Ta) oo (@ig = @ig)(wiy = xg) - (i — )
NE{ZO7 725}

[yl YEIN—1]

[ioyrig Y {iy il ) 20
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is at most N1 which is at most N2*~1. The sum

22 L EE ()

m=1m/=1

is fixed with respect to IV, so the order of
(DnxDn-1x — DN-1xDNk)Spy
is at most N2~ This proves (L7), completing the proof of Theorem [3.2]

4. PROOF OF THEOREM 2.3

Assume the hypotheses of Theorem and as before, let H(z) = H,(z). For conve-
nience of notation, define

o =St ) ()

=0

dy = /kad(dx) = é%(;) (%)Z (2"H'(2)") B

It turns out these can be expressed as contour integrals, which will allow for more conve-
nient computations in the proof of Theorem

z=1
and

Proposition 4.1. The moment my can be expressed as the contour integral

1 1 w \" dw
H vy«
T ( (w )+w—1> 27’

where the contour is counterclocszse around 1. Similarly, the moment dy, can be expressed

as the contour integral
k
1 w dw
dy= ¢ —— | wH' — | —
g jlw—l(w (w >+w—1) 271’

where the contour is counterclockwise around 1.

Proof. Expanding with the binomial theorem yields

k+1 k —
1 1 WH! (w) + w d_w.: 1 % W)+ Z k+ 1\ w*H'(w)k Kd_w.
k+1Jiw w—1 2 k+1 (+1) (w—1)"1 27i

=
_Zk: 1 [k fw’“H’( W) dw
S\ Sy (w1 omi’
By Cauchy’s Differentiation Formula,
¢
2 (ZkH/(Z)k—Z)
7{ wk H' (w)*=* dw 0z
1 (

_ z=1

w— 1)1 21 0! ’

)
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S0
1 1 w \"" dw i 1 k o\
- _ HI - R e kH/ k—¢
kt1 1w(w (w)+w—1) 2 ;(Hl)!(e) (82) (HH(2)) N
which is my, by Theorem [3.1]
Similarly,
1 w \" dw "k wrH' (w)k=¢ dw
— (wH _T ) 22 il Sl
fﬁw—l(w (w)+w—1) o 7{;(» (w — 1)1 27i
B i k ]{wkH’(w)k ¢ dw
B () Ji (w—1)H1 27

which is dy by Theorem 3.2 O

To simplify our expressions, define F'(z) and G(z) as

F(z) = sz / *m(dr) = kazk
k=0 /R k=0
and
SN R
G(2) =S "2 _ Z
@=3 5 [ =3 a

respectively, for the proof of Theorem We have the following lemma that allows us
to work with the contour integrals.

Lemma 4.2. Let ]

T wH (w) + 2
This function is locally invertible in a neighborhood of 1 with inverse

y(w)

w = evFW)

Proof. In a neighborhood of 1, the function y(w) behaves like “=% since H is holomorphic,
so 3/(1) = 1, and therefore, the inverse exists by the inverse function theorem. Further-
more, a counterclockwise contour of w around 1 is equivalent to a counterclockwise contour
of y around 0. Thus, there is some holomorphic function A(y) such that

logw = A(y)

for y in some neighborhood of 0. Then, %” = A'(y)dy, so

1 ]{ 1 A(y)dy

TR yktl o 2ri
which implies
1 d\"
L a1
me= e | () @40
y:
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Since Z myz" = F(2), we have
k=0
A(z) = zF(2),

as desired. 0
Remark 1. This lemma is essentially the same as combining equations (4.5) and (2.5)

form [BG15]. We opt to prove the lemma directly here since our setup differs slightly
from [BG15|, and our proof avoids mentioning R-transforms.

Now, we are ready to prove Theorem

Proof of Theorem [2.3. Using the notation and statement of Lemma [£.2] we have
eyF () dy yeyF' W) dy
d=d—— 7FF Fl(y)] =L = k) 2= R F' ()] =L
. fg are 1Y W) Ay )l fg Y e W) Y ()]~

Applying Cauchy’s Differentiation Formula yields

1/ 9\ [ yeVf® )
de = 4 (a—y) {W[F(y) +yl (y)]]

y=0
Thus,
o0 ZezF(z)
L+ Y didt = e [F () + 2F'(2)),
k=1
SO Fl2)
1+ 2G'(2) = (;&lez) +2F(2)].

It is easy to see that this implies e©(*) = % (eZF () — 1), completing the proof of Theorem

2.3 O

5. QUANTIZED MARKOV-KREIN CORRESPONDENCE

In this section, we prove Theorem [2.7] and heuristically show that Theorem [2.8| can be
recovered from a semiclassical limit of Theorem 2.7

5.1. Proof of Theorem [2.7. We will need the following theorem for our proof.

Theorem 5.1 ([NK77, Theorem A.6]). Let Ra,b] be the class of complex functions F(z)
that satisfy the following conditions.

o F'(z) is holomorphic for Sz > 0.

o SF(z2) >0 for Sz > 0.

e [(z) is holomorphic and positive in the interval (—oo,a) and holomorphic and
negative in the interval (b, 00).

Then, a function F(z) is in the class Rla,b] if and only if there is a nonnegative measure

¥ on [a,b] such that
b
dy(t
F(z) = / M.
o T2
Furthermore, this representation is unique.
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The proof of Theorem can be found in [Ker93|. We present the proof of Theorem
2.7, which is similar. The following simpler theorem can be used to prove Theorem

Theorem 5.2. There is a bijective correspondence between M[a, b and {u € Mla,b] :
R, (u) > —1 for u < a} where 1 <+ p if and only if

Ry(u) = Ry(u).
Note that Theorems [2.8 and [5.2] immediately imply Theorem [2.7]

5.1.1. Proof of 1 — . Suppose we're given 1) € //\/lv[a, b]. Note that for Su > 0,

o [P du(t) > ndt B
=3 [ Lamdre

as 0 < ¢'(t) < 1. To show that we get a unique p satisfying R, (u) = Ry(u), it suffices to
show that

F(u) :=1—exp(—G(u))
satisfies the conditions of Theorem [5.1] where

Glu) = /:M

t—u
is a function satisfying the conditions of Theorem along with the restriction
0<SQG(u) <
for Su > 0. Indeed, this is not hard to verify. Now,
R, (u) = exp (—G(u)) —1 > —1,

so the proof of this direction is complete.

5.1.2. Proof of jr — 1. Suppose we're given pu € { € Mla,b] : R,(u) > —1 for u < a}.

Let .
~Ryf) = Pl = [P0

t—u

Define
G(u) = —log(1 — F(u)),

which exists since F'(u) < 1 whenever F'(u) is real. The conditions of Theorem are
satisfied, so there exists a unique measure ¥ € M|a, b] such that

) = /ab (1)

t—u

Since
0 < SQG(u) <,

we have ¢/(t) < 1 (by the Cauchy-Stieljis inversion formula), so we have ¢ € M [a,b], as
desired. This completes the proof of Theorem [5.2] and thus Theorem [2.7]
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5.2. Semiclassical Limit. In fact, the Markov-Krein correspondence (Theorem can
be obtained with a semiclassical limit of the quantized Markov-Krein correspondence
(Theorem [2.7)).

Specifically, for measures u € Mla,b] and w € D|a, b], it’s necessary for the Markov-
Krein correspondence to be a bijection. To proceed, let a sequence of probability measures
1. satisfy

V. € Mla/e,b/e]
for all € > 0. Define the sequence of probability measures fi. as dfi.(t) = di):(t/c), so

that fi. € M|a,b] and has density bounded by 1/e. Define w. € Dla/e,b/c] to be the
corresponding measures for 1. and w. € Dla, b] as the measure with di.(t) = dw.(t/e).

Under the limit ¢ — 0, construct the 9. so that the fi. converge to u; observe that the
w,. converge to some w. Alternatively, we could have started by constructing the w, so
that the w. converge to some w, and determine the v, from the w.. Now, each 1. satisfies
the quantized Markov-Krein correspondence, or

(19) % (—1 + exp (Zkz:%¢5kzk>) = exp <kz:; %z’v )

From setting the variable z as £z in (19)), we know that

(20) é (—1 + exp <5z Z wak(sz)k>> = exp ( pk(]:)s) (€Z)k) .

Next, to simplify the expression define F.(z) as

8

F.(2) =) tep(e2)”.
k=0

Also, note that e*). j, = fi. . and e¥py(w.) = pi.(10.). The first implies that

Fs(z) = Z¢z—:,k (5Z)k - Z/:Le,kzk — Zﬂkzka
k=0 k=0 k=0

and the second implies that

A~

oop(wa) k_oop(we)k Oop(w)k
;—kk (e2) —Z kk z —>; kk 2"

under the limit ¢ — 0. Now, we use the Taylor Series expansion to obtain

Lt epne) = Be) + Y EEE L
k=2 '

with the limit e — 0. Here, as F.(z) becomes a holomorphic function, the terms with
powers of € at least one are removed. Therefore, becomes, under the limit,

F.(z) =exp (Z %(52)]“) = exp (Z pk(]f)s)zk) ,
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or

>zt = exp (Z pk,iw)zk> ,
k=0 k=1

which is the Markov-Krein correspondence.
Assume that there exist two measures wy, ws € Dla,b] satisfying the Markov-Krein
correspondence. Then, the py(w;) = pr(ws) for all positive integers k. But, since w} and

w4 are supported on [a, b],
 Pe(w) g
>y
k=1

would have a positive radius of convergence for w = w; and w = wy. Therefore, w} = w}
and w; = ws. From this, there is an unique measure w satisfying the Markov-Krein
correspondence for each u. By constructing the w,. first, the other direction can also be
shown to hold.

APPENDIX A. EXAMPLE OF QUANTIZED MARKOV-KREIN CORRESPONDENCE

The semicircle law and the VKLS curve are naturally paired under the Markov-Krein
correspondence. In the quantized Makrov-Krein correspondence, as the quantized anal-
goue of the semicircle law, we can let the measure ¢ € M|a, b] be the one-sided Plancherel
character with parameter v > 0 (see [BBO15, Appendix A]), and find the corresponding
diagram w € Dla, b] under Theorem

The density of 1 is given by

1 T+
Y(x) = —arccos ————= for x € [y — 2/, v + 2/7].
(2) =~ NCEESY v = 2v7, 7+ 2V7]
After computations, we obtain that the corresponding diagram is given by

w(z) = % ((x — ~) arcsin (%) /Ay — (1 — 7)2) .

Note that this is a shifted and scaled version of the VKLS curve. There are examples of
the one-sided Plancherel character and w(z) in Figure [3|
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